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1. (30%)
(a) Find the Fourier transform of X, (t).
(b) Find the Fourier series of X, (t).

w 1 . .
(c) Show pictorially that X, (t) =I —fSIh(Zﬁf)e‘Z”ftdf as T — oo, from
-

the viewpoint of Riemann integral.
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Solutions:

(a)
X,(£)=]" (e dt = [ e7i2="cl

1 _ _
— eijHfTS _eJZ”fTs
—j2xf [ ]
= M = 2T, sinc(2 fT,); where sinc(x) =sin(zX) / zx
T
X, (0) = [sms;; ;1"5)] _ 24T, 0078,(2” fT) _ 2T (Here, T. =1)

e () = [ —sinz T)er df = [ Losin2z f)e "t (1)
— 7 f —o g7 f
(b)
[Fourier series in standard form]
X, (t) =a, + >_a, cos(2znf,t) + > b, sin(2znfyt), where
n=1 n=1

To/2

1 1 . 2T,
8 = T_O.[_To/z x(t)dt = ﬁI—TS dt =

To

=%. (T, =LT,=4;,f,=1/T,=0.25)



== j _X(t) cos(27nf, t)dt—— j cos(2znkft)dt

. 2 . 2
sin(2znf . T.) = —sin(2znf T.) = —sin(2znf,).
27Z'nf0T0 T, ( T 0 s) 7Z'k ( T 0 s) n ( T 0)

=< j _X(t)sin(27kf, tydt == j sn(”—kt)dt_

i.e. x (t)_—+Z—SIn(—) COS(—)

[Fourier series in complex form]

X, (t) = z X, 1?7 where

. T .
— X t e*JZﬂ,’katdt — s e*]Zﬂkfotdt
[0 x L[
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T o [ @i2keT, _ g-i2akiT,
T 27k 2]

1 . 1 . 1 . 7k 1 7 2T. 1
=—sin(27kf,T.) = —sin(27kf,) = —sin(—); X, =— dt="=5 ==,
— SINE@KIT,) = —-sin(27kfy) = —sin(=) [ >

_ 1 — j2rkfgt

j2rkf, T,

(c) From the complex form of Fourier series, we have

X, (t) = Z xkejZﬂkat X, + Z X ejZﬂkat+ZX g i27kfot
k=—c0

:—OO

-1 .
=2T, x fo+ > sin(2zkf,)el? ! f + Z
k=—o 7T 0 k=1 7T 0
Hence, by Riemann integral, x, (t) becomes as

L Sinaki )e et (2)

X, (t) :jiﬂifsin(znf)eﬁ”“df as f, —0.
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(10%) (Baseband Pulse Transmission; BPT) The transmitted signal is expressed as

s(t)= > bh(t—0.001k), where b, e{+1 —T}and

k=—oc0

1 0<t<0.001
h(t) = ) )
0 otherwise

(a) For the baseband pulse transmission method, there is no carrier frequency
involved, why do we still say that the transmitted digital signal has a
bandwidth? What determines the bandwidth?

(b) Can the baseband pulse transmission method be used to send signals
wirelessly?

Solutions: (Provided by R.C.T. Lee, M. C. Chiu, and J. S. Lin, “Communications
Engineering,” Wiley, 2007.)

(a) Inthe baseband pulse transmission system, we transmit purely pulses.
Through Fourier transform, we know that a pulse contains a number of cosine
functions. The narrower the pulse, the larger the bandwidth. The width of
the pulse determines the bandwidth.

(b) We can’t use this method to send signals wirelessly, because electromagnetic
waves are sinusoidal signals.

(30%) (Binary Phase-Shift Keying; BPSK) For the first signal interval, the
transmitted signal is expressed as

2E
t =
ORNES
h(t) =1 h, (t)= /ZTEb cos(27ft + )
b
2E, . .
=7 cos(2zft) 0<t<T,, if input bit is zero.
b

Suppose E, =5,T, =2sec,and f, =100 Hz.

® cos(2zft) 0<t<T, ifinput bitis one

(a) Find the average power Phl ofh, (t) .
(b) Show that the modulation property

F [x(t)cos(27 f.1)] = % X(f—f.) +% X(f +f.).

(c) Please derive the Fourier transform Hl( f )of h, (t) directly from the above

modulation property.
(d) Find the power spectral density (PSD), B, (f),of h(t).

(e) Verify that R, =[ R, (f)df.

() We all know that in digital modulation, pulses are modulated by cosine functions.
And, we know that the Fourier transform of a cosine function is the delta function,



why does such a modulated signal still have a bandwidth?

Solutions:

J~2 1+ cos(4007zt)dt )
0 2 2

(a) % [” 2 (tyt :% [['5cos? (2007 tyt :g
(b)
o X(t)cos(2x ft) = x(t)%(e"z”fot + e‘jz’”Ot)
Fx(t)ei? ] = j‘i x(t)e 27 e 127 gt = j“; x(t)e 27t — X (f — f,)
Similarly, F[x(t)e "] = X (f + f,)
. F[x®)cos2z f.1)] =%X(f - fc)+% X(f+1,).

(c) Since h,(t) can be written as h,(t) = ,ZTEb H(t _Ib IZJCOS(Zﬂ' f.t),
b b

by the time shift property:  Flx(t-t))]= e "™ X (f) , we have

F{ ZTEbH[t _Ib /ZH R 2TEb xTysinc(T, f)e ™" = {[2E,T,sinc(T, f)e "'
b b b

By the modulation property, we have

Hl(f): %SinC(Tb(f - fc))e-jﬁTb(f—fc) + /%sinc(ﬂ)(f + fc))e-jﬂTb(f+fc)

= /Bsinc(2( f -100))e 172" %) 4 \[Bsinc(2( f + f,))e i3 10

(d)
1 , E, . E, .
Phl(f)=_|_—| H, ()] =?Smc (T, (f - fc))_'_?SInC (T,(f +f.))

:gsincz(Z(f -100))+gsinc2(2(f +100)).
(e)
I"; P, (f)df = j“:o[gsincz(z(f —100))+gsinc2(2(f +100))]df

:§><1J‘w sinczxdx+§x1r sinczxdx:i
2 2J 2 2J~ 2

(f) Itisthe width of the pulse which determines the bandwidth, not the frequency
of the cosine function.



4.  (10%) (Quadriphase-Shift Keying; QPSK) For the first signal interval, the four
types of transmitted signal are expressed as:

s (t)= ,/2_I_—E cos(27zfct—(2i —1)%) for 1<i<4and0<t<T.

Suppose E =5,T =0.001sec,and f, =10000 Hz.Find the power of the

signal s(t) =s,(t)-s,(t), 0<t<0.001.

Solutions:
Let B = {¢ (1), @ ()} be the basis, where

o (1) = \/gcos(ZEfCt) and ¢, (t) = \/gsin(ZﬂfCt),O <t<T.

<s,(t)>, =( E f)< s,(t)>5 =( ﬁ ?)
<s2<t>-s3<t>>3—<‘J22_E,J2_)—<‘J22_E,‘J2_E):(O,E)

The power of s, (t)-s,(t) is:
<s, (1)-5;(1).5, ()55 (1)>= || s, (t)-s, (1) |[*<]| (0, v/2E) || = 2E =10.

Note that each of the four types of transmitted signal has power of 5.
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r lOOOOcos“[QOOOOHr—?]dt=5.
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I @I =lls, @I =||53(t)|| =l's, () |I*=E =5.

5. (20%) For a symbol(signal) interval of an OFDM system, suppose that the
transmitted signal is represented by
s(t) =m,~/2 cos(27t) + m,/2 cos (47t) +m,/2 cos(6t) +m,/2 cos(8xt) for O<t<1,
lifinputbitis1
—1if input bitis 0’
(a) What’s the data rate of the OFDM system?

<ﬁ cos(2zt),~2 cos(27rt)> 2 I:«ﬁ cos(2t) cos~/2(2xt)dt =1
<«/§ cos(2zt),<2 cos(47rt)> = I:ﬁ cos(2t)~/2 cos(4xt)dt = 0

where m, :{

(b) Show that:

Hint: cos(«)cos(f) = %[cos(a + ) +cos(a — f)]

(c) Suppose the input bit sequence is “1111”, find and plot the transmitted signal
Sy (1)-
(d) Find <516(t),\/§ cos(2;z*t)>.

Solutions:

(a) 4 bits per second
(b)
<«E cos(2rt), 2 cos(27zt)> = J.;«E cos(27t)\/2 cos(2rt)dt

1 N cos(4rt) ;

<\/§ cos(2xt), 2 cos(47zt)> = j:ﬁ cos(27t)\/2 cos(4xt)dt

1 N sin(2xt) |1
0 27 |0

=2J.1Mdt=2x -1

0 2 2 Ar

sin(6t)
67

=0

= I:COS(Gﬂt)dt + I:COS(Zﬂ't)dt =

(c) Si6(t)=~2cos(27t)+/2 cos(4xt)+~/2 cos(67t)+/2 cos(8zt) for O<t<1.



|" plot sqrt(2)cos(2pit)+sqrt(2)cos(4pit) +sqrt(2)cos(6pit) +sqrt(2)cos(8pit) for t=0to 1 8 |

& E | = Examples =2 Random

nput interpretation

plot ﬁ cos(2mt)+ \/E cos(4mt)+ ﬁ cos(bt)+ \/5 cos(8 nt) Otol

© Enable interactivity

0 0.5 1
Amplitude is scaled by /2

<5, (t),~2cos(27t) >
=<2 cos(2xt),\/2 cos(27t) > + < N2 cos (4xt), N2 cos (2xt) >

+ <2 cos(6xt),N/2 cos(27t) > + < /2 cos(8xt),~2 cos(27t)> for O<t<1
=1+0+0+0 =1.

(d)



