Chapterl3 Fourier Series
13.1 Why Fourier Series?
Let u(x, t) be the temperatu re at time t in the

cross section If the bar atx, forO<x<r

(a thin bar of lenght 7, constant density, and uniform
Cross section)

solve

2
a—uzkag,for O<x<xm,t>0
ot O X

where Kk Is constant  depeuding on the
cuaterial of the ban.

u©O, t) = u(z,t) =0, fort >0

uix,0)0 =1f(x) = x(r -Xx)
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u(x,t) = 4 21 f]sl)” sinfx)e

7T n=1

e Zil_?) sin(X) = x(z—X), for0<x< 7
n=1
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13.2 The Fourier Series of a Function
let f(x) be defined for-L < x <L

Discuss When? f(x)_%a +Za cos(—)+b sm( )

for-L<x<L.... (1)

Lemma 13.1 Let n&m be nonnegative integers. Then

1. | cos( ”%X) sin( mfx)dx 0

2. 1f n = m, then

= j_LL sin( k Xydx = 0

3.1f n % 0, then

L , , N TX L. ., NxX .
_[_Lcos (T)dx = _[_Lsm (—L )dx =
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pf :

SinA cosB =1/2[sin(A -B) +sin(A + B)]
SINA sinB =1/2 [cos(A - B) - cos(A + B)]
cosAcosB =1/2[cos(A - B) + cos(A + B)]

(i) (D) 7 53
j f(x)dx_—aoj dx+Z[a j cos(—)dx+b j sin(% )dx]

—a, =%IL f (x)dx
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k7zX

(i) ¥ (1) fp@2sde - cos( ) F | A 75

j f(x)cos(—)dx— aoj cos( "y dx+

Za j cos( )cos(—)dx+bj sm(%)cos(k%x)dx

=a, - |
1L K7x
A= [ f cos(——)dx
k7r X

(iii) [fl 2, ¥ Fsin( )

. kax
b, = — f(x)sin
K L.[L (x)sin( 3
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Def 13.1 Fourier Coefficients and Series
Let f be a Riemann integrable function on|[-L,L]

L
1. The numbers a, =%j f(x) cos(nLLX)dx, for n=0,12,...
—L

L
and b, = j f(x)sin(Zydx, forn=12,....

L), L
are the Fourier coefficients of f

2. the series %ao + Z a, cos(mTX) + Db, sin(mTX) IS

n=1

the Fourier Series of f on [-L,L] when the constants are
chosen to be the Fourier coefficients of f on [-L, L].
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EX : f(x) =x, for -7 < x <7«

a, = %j’_ﬂﬁxdx =0

a, = L X cos( nx)dx = LJ'” xd [sin( nx)] =0
Tt Nz~
/A 0 N N

. The FourierSeriesof x on[-7, z]Is

i%(—l)””sin(nx) = 2sIn(x) —sin(2x) +§sin(3x) —

n=1
= f(X) forx=-z,0orz
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13.2.1 Even and Odd Functions

Def. 13.2
f Is an even function on [-L,L]if f(-x) = f(x),for -L < x <L
fi1s an odd function on [-L,L] if f(-x) =-f(x),for-L <x <L
1. even eeven =even

odd e 0odd = even

even e 0dd = odd

L
2. j f(x)dx =0, if f is odd on[-L,L]

-L
L

L
& j f(x)dx = Zj f(x)dx,if f is even on[-L,L]

-L 0
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EX: f(X)=x* for-1< x<1

1
aozj xidx = =

-1

- x*sin(nz x) is odd, .. b_ =0

' n°z?% -6
an:j x*cos(hnz x)dx = 8 —(-1)"
~1 7 N

The Fourier Series of x* on [-1,1] is
2 nz? -6
— 4+ 8 -1)"
5 z4n? ( )

o0

n=1
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13.3 Convergence of Fourier Series

Def 13.3 Piecewise Continuous Function

_et f(X) be define on [a,b],except possibly at finitely many
points. Then f is piecewise continuous on [a,b] if

1. f Is continuous on [a,b] except perhaps at finitely many points.
2. Both lim f(x) & lim f(x) exist and are finite.

X—a+ X—Db-

3. If X, 1sIn (a,b) and f is not continuous at x,, then
lim f(x) & lim f(x) exist and are finite.

X—)XO X—)XO—
(0, x=0 |
EX.f(X)—<i 0<x<1(
L X

fis not piecewise continuous on [0,1].
f(xo+)= lim f(x), f(x,-)= lim f(x).

X— X0+ X— XQ —
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Def.

13.4 Piecewise Smooth Fuction

F is piecewise smooth on [a,b] if f & " are piecewise continuous on [a,b]

EX: f(X) =

f is piecewise continuous on [-7z,7] —

2003/12/4

(5, X=-7
X,-Tr<X<l1

1-x%, 1< x <2

\4,23XS7Z'

\

J

= ONn

e "
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EX:
1, -4<x<l1
f(x)=1]-2%x,1<x<2
9¢™*,2<x<3
'+ f'(x) has finite one-sided limits at 1 & 2.
-. f'is piecewise continuous on [-4,3]
-. Fis piecewise smooth

* a plecewise smooth function is one that has a
continuous tangent at all, but finitely many points.
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Theorem 13.1 Convergence of Fourier Series

Let f be piecewise smooth on [-L, L]. Thenfor-L<x<L,
the Fourier Series of f on [-L, L] converges to 1/2[f(x+) +f(x-)]

5sin(x), -27<x< 4

4, x=-"
2

-7

f(x)=|x*, for—<x<2

8cos(X), 2<X<rx
4X, T<XL2rm

2003/12/4
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J\

-

Fourier Series Converges to

5 sin(  x), -271 < X <

1 w2 -

— - 5), X = —

2(4 ) 2

X 2 for - < X < 2
2

;—(4+8005( 2)), x =2

8cos(x), 2 < X < =«

;—(475—8), X =7







13.3.1 Convergence at the Endpoints
1. The function f of interest may be defined only on[-L,L]

o0

1 Nz X
- E E— S 1
2 2a0+ _1a cos( 3 )+b sin( i ) (1)

IS periodic, of period 2L
EX. T, (})=1(x), for-2<x<2,f,(x+2L)=1(X)
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If we make this extension, then the convergence theorem (Thm13.1)
applies to f,(x) at all x.

(1) at -L the series converges to %[fp(—L—)+ fo(—L+)]
1
= E[f(L—)+ f(—L+)] ... (A)
(11)at L the series converges to %[ f,(L=)+ f,(L+)]

_ %[ F(L=)+ f(=L+)] ....(B)

(A)=(B)
2.

1
(1)/: an + ; a,cos(nr) :}\ (1)

X =L X =—-L
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13.3.2 A second Convergence Theorem

Def. 13.5 Right Derivative
Suppose f(x) is define at least for C< X < C +r,

for some positive number r.
Suppose f (C+) is finite
£ Cya lim EHN = TCH) e orists & finite

= h—>0+ h

Def. 13.6 Left Derivative

Suppose f(x) i1s define at
C-r<x<C,& f(C-) is finite
£(C) = lim f(C+h)- f(C-)

h— 0- h

2003/12/4
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Thm 13.2 Let f be piecewise continuous on [-L L]. then

1.1f-L< X <L & fhas a leftand right derivative at X,
then the Fourier Series of f on [-L , L] converges at X

to %[f (X+)+ f(x-)]

2. Iffo(-L) & f, (L) exist, then at both L & -L,
the Fourier Series of f on

[-L, L] converges to %[f (-L+)+ f(L-)]

e, -2<x<1
f(X)=4-2X, 1<x<2:
4, %2
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13.3.4 The Gibbs Phenomenon
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13.4 Fourier Cosine and Sine Series

13.4.1 The Fourier Cosine Series of a function
Let f be integrable on [0, L]

; (F(x), O0<x<lL
e(x)_[f(—x),—Lgxgoj

f,I1seven, le. f (—x)= f(x)

. The Fourier Series of f_ (x) on[-L, L]Iis

%ao + ) @, cos (n%xj where

n=1

2 L N X 2 L n X
a =fj0 fe(x)cos(Tjdx =rj0 f(x)cos(T)dx

a  Is called the Fourier cosine series of f on [0, L]
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Thm 13.3 Convergence of Fourier Cosine Series

Let f be piecewise continuous on [0,L], then
1. and f has left & right derivatives at X,
then the Fourier Cosine Series for f(x) on [0, L] converges

at X to —[f(x—)+f(x+)]

2. If f has a right derivative at 0, then the Fourier Cosine Series
for f(x) on [0, L] converges at O to f(0+)

3. If f has a left derivative at L, then the Fourier Cosine Series
for f(x) on [0, L]converges at L to f(L-)

Proof:

%[ £.(0-) + f,(0+)] = %[ f£(04)+ f(04)]= f(0+)
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EX. f(x)=e**,0<x<1
(1 ox 2
8, =2| € dx =e” -1

e’(-1)" -1
4+n27r2

a, =2 ':ezx cos(nzx)dx = 4

e’ (-1)" -

— cos(nnx) converges to

—(e 1)+ 24

n=1 4+nrx

e* 0<x<1
1, x=0 A
el x=1




13.4.2 The Fourier Sine Series of a Function
_( f(x), 0 < x< L
S BTG O] = (— f(—x), - L<x< oj

The Fourier Series of f_ (x) on [-L, L] s

Z bnsin(nfx) w here,

:_I f(x)sm( =—j f(x)sm( )
I X
271 ..
/
S 4
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Thm 13.4 Convergence of Fourier Sine Series

Let f be piecewise continuous on [0, L]. Then

1. f O<x<L,andf has left & right derivatives at X,
then the Fourier sine series for f (x) on [0, L] converges

at X 10 %[f(x—)+ f (x+)]

2. At 0 & at L, the Fourier sine series for f (x) on [0, L]
converges to 0
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13.5 Integration and Differentiation of Fourier Series

Letf n [-L, L], with FourierSeries

an +>a, cos(n—ﬂx) +b sin(n—ﬂx)
2 n=1 L L

Then,forany x with-L<x <L,

o0

.[XL f(t)dt = % ay(X+1L) +%Z%[an sin(nTﬂx) —b, (cos(nT”X) —(=D")]

n=1

This holds even if the Fourier Series does not converge to f(x) at this

Particular Xx.

(e.g. f might have a jump discontinuity at x)
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EX.Letf(x)=x,for—-z<x<rx

Its Fourier Series Zg(—l)””sin(nx) which
n

n=1
convergetox for-r <x<nr

1. diffenentiate the Fourier Series term by term

Z 2(-1)™*cos(nx) which does not even converge on(-7,7z)

n=1
=1 (X 2 2

2. Integrate it term by term

j tdt:%(xz—ﬂz):Z%(—l)””-“ sin(nt)dt
7 n=1 &

— Z g(—1)”*1[_—1cos(nx) + icos(mz)]
n n n

o0

n

n=1
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Thm 13.6 Differentiation of Fourier Series

Let f be continuous on [-L, L] and suppose f(L) = -f(L).
Let f' be piecewise continuous on [-L, L]. Then f(x) equals
its Fourier Series for -L <x< L, l.e.

0 0]

1 N7 X . NxrX
f(x)= an - E a, cos(T) +Db, sm(T)
n=1
and, at each point in (-L, L), where f"(x) exists,

F(x) = Z '“T”(—an sin(mTX) b, cos(””TX))

2003/12/4
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EX. Letf(x)=x?,for-2<x<2

4 16 O (1" nzx
— f(X):§+ 72-—22 2 COS( )
n=1

n 2
- f'(x)=2x iscontinuous & f"(x) = 2 exists

_1\n+1
(-1) Sin(n7zx
n

:>for—2<x<2,f'(x):2x:gg )
7T
n=1

e 0]

_ n+1
= forx =1, Z(l) sin(n_”)zl
n 2 4

n=1

2003/12/4
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Thm 13.7 Bessel's Inequalities
Let f be integrable on [0, L]. Then.
1. The coefficients in the Fourier Sine Expansion of f on [0, L]

© L
satisfy anz < % j f (x)dx
0
n=1

2. The coefficients in the Fourier Cosine Expanion of f on [0, L]

1 - 2 "
satisfy Ea02+ E anzstj f (x)*dx
0
n=1

3. If f Is integrable on [-L, L], then the Fourier Coefficients
2 L
of f on[-L, L] satisfy %a02+2an2+bn2£% j £ (x)2dx

n=1 -t
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13.6 The Phase Angle Form of a Fourier Series

A function is periodic with period P if f(x + p) = f(x), Vreal x
= f(x+np)="1(x), Yne Z, p:fundamental period

e.g. cos(%):cos(%+ 27) :cos(%+ Ar)= ... :cos(%-27z)

x
" ’ 7’

-

EHC0] BeelniTeles, pn imsmnef Temisn Larring [ Tlesen Larrsg, & o tmisrs vk sl eesin osisy e
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2n7zx)’ where L = P/2

" €os( n%x) = cOos(
. The Fourier Series 1is

%ao + Z (an cos( 2n7zx) + b, sin( ZnP—ﬂX)J,Wm

Ji

a. =

n

f (x) cos( npﬂx)dx, n=0,1,2,..

N 'U||\>

b =—12 f(x)sin( Px)dx, n=0,1, 2, ..

o

. Periodicity .. We can choose any «

a+P
2 2N X
a, _Pj f (x)cos( > )dx
‘ (13.6.1)

a+P
2 . 2N X
b, =— f (x)siIn dx
; Pj (x)sin(=5=)

(04
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W, = ZTH: %ao + E (a,cos(nwyx)+ b, sin(hnwyx))
n=1
P
2 [ >
where a, = =l f(x)cos(nwyx)dx
- p
S 2
. P
2 2 :
b, == f(x)sin(nwyx)dx
J _ P

2
Let a,cos( nw,x)+ b, sin( nw,x)
= C_cos( nw,x)cos( o,)—C_sin( n

C,cos(o,)=a,
= _ =
C,sin(o,)=-b,

C,sin(5,) _ an( 5.) = — b,
C,cos( o0,) a,
Cn:\/aanrbn2 S, = tan ‘1(_b“) , a, =0
a
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Def 13.7 Phase Angle Form
Let f have fundamental period P, Then the phase angle form of (13.6.1)

is 1ao + Y C, cos(nWyX +&,) , in which
n=1

W, = 27 , C, \/a +b , &5, =tan(— n)forn 1, 2,.

P a,
1.harmonic form
2.c0s(NWyX + 0, ) :n -th harmonic of f
3.C, :n-th harmonic amplitude
4.6, :n-th phase angle of f
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E.X. Suppose f has fundamental period P =3 & f(x) = x?, for0 < x <3

x2, for0 < x<S
or f (x) =1 _32 - y
(x+3)2,for7£xso A

— choose\ a=0 )
ao:?j x*dx =6 1 W Y
" 630 3 6 9 D
2 2n7 X 9 e
a,=—| x?cos( )dx = ——,and
3 0 3 n-x
3
bn = —J‘ X2 (Zﬂnx)d — _9
0 nrz
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The Fourier Series of fiIs

3+Z 9 ( 1 COS(ZﬂnX)—Sin(ZﬂnX)j
nz\nr 3 3

The Fourier Series of fis

o0

3+Z 29 . J1+n2z? COS(Zﬂ-nX
n°sr

n=1

+ tan‘l(nﬂ)j

C, = 29 7 \/1+ n°z®
n-mw

5, =tan"(nx)
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13.7 Complex Fourier Series and the Frequency Spectrum

¥
a -+ ib = ret?

r/ (a,b)

//g\
> X

EH00) B leiCalh, v isswmasf Thwesn Lavoring o, Thwsnn Lanewing,, o n tmidees thmwd ewin wsles o




Euler's Formula

e = cosx +isin X

e ™ = cosx —isin X

1.cos(x) = %(eix +e ™) sin(x) = %(eix +e ™)

2. e = g X
Rewrite 13.6.1

iao + Z [an i(einWOX + e—inWOX) + bn i.(einWOX . e—inWOX)]
2 2 21
n=1

:iao+ [i(an_ibn)einon_l_l(an_I_ibn)e—inwox]
2 Z 2 2
n=1
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Letd, =%a0 d =%(an —1ib.)

— do _I_Z[dneinwox 4 dne—inwox] _ do 4 Zdneinwox _I_Zdne—inwox
n=1 n=1 n=1

1 1
dO:EaO:EJ‘zpf(t)dt
1 : 2 pl2 21 ¢p/2 _
d, = E(an —ib)) TS jp/z f(t) cos(nwot)dt—z—p . FOsin(wt)dt

_ 12 f(t t)—isi t)]dt
_Bj—pIZ (t)[cos(nw,t) —isin(nw,t)]
. 1 ¢pr2 f t —inwotdt

_Ejp/Z ()e

q 1 fer2 inwt 44
d, =~ j_p/z f(t)e™'dt=d_
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=dy+> de™* +> d e
n=1 n=1

=dy+ Y de™ n=0 = > de™

N=—o0 N=—o0
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Def 13.8 Complex Fourier Series

Let f have fundamental period P. Let w, = 2—”

Then the Complex Fourier Series of f is ZdneinVVOX

1 p/2 _ n:_oo
whered, == f(x)e”"™0'dt, forn=0, £1, +2, ...
—p/2
d, Is Complex Fourier Coefficient of f.

Thm13.10 Let f be period with fundamental period P.
Let f be piecewise smooth on[-P/2 P/2]. Then,

at each-X , the Complex Fourier Series converge to

1 N _

E(f(x )+ 1(x7))
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EX. f(x) = 3x/4, 0<x<8 and f(x +8) =f(x) Vvx s real

8
8J,4

0
0 4
(dozlj §(t+8)dt+ij S tdt = 3)
8) 4 8) 4
8 _ ) y
dnzlj‘ Ete—lnﬂt/4dt:£ |
8J, Nz

.. The Complex Fourier Series is

3+ E E i ein” x/4 - u....ﬁ...._.E_.-._..,_MJ.S_.....-.._
T N

N=—0o0

It converges to f(x) for0<x<8,8<x<16, ...-8<x<0, ...

2003/12/4 Chap13-FS60






