Vector Differential Calculus

< 11.1 Vector Function of one variable
Ft)=x(t)1 + y(t)] + z(t) k :Position Vector
e.g. F(t) = cos(t)i+2t%j+3tk

* A vector function is continuous at t, if each component
function Is continuous at t, .

A vector function is continuous if each component
function is continuous (for those values of t for which

they are all defined.)

e.g.G(t):(%_l) 1 + In(t)k 1s continuous for all t > 0 with
t =1
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F(t, + At) - F(t,)
At - 0 At
= X '(ty)1 + y'(ty)j+ z'(ty)k
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The length of a curve C given parametrically by

X = X(t), y=y(), z=z(t) for a <t <D.
A b
— length of C =L(c):j | F'(t) || dt

where the length of the tangent vector

| )] = (X)) +(y'(1)> + 2'(1))

- The length of a curve having a tangent at each point is

the integral of the length of the tangent vector over the
curve.
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(x(a), y(a), z(a) .

L] BmewiTale, p inmanf I.-m.‘ Themunm I.-.'l:un.‘I| n tmlrewrkw bR TEN. -5 T

F(t) = x(t)i+ y(t) i+ z(t)k a<t<b

S(t)éj IF'(©)lldg = ——II F'(O |
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Let G(s)é F(t(s)) = x(t(s))i+ y(t(s))j+ z(t(s))k for

0 <s< L,where t(s) 1s the inverse function of s(t), 1.e.
if s, = s(t,) then t, = t(s,).

Then, G 1s a position function for the same curve as F &

IG'(s)||] = 1 1.e.unittangent vector.
d d dt 1 1
f: G' = —F(t = —F (1 = F'(t) = F'(t
p (s) s (t(s)) dt ()ds d%t (t) TF(0) (t)
Ex. F(t) = cos(t)i + sin(t)] +;—tk, -4 <t<4nrx
() PO = /10
y [ 1 1 3
(11) S(t)—j4ﬂ3\/10d§ = 3\/10(t+47z):> t—\/ms 4
3
G(s)—F(t(s))—F(ﬂs—Mz)
3 : : 3s . 1 4
_COS(WS)1+81H(W)J+(WS_?ﬂ)k
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oG (s) =

1

3 3s .
\/108n(\/10 \/IOCOS(\/IO)J+\/10

= |l G'(s) || = 1

k

1. [F(t))+G(1)]' =F'(t) +G'(t)
2. [T (t) F(v)]' = f'(OF(t) + f(t)F'(1)

D 5 W

If f I1s a differential real - valued function.

[F(t)eG(t)]' = F'(t)eG(t) + F(t)eG'(1)
[JF(t)xG((1)]' = F'(t)xG(t) + F(t)xG'(1)
JFCT)] = T'OF'(T(1)
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+11.2 Velocity, Acceleration, Curvature, and Torsion

s(t)A j IF'()ld¢

Def. 11.2:
velocity v(t) éF'(t)

, ds
speee W) A OO = PEGGHE = =
Def. 11.3:

Acceleration a(t)A v'(t) = F"(t)
unit tangent vector
T(t)A — Loy = XU

F'(t) = ! .
SiEon 95 Ty
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Def. 11.4 Curvature

The curvature k of a curve is the magnitude of the rate of
change of the unit tangent with respect to arc length along
the curve:

. T As)—T

k()A ST = lim HEEASIZ ()
_ dS As—> oo AS

The more a curve ! I
bends at a point, __
the faster the /
tangent vector 1s
changing there. il o

SRR Mema e el o diwhe s af Tl min s Lamiming [n Tiwmoos Lamiming, o o e ik i bo o s wsle s losme
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k(t) :” dT dt || % This gives the curvature as a function of the

dt d parameter used in the position vector
dt
Slnce
~ ds
/t | F <t> |
K(t) = [Tt
| F (t) |

EX: x=4cosf y=3 z=4sin(6)
for0<6 <2nx

SOl E(0) = 4cosBi+3j+ 4sin Ok
F'(6)=—-4sinf1+ 4cosfk

T(6) = F'(g%F,(Q) = —singi+ cos Ok
T'(@)=—-cosf1—sinbk

k)= T (I~ 1
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Def. 11.5 Unit Normal Vector

N(s) = ﬁT '(s) provided that k(s) # 0
S

(1) N(S) 1s a unit Vector

N = T =1 - k(s)=|T'
IN(s)] ||T()||H ()|l (8) = |IT'(s)]]

(11) N(S) 1s orthogonal to T(S)

" S T(s)|[P=T(s)eT(s)=1
T'(s)eT s)+T(s) T'(s)=2T(s)eT'(s)=0
= T(s)eT'(s)=0 ;

= l1.e. T'(s) L T(s)

= .. N(S) 1 T(S) E:Jh_ﬂ#{f'ﬂ.r
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Ex. F(t) =[cos(t) + tsin(t)]i + [sin(t) — tcos(t)]j + t°k
fort > 0.

(@) [F'0)]| = /5t
t J5., , 2s

_7t :>t— 51/4

Py

=

0 0
G(s) = F(t(s)) = [cos(a/s ) + a~/s sin(a/s)]i + [sin(a/s)
—ans cos(a\/g )]j+ sk
T(5)=G'(s)=[ &’ cos(a~/s )/ 2]i + [ sin(a~/s)/2]j + &’k
Note: HT(S)H 1
T'(s)=] sm(a\f )/ 44[s ]1+ a cos(af )/ 4+/s 1]

(i) N(s) = T'(s)/k(S) = —sin(a\/g )i+ cos(a~s)j.
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«11.2.1 Tangential and Normal Components of Acceleration
Theorem 11.1

a=a.T+ayN=3%T 4 y2kN
dt

1 \Y%
pf : T(t) = : F'(t) = — — v=VT
| F'(t) || v
:>a:d—V:d—VT+vT(t)
dt dt
dv ds dT
= —T +V
dt dt ds
dv
= — T +Vv>T (s
i '(s)
=d—VT+v KN .
dt
= Jla|f=aea
=(a;T+ayN)e(a; T +ayN)
= a; +ay. X ]
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Ex. F(t) =[cos(t) + tsin(t)]i + [sin(t) — t cos(t)]j+ t“k
fort > 0.
(1) v(t)=F'(t) =tcos(t)1+ tsin(t)j+ 2tk.
V(t)=/5t = a, = 3—1’ =5
a = V' = [cos(t)-tsin(t)]i + [sin(t) + t cos(t)]j + 2k = [a] = /5 +
ay =[a] —a =t* = ay =t=kv? =5’k = k =1/5t.
— a=+/5T +tN.
(i) T(t) = v/v = [cos(t)i + sin(t)j + 2k]/~/5.
N(t) = T'(s)_ 1 dt dT —iT'(t)

k kdsdt kv
=—sin(t)1+cos(t);]
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e11.2.2 Curvature as a function of t

Theorem 11.2 k= HHFF>,<||1;/2H

Txa=a;TxT+ k(%)z(T x N) = k(%)z(TxN)
ds
ITxal=k( ) [ TN]
t
=w%§ﬂHW|nﬂmme
ds
=k<a>2 (- |IT|=|N||=1, & =90°)

(_Txal 1 |1 FyF“
(ds/dt)® ||F"|f* Il F |

St raBy L as TR, SoE)

3
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«11.2.3 The Frenet Formula

B=TxN = IB[=|| T[N |/sin@ =1

. 1

(i) N =-T'(s) = d%sz (N

iy - kr+cB, & 9B_ N
ds ds

7(s) =torsion of C

One scalar-valued function
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+11.3 Vector Field and Streamlines

Definition 11.6:Vector Field
in a 3-space: G(X,Y,2)=f(X,y,2)1+9(X,Y,2)j+h(X,y,2)k and

in a plane: K(X,y)= f (X, Y)i+g(X,Y)]
oG of og oh

— A (> 2)AG o
OX = (8x OX ax)= " e

EX. K(X,y)=xyi+(X-y)] 2-|12 10 {._' o
oK K AN

_:KX — yi+j,E:Ky :Xi-j.

A vector field is continuous if each of its component

functions Is continuous.
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« Streamlines of a vector Field F are curves with the
property that at each point (x,y,z),the vector F(x,y,z) is
tangent to the curve through this point.

Suppose C is a streamline of F = fi+ gj+ hk
Let C have parametric equations

X=X(5) y=Yy(5) z2=1(5)

R(&)=x(&E)i+ y(&)j+ z(E)k :position vector of C
R'(§)=x'"(g)i+ y(&)j+z'(5)k :tangentto C at (X(5),Y(5),2(5))
= R'(¢) =tF(X(5),Y(5),2(5))

dx. dy. dz
—=>—1+—]J+—Kk

dé d&" dé

=1 (X($), Y(£), 2(£))i+1g(X($), Y(£)z(£))j+th(X(E), Y(S), 2(S))k

X e W e B it g heos X &

TdeT T de T de f g h
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E X : F=x%i+2yj-k

sol : d—X:txz,d—y:Zty,—Z:—t
dg d ¢ d ¢
[f X,y;tO,thend)z(: dy — dz
X 2y — 1
1.—d)2(:—dz = @ —=—Z+ 0, = X = — o
X X Z - C
2. S—:—dz: (1/2)In|yl=-z+d, = y=e2lg 2
y
C:ixo= y =e?%e = qe %t 7 =72
Z - C
If the curve C passes through (-1,6,2)
= z=2,-1= 1 6 = e?ke 4
2 —C
— c=3,a=6¢"
C:x=—1 Ly =6e?7% 7 =7
Z — 3

©2003 Brooks/Cole, a division of Thomson Learning, Inc.
Thomson Learning,,, is a trademark used herein under license.
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<+ 11.4 The Gradient Field and Directional Derivatives

Definition 11.8 Gradient
¢ (x,y,z): real-valued function of three variable(scalar field)

@ 0@ 8¢)
x 0y 01

o
Vo=
1 (a

Definition 11.9 Directional Derivative
The directional derivative of a scalar field ¢ at P,
in the direction of the unit vector u(=aitbj+ck) is

denoted D, ¢ (P,) and 1s given by

d
D,p(Py) = E(D(Xo +at,y, +bt,z, + ct)],_,.

(A: 2CY[9L [I6]q —> AGC(OL {6[]) )
A 5,0,2) = (x+ at,y, + bt zyt cf)

Vid
4 >0

;;Po(xoaymz)
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Theorem 11.3 Letu=ai+bj+ck be aunit vector
Then Dyo(Py) = Vo (Py) eu

Pf: i(p(xo +at,y, +bt, z, +ct)=a—¢a+a—¢b+a—¢c

dt OX oy 0z
o (Xy+at, y, +bt,z, +ct) = (X, Yo2Zy) =g
op op op
-.D.o(P,)=—"-(P)a+—(P,)b+—(P,)c
WP(Fy) 8X( 0) 8y( 0) 82( 0)

=Vo(R)eu
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11.5 Divergence and Curl

Def: 11.10
The divergence of a vector field
F(x,y,z)= f(X,y,2)1+g(X,Yy,2)j+h(X,Vy,2)k is
the scalar field
of 0g oh

divF=—+—+—.
OX 0oy 0z
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Back face |

(x, ¥, 2) é 1 A

I

Front facé I s

g

| A% |
Ay v 7)ei—& )
(el anye e An Suppose F(x,y,z,t) is
p the velocity of a fluid at
' point (x,y,z) and time t

0061 BTl ,nidaand Tmmns Lmrzag [=, Thenslecesg, o lemmsl wed bnsis wole: e,

flux outward across face Il =
F(X+AX,Y,Z,1)®1AyAz = f (X+ AX, Y, Z,1)AyAz

flux outward across face I =
F(X,y,z,t)e(-1)AyAz =-f (X, Y, Z,t)AyAz

The total outward flux across face I & II =
[f(X+AX,Y,2,t)- T(X,Y,2,1)]AyAz

2003/11/6 Chapter 11 VC-22



The total flux of fluid out of the box across its face 1s

[f(X+AX,Y,Z,1)— T(X,VY,Z,1)JAYAZ+[g(X, Y+ AY,Z,1)—g(X, Y, Z,1)]AXAZ
Hh(X,y,z+Az,t)—h(X, Yy, z,1)]AXAy

. flux per unit volume out of the box =

f(X+AX,y,z,1)- f(X,Y,21) N g(x,y+Ay,z,t)—g(x,y,z1)

AX A\
N h(X,y,z+Az,t)—h(X,Y,zt) _ of N g N oh .
AV OX oy 0z

AX—0,Ay - 0,Az -0

* The divergence of F as a measure of the outward flow

or expansion of the fluid from this point
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Def 11.11 The curl of a vector field F(x,y,z) =
f(x,y,2)I+g(x,y,z)j+h(x,y,z)k Is the

Vector field
curl F = (@_8_9 i+ (ﬂ_ﬂ)fr(ag _ of )k
oy 02 0z OX oXx oy
1 j k
=V xF =1|0/0x 0/0y 0/0z|,where
f g h
del operator V = ﬂi+ ﬂj+ ﬂk.
oX oY 01
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Q) : angular velocity vector has magnitude w

IT|=@ ||R ||sind =[|Q xR |=> T=Q xR

Let Q=ai+Dbj+ck,R = xi+ yi+ zk

T=Q xR =(bz-cy)i+(cx—az)j+ (ay — bx)k

i j k

VxT=|0/0x 0 /0oy 0/ 012

bz—cy cx—az ay-Dbx
= 2ai+2bj+ 2ck = 2Q

L Q=(1/2)VxT

The angular velocity of a uniformly rotating body

IS constant times the curl of the linear velocit
70,0, 0)

B30 Bmala Bl b mnsf Smminn ooy ln Viemees ey, » 0 el wed o wder lwms
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