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Chapter13     Fourier Series
13.1 Why Fourier Series?
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13.2  The Fourier Series of a Function
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Def  13.1  Fourier Coefficients and Series

Let f be a Riemann integrable function on[-L,L]

11. The numbers  ( )cos( ) ,   0,1,2,...
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13.2.1   Even and Odd Functions

Def.  13.2  
f is an even function on [-L,L]if f(-x) f(x),for -L x L
f is an odd function on [-L,L] if f(-x) -f(x),for-L x L
1. even even even
   odd odd even
   even odd odd
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13.3   Convergence of Fourier Series

Def  13.3   Piecewise Continuous Function
Let f(x) be define on [a,b],except possibly at finitely many
points.  Then f is piecewise continuous on [a,b] if 
1. f is continuous on [a,b] except perhaps at f

x a+ x b-

0 0

x x0 0

initely many points.
2. Both lim f(x) & lim f(x) exist and are finite.
3. If x  is in (a,b) and f is not continuous at x , then
lim f(x) & lim f(x) exist and are finite.  
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Def.   13.4   Piecewise Smooth Fuction

F is piecewise smooth on [a,b] if f & f’ are piecewise continuous on [a,b]
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Theorem 13.1  Convergence of Fourier Series

Let f be piecewise smooth on [-L, L].  Then for -L x L, 
the Fourier Series of f on [-L, L] converges to 1/2[f(x+) f(x-)]
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13.3.1  Convergence at the Endpoints

0

1

1. The function f of interest may be defined only on[-L,L]
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If we make this extension, then the convergence theorem (Thm13.1) 
applies to fp(x) at all x.

1. 
1(i) at -L  the series converges to [ ( ) ( )]
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13.3.2  A second Convergence Theorem
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Def. 13.5  Right Derivative
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Thm 13.2 Let f be piecewise continuous on [-L   L].  then

' '

1. If -L X L & f has a left and right derivative at X,
  then the Fourier Series of f on [-L  , L] converges at x 
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],[-on   )(
 of SeriesFourier   theof Sum PartialTenth   13.18(b) Figure
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], on[-  )( of
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1] [-1,on   )(
of SeriesFourier   theof Sum PartialFourth   13.21(a) Figure
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13.3.4  The Gibbs Phenomenon

Phenomenon Gibbs  thengillustratiFunction  13.23 Figure
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13.4  Fourier Cosine and Sine Series 
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Thm 13.3 Convergence of Fourier Cosine Series

Let f be piecewise continuous on [0,L], then
1. If 0 x L, and f has left & right derivatives at x,
then the Fourier Cosine Series for f(x) on [0, L] converges

1at x to [f(x-) f(x )]
2

2. If f has a right d

< <

+ +

erivative at 0, then the Fourier Cosine Series
for f(x) on [0, L] converges at 0 to f(0+)
3. If f has a left derivative at L, then the Fourier Cosine Series
for f(x) on [0, L]converges at L to f(L-)
Proof: 
1 1[ (0 ) (0 )] [ (0 ) (0 )] (0 )
2 2e ef f f f f− + + = + + + = +
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Thm 13.4  Convergence of Fourier Sine Series
Let f be piecewise continuous on [0, L].  Then
1.  If 0 , and  has left & right derivatives at ,
then the Fourier sine series for ( ) on [0,  ] converge

x L f x
f x L

< <
s

1at  to [ ( -) ( )]
2

2. At 0 & at , the Fourier sine series for ( ) on [0, ]
   converges to 0

x f x f x

L f x L

+ +
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1] [0,on  e
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f(x) ofexpansion 
sine  theof Sum PartialFortieth   13.31(a) Figure
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cosine  theof sum partialFifth -Thirty  13.31(b) Figure
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13.5  Integration and Differentiation of Fourier Series
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Thm 13.6  Differentiation of Fourier Series

0

1

Let f be continuous on [-L, L] and suppose f(L) -f(L).
Let f' be piecewise continuous on [-L, L].  Then f(x) equals
its Fourier Series for -L x  L,  i.e.
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2
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2 2
n

0n 1

Thm 13.7  Bessel's Inequalities
Let  be integrable on [0, ]. Then.
1. The coefficients in the Fourier Sine Expansion of  on [0,  ]

2  satisfy b ( )  
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13.6  The Phase Angle Form of a Fourier Series

A  func tion  is period ic  w ith  period  P  if f(x p ) f(x ), rea l x
f(x np) f(x ),  n Z ,   p : fundam en ta l period

e .g .  cos( ) cos( 2 )   cos( 4 )  .... cos( -2 )
6 6 6 6
π π π ππ π π

+ = ∀
⇒ + = ∀ ∈

= + = + = =
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f of angle phaseth -n: 4.
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The Fourier Series of f is
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13.7  Complex Fourier Series and the Frequency Spectrum
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Def 13.8   Complex Fourier Series
2Let  have fundamental period .  Let  .

Then the Complex Fourier Series of  is 
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EX.  f(x)  3x/4,  0 x 8  and f(x 8) f(x)  x is real
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