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First-Order Differential Equations

 1.1 Preliminary Concepts

F(x,y,y’)=0                 (1.1)
y(x) is the function of interest and x is the 
independent vaiable

Ex:  y’-y2-ey=0   ,  y’-cos(x)=0

F(x, ϕ(x), ϕ’(x))=0 for all x in  I
ϕ(x) : a solution of (1.1) on an interval I

Ex: ϕ(x)=xln(x)+cx is a solution of y’-y/x=1
for all  x>0 and for any number c

• General solution : ϕ(x)=xln(x)+cx
particular solution : ϕ(x)=xln(x)+ x for c=1

• Implicitly defined general solution
Ex: y’=-(2xy3+2)/(3x2y2+8e4y)

x2y3+2x+2e4y=k
Sol: 2xy3+3x2y2y’+2+8e4yy’=0

• Integral Curves
Ex 1.1

Fig. 1.1 Integral curves of y’+y=2 
for k=0,3,-3,6, and –6.

(y=2+ke-x)

x
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Ex 1.3

Fig. 1.3 Integral curves of y’+xy=2 for k=0, 
4,13,-7,-15, and –11.

y(x)= ∫ −− +x xx kedee 0
2/2/2/ 222

2 ξξ

• The Initial Value Problem
y’+y=2; y(1)=-5

y=2+ke-x  ⇒ k=-7e

• Direction Fields
F(x,y,y’)=0 ⇒ y’=f(x,y)

The slope of the integral curve through  
a given point (x0,y0) of region R is y’(x0), 
which equals f(x0,y0)

Fig. 1.4 Short tangent segments (called 
direction fields) suggest the shape of 
the curve
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Fig1.5 Direction field for y’=y2

and integral curves through 
(0,1), (0,2), (0,3), (0,-1), (0,-2) 
and (0,-3). 

y=-1/(x+k)

Fig1.6 Direction field for 
y’=sin(xy)  and integral 
curves through (0,1), (0,2), 
(0,3), (0,-1), (0,-2) and (0,-3). 
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 1.2 Separable Equations
• Def1.1 A differential  equation is called 
separable if it can be written y’=A(x)B(y).
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Ex 1.7  y’=y2e-x is separable
xey

dx
dy −= 2

0for y 1
2 ≠= − dxedy
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Note: y(x)=0 is a solution of y’=y2e-x

But  it cannot be obtained from the 
general solution by any choice of k.

Here, it’s called a singular solution

Note: It may or may not be possible 
to solve explicitly for y(x)

Ex 1.8  x2y’=1+y is separable

-1 yand 0for x 1
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Where, B is any nonzero number

Note: y=-1 if we allow B=0 , so 

• y=-1 is also a solution

• y is not a singular solution
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 1.3 Linear Differential Equations
• Def1.2 A first-order differential  equation 
is linear if it has the form y’(x)+p(x)y=q(x).
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∫ dxxpe )(Integrating factor:

Ex 1.15  y’=3x2-y/x ; y(1)=5. ⇒ y’+ (1/x)y=3x2. ⇒

0.for x ,ln)/1( >==∫ xee xdxx

xy’+y=3x3, or (xy)’ =3x3. ⇒ xy=3x4/4 +c ⇒ y(x)=3x3/4 +c/x for x>0.
Since y(1)=5 ⇒ c=17/4.

Ex 1.15-1  y’+xy=2. 

⇒ .2)( 2/2/2/ 222 xxx Cedxeexy −− += ∫
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 1.4 Exact Differential Equations

' ( , )
( , ) ( , ) ' 0,  

     where ( , ) ( , ) & ( , ) 1
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c h a i n  r u l e
  ( , ( ) ) 0

( , ( ) )   w i t h   c o n s t a n t

d y
x y d x

d x y x
d x

x y x c c
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Implicitly defines a function y(x) that is the general solution of the 
differential equation
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Def 1.3: A function  is a potential function for the differential 
equation ( , ) ( , ) ' 0  on a regionR of the plane if, 

for each (x,y) in R ( , ) & ( , )

M x y N x y y

M x y N x y
x y

ϕ

ϕ ϕ

•
+ =

∂ ∂
= =

∂ ∂

• Def 1.4 When a potential function exists on a region R for the differential 

equation M+Ny’=0, then this equation is said to be exact on R
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exactnot  is 0y'y Ex. =+

.  s u p p o s e    s . t .  ,  1
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Note : y+y’=0 can be easily solved either as a separable or as

a linear equation
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 R,in  y)(x,  iff

 Ron exact  is 0'),(),( Then, plane. in the R rectangle a
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•Thm 1.1 Test for Exactness
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Ex. The equation y2-6xy+(3xy - 6x2)y ’ =0 is not exact on any rectangle
兩邊乘上 y

But y3 -6xy2 +(3xy2 - 6x2y)y ’ =0 is exact over the entire plane
3 2 2

3 2 2
( , ) 3

3   ( 0 )  is the general solution
x y xy x y

xy x y c y
ϕ⇒ = −

⇒ − = ≠

Def 1.5 Let M(x,y) & N(x,y) be defined on a region R of the plane. Then u(x,y) is an 
integrating factor for M+Ny’=0 if u(x,y) ≠0 s.t. ∀ (x,y) ∈ R & uM +uNy’=0 is exact 
on R
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 1.5 Integrating Factors

But y = 0 is also a sol. (singular sol.)
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2y2 – 9xy + (3xy – 6x2)y’ = 0    is not exact
EX.

( )[ ] ( )[ ]
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( )
( )

3 2 2 2 2 3

2 3 3 2

2 3 3 2

2 9 3 6 ' 0

, 3
3 = c is the general sol. ( 0, 0)
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如何選 ?

( ) ( )

← Separable but not exact (∗∗)

( ) 2

1, is an integrating factor for 0

12 0 ln

yu x y   yy
yx - y' x, y x y y

y
ϕ

−= ≠

−
⇒ = ⇒ = − +

∴x2 – y + ln|y| = c for y ≠ 0 is the general sol.
But y = 0 is also a sol. of (∗∗)

(singular sol.)
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EX.
y – 3 – xy’ = 0    is not exact

( ) ( )
1,  is an integrating  factor for 0& 3

3
1 1 ' 0 ln ln 3

3

u x y x y
x y

y x c y
x y

= ≠ ≠
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=

33
3lnln3lnlnln
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Q:
如何選 ?

but y = 3 is also a solution ∴ y = 3 + kx ∀k : real
is a general solution.(not singular)
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1.5.1  Separable equations and integrating factors
y’ = A(x)B(y) is in general not exact
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( ) ( )
( ) ( ) ( ) ( )
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    ,  &  , 1    

     1 0 and 

(ii) ' 0 is exact

     

p x dx p x dx
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1.5.2  Linear equations and integrating factors
y’ + p(x)y = q(x) is not exact unless p(x) = 0



Chapter 1-FODE 19

Def 1.6  A 1st-order differential equation is homogeneous 

              if it has the form ' yy f
x

⎞⎛= ⎜ ⎟
⎝ ⎠

EX.
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 y'But,
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Note : Solutions have not been overlooked

※1.6.1   Homogeneous Differential Equations
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( ) ( )
Def.1.7 A Bernoulli Equation is a first-order equation

   in which real numbery  p x y R x yα α′ + = ∈

1.6.2 The Bernoulli Equation

1

(1) 1 separable
(2) 0 linear
(3) 1 linear by the change of variables
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is a linear equation
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1.6.3 The Riccati Equation

( ) ( ) ( )
( )

( )

2
Def. 1.8  A differential equation of the form
         is called a Riccati equation.
(1)  0 linear
(2)  suppose  is a soluation
     Then we can transform the above Riccati equation in

y P x y Q x y R x
P x

S x

′ = + +
= ⇒

⇒

( )
to 

1           a linear form by the change of variables  .y S x
z

= +
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1 1 2EX.   By inspection  1  is a solution
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1.8 Existence & Uniqueness 
for solutions of  
Initial Value Problems
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• Picard iteration
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