Vector Integral Calculus

s 12.1 Line Integrals

Z. (x(b), y(b), z(b) ) A curve C:

| e X=x(t) y = y(t) z = z(t)
C a<t<b
coordinate functions of C
\ l X
\ ] Y

(x(a), y(a), z(a) )
A curve Is

continuous If its coordinate functions are continuous ona <t<b,

differentiable If its coordinate functions are differential on a <t < b,

smooth If its coordinate functions have continuous derivatives
which are not all zero for the same values of t
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s a smooth curve is one that has a continuous tangent vector

Def. 12.1 Line Integral

Suppose a smooth curve C has coordinate function x = x(z), y = y(t), z = z(t)
fora<r<b.Letf(x,y,2),g(x,y,z),and h(X,y,z) be continuous at least on the graph

of C. Then, the line integraII f(xyz)dx+g(x,y,z)dy+h(x,y,z)dz
C

EJ' {f(x(t),y(t),z(t))%+g(x(t),y(t),z(t))d—y+h(x(t),y(t),z(t))%}dt

dt dt
vector field F(x,y,z) = f(x,y,z)i + g(x,y,z)j + h(x,y,z)k
position vector R(¢)=x(¢)i+ y(t)j+z(¢)k dR=dxi+dyj+dzk

?WJF “dR

work

EX. jxdx—yzdy+ezdz Cix=t'y=—t z=t"1<t<2

j[ —I—e 2t]dt-£+e —e
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< A curve C is piecewise smooth if X'(t), y'(t), z'(t) are continuous, and not all
zero for the same value of t, at all but possibly finitely many values of t
. Path

/.
AL ©
7 .
C2
Cl
EX.
C, x . Cos(z) T
. C, . _ 0<r<—
(0.1) \C @D T sing) 2
1
C,:x= =10<p<2
1.0 2 - X =D YV p
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JC x*ydx + y°dy

= .C x“ydx + y°dy + JC x°ydx + y°dy

— :02” [0052 (¢)sin(¢)(—sin(¢))+ sin? (t)cos(t)]a’t + Jj pdp

EX.
Calculate the work done by F' = i-yj + xyzk

In moving a particle frome (0,0,0) to (1,-1,1)
alongthecurex =ty =-t"z=¢t0<¢<1

Sol:

work = | F-dR = jol (1,67 1) (1L-2¢ 1)t = %
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Thm 12.1

| (F+G)-dR=F-dR+|G-dR
| oF -dR = | F-dR

JC C

“ < 2()=x(a+b-1t)
(t)=yla+b-1)
D\ 2()

N -

Def 12.2

Thm 12.2

j_c fdx + gdy + hdz = — jc fdx + gdy + hdz
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I‘mk+g@+h$:

= [ G0 502005+ (60050200 + 10,50, 200 E L
lets=a+b-1t & @zix(a+b ) dx( ) @é——@
dt dt dt ds dt dt
fﬁjfﬁ' %=—2/ Z=—% & dt=-ds
-] = ) DB~ glal5) 626D L~ 6) D)% |- (-2
]| P61 ) E ) 55D D)L () 2(5) () s

=—;ﬁh+g@+Mh
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Def 12.3 Line Integral with respect to Arc length

Let C beasmoothcurve withx =x(¢) y=y(¢) z=2z(t) a <t < b.
Let @ be a real - valued function that is conti on C. The the integral
of @ over C with respect to arc length is

Joo.y.2)s = ngo(x(f)’ (O 2N (eF + ' (eF +2 (e F

Pf

B s()= [ ' (6F + v () + 2 (¢ e

ds =x'(tF + ' (e + 2 (¢ Pt
EX.
x = 2cos(t) The density function

y =2sin(z) Osts% 5(x,v,2)=x’ grams
z=3
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(t)=x(,)& x = cos(¢) x = cos(¢)

()= y(t,) y =sin(r) y =sin(r)

can occur 0<t<2x 0<t<4r

onlyif ¢, = ¢ simple closed closed but
1 "2

curve not simple

Thm 12.3 Green

Let C be asimple, closed, positively oriented path in the plane.

Let D consist of all points on C and in its interior. Let f, g, 2g & ?
X oy

be continuous on D ThenSECf(x, y)dx + g(x, y)dy = ”D [Zg - ijdA
x Oy
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EX.
§>C 2xc0s(2y )dx —2x?sin(2y)dy =0 for every positively

oriented, simple, closed path C in the plane

Sol:

ai(— 2x%sin(2y))- §(2x cos(2y))=—4xsin(2y)+4xsin(2y)=0
X y

(Pf Thm 12.3)

2003/11/2 Chap12-VIC11



ﬁjf(x,ydx—j fxydx+j fxy

[ [ et = [ L5 () = £ o
[, Laa=] [ L tpae= [ 1

= "L (e k() £ e, )
ke =[S ad
il g,y = [ - agarA

&Cf X,y dx+g(x,y dy:”D[g‘i — g;jdA
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EX.

§ — ) dx + X d with C any simple, closed, positively
¢ x? 4+ y° x4 y° oriented path in the plane but not
passing through the origin

2 .2
X :>8g_8f_y X

)= glxy)=

x°+y° x°+y° Ox _8y _(x2+y2)2
of o9 : :
f g o are continuous at every point of the plane except (0,0)
X OX
(i) C does not (0.0
l , _
enclose §> - yzdx+ Zx ~dy =0
. Cx"+y X +)y
(i) C enclose (0,0)
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§Cf(x, y)dx + g(x,y)dy = 3EK f(x, y)dx + g(x,y)dy + .U[) (ag—jdA

JO

s
N,

2003/11/27

27T
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—7rsiné@

0
1

o
ox Oy

7 C0S @
2

[~ rsing]+

r I

[rcos 6?]jd 0

027
do =2r

J0
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12.3 Independence of Path and Potential Theory in the plane

Def. 12.4 Conservation Vector Field

Let D be a set of points in the plane A vector field F(x,y) is conservative on
D if for some real-valued o¢(Xx,y), F = Do for all (x,y) in D. In this event, ¢ is a
potential function for F on D

op .. . 09
F-dR=| —dx+—d
'[C JC@x oy g F(x,y):a¢i+6¢j
Opdx Opd xoo
b
:j PELILD g
a\ Ox dt 0Oy dt

_ Lb%gp(x(t), (et = p(x(b), (b)) - p(x(a), y(a))

= o(p)-o(p,) p, = (x(b), y(p)) terminal point
2, = (x(a), y(a)) initial point
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Def 12.5 Independence of Path

jCF -dR 1s Independent of path on a set D of pointsin the plane

If for any points p, & p, in D, the line integral has the same value
over any paths in D having initial point p, and terminal point p,.
Thm 12.4 Let ¢ and its first partial derivatives be continuous for

all (x,y) in a set D of points in the plane. Let F =V . Then j F-dR

C
IS independent of path in D. Further, if C is a simple, closed path in

D, theng) F-dR=0.
C
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EX. Let F(x, y) =2x COS(Zy)i —2x° Sin(Zy)j
o(x,y)=x*cos(2y)is a potential function

C 12

Y4 T
WKS) jCF-dR=gp(1%j—go(o,o)=72

(0,0)

EX.
Let F(x,y) 2xCOS 2y [Zx sin 2y +4y 1/

— o 2—¢) = 2xCOS(2y)&5—¢ =-2x’sin(2y)- 4y
X oy

o(x,y)= ij cos(2y )dx = x* cos(2y )+ g(v)

a_(p:_zxzsin(Zy)—4y2 = —ZXZSiH(ZJ/)JFg'(y)

oy
~g'(v)=-4y°
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EX.

| et F(x, y) = (ny2 + y)i + (2x2y 14 exy)j < not a conservative
vector field

Pf:
suppose da ¢

a—qD:2xy2 +y&a—¢:2x2y+exy
Ox oy

Then p(x, y)= j(2x2y + y)dx =x"y* +xy+ f(y)
(2—¢:2x2y+exy=2x2y+x+f'(y)

V
:>f'(y):exy—x 5 T E] f(x)
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Thm 12.5 Test for a Conservative Field

Let f & g be continuousin a region D bounded by a

rectongle having its sides paralled to the axes. Then

F(xy)= f(xy)i+g(xy)jis conservative on D iff

in D, og = 2
ox Oy

forall (x,y)

EX.
o[2xcos(2y)] 4xsin(2y) = ol (2xsin(2y) - 4%

oy ox

6[2xy2 + y] iy +lediy ety = 8[2x2y + exy]
oy Ox

2003/11/27
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EX.

Let Flx,y)= [ +
(x7) x*+y° X+y

D :all points in the plane except (0,0)

s j=f(xy)i+glxy)i

2 2
y —X

Although - = = %2 forall (x,y)in D
oy (x2 + yz) Ox
But F is not conservative on D

(i)/\\C jcf(x, y)dx + g(x, y)dy = f: [(~sin@)(—sin &)+ cos@cos OO = r
x =C0sd —rsing, . rCosé
) —sing 0<O<nr > (~rsing)+ > (rcoso)
(ir) IC £, v)dx + g(x, y)dy = j'oﬁ [sin&(—sin @)+ cos (- cos OO = —x
\J/ X =C0S6
y=-sin@
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A domain D is called simply connected if every simple,
closed path in D encloses only points of D
(i.,e. no holes in it)

Thm12.7 Let F(x,y)= f(x.y )i + g(x,y)/ be a vector field and

D is a simply connected domain. Suppose f, g, 2 & 2 are continuous

Ox

on D. Then F is conservative on D iff @ = 8_g
oy Ox

»% conservative vector field = independence of path of
_[CF -dRonasetD

Thm12.6 independence of path ona domain< conservative vector field

Thm12.7 conservative ona simplyconnecteddomain < g _8

oy Ox
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12.4 Surfaces in 3-Space and Surface Integrals

A surface : x=x(u,v)

y =y(u,v)
z=2z(u,v)
EX.
x = aucos(v) , ,
* X y 2 2
y=buCOS(v):>(j +(j = C0S° v+sin‘y = 1:>—+—2_u —
au bu a” b
zZ=u
AZ
()y=0z=+2>
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assume?, &7, #0

= thenormtoX at P, :

i Jj k
0 0 0
N(I)O):T:/OXTuozé(uO’vO) é(”o’vo) é(uo’vo)
0 0 0
6—16/(”0"’0) (%(”o’vo) a_z(”O’VO)
:(8)/.82_82oay)l,_k(ﬁz.ﬁx_ﬁx.ﬁzjjJr(@x@y_@y.@xjk
ou Ov Ou Ov ou Ov Ou Ov ou Ov oOu Ov
_ ('3(y,z)l, N G(Z,x)j N 8(x,y)k
G(u,v) 8(u,v) 5(u,v)
g I
where OU8) _|ou av|_9f g 0g of
ou,v) (98 Og| ou ov ou ov
ou Ov
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If the surface is given explicitlyas Z = S(x,y)

lLe. u=xv=y

" N(R)=——

2003/11/27
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If X is given by z = s(x, ) then
> is a level surface of the function ¢(x,y,z)=z—s(x,»)
dp. O0p . O

= Vp=—-1i+—j+—Fk Isanormal vector
ox oy’ oz N = [i,—_l,lj
os . Os V1010
=——i+—j+k 14
ox Oy <
EX. b 4—(3,1,/10)
— S(X,y)z x2 + y2 ;y
os X g os y ¢
ox x4 3?2 oy Jx?a 3?2 outer normal
-3 ~ N(32,410)
31,10)= —i———j+k -
N o)= 5 r’

B (Jio | Jio ’_1j
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12.4.2 The Tangent Plane to a Surface
N -[(x = x0 )i + (v = yo)j + (2 =2 k] = 0

tangent plane to X at p,
o) feex) | o Falxy)
e o) (r =)+ ) (v=y0)+ )
o). owuv) ], u,v)
EX.
x = aucos(v) N[?’a,b 1]
y = busin(v) voa «Exercise
Z=u B ~3a —a ab
4 472
) \@a b1 1 T
po-[4’4’2) Letuzuozz&v=v0:€
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12.4.3 Smooth and Piecewise Smooth Surfaces

A surface is smooth if it has a continuous normal vector
A surface is piecewise smooth if it consists of a finite number
of smooth surfaces

EX.

A sphere A Cl_Jbe |
s smooth Is piecewise smooth

2003/11/27
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(i) The area of a smooth surface X given by z=s(x,y)

area ofE:II 1+(8S) (as dA , where D Is the set of points
b Ox oy

In the x, y plane for which s is defined

Jf (55 o

= J‘ HN(x,y)dedy
D

(ii) If Tisgiven by x = x(u,v) y = y(u,v) z = z(u,v) with (,v) varying

over someset D in the u, v plane. Then area of X = j J'DHN (v )|dudv
[

[fo)
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EX.

Z:S(x,y):\/9—x2—y2 with x* + y° <9

Sol:
0z X X 0z —Yy

ﬁ_x__\/g_xZ_yz VA 8y_ VA

3

area of X = HD\/H(XT +(1dedy = HD\/Zz H; +y2dxdy = HD \/9 7 dxdy

z z

let x=rcosd 0<r<3&0<0<2r
y=rsing
3

27 3
Then areaon:j j
0 JO /9_7,2

rdrd 0

3
] a— :67{— (0 rz);} —187

‘\/9—7"2 0
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Yix= x(u,v) y= y(u,v) Z = Z(u,v) for (u,v)in D
area of Zj = ”R' HN(u,v)Hdudv A HN(uj,vj]‘AuAv

. mass of X~ 5jHN(uj,vj]‘AuAv
where 5(x,y,z): the density of the material of the shell at (x,y,z)

0;=0 (x (uj,vj )’ Y (uj,vj )’ z (uj,vj ))
mass of ¥ ~ iﬁjHN(uj,vj]‘AuAv
j=1
= the Riemann sum for ”D S(x(e,v), y(u,v), z(u, v))HN(u, V)Hdudv

. massof X = ”z S(x,y,z)do

= surface integral of the density function
)?

iJ xyz —Hy5xyz)d6and Z——”zéxyz)da
03IN1I27 Chap12-VIC35
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EX.
Let the cone z = /x° + »*, where X + y* < 4 and the density function
d(x,y,z)= x> + y?, find the mass & center of mass.

Sol:
0z X g Oz y

o z oy z
m = :L (x2 + yz)da = HD (x2 + yz)\/1+ )Zc—j +)Z/—22dydx

= .Ozjz J-Z FZ\/EI’dl"d(g = 8«/57[

0

¥x=5=0
2 2
zZ= 8\/1§7r J.J‘Zz(xz +y2)d0 = 8\/1572 ”Dw/xz + 37 (x2 +y2)\/1+;+)z/2dydx
8
5
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(=)
et F(x, y,z) = f(x, y)i + g(x, y)j + 0k

ik
vxr=|2 O 9_[% T\
ox 0Oy Oz ox Oy
/S g 0
Then (Vx F)-k = g _J
ox Oy

dx . dy .

F-Tds=[f(x, )i+ g(x, y)j](d—si + —deS

ds
= [ (o, y)dx + g(x, y)dy

:>§CF-TdS:UD(VxF)-de

2003/11/27
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a generalization to 3-D (Fig. 2)

Let C be a curve in 3-space bounding a surface X having unit outer
normal vector N

p F-Tds= || (VxF) Ndo

12.7 The Divergence Theorem of Gauss

§F-Nds=|[V-FdA
C D
Make the following generalizations from the plane to 3-space
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Thm 12.8 Gouss’s Divergence Theorem
Let X be a piecewise smooth closed surface. Let M be the set of points
on & enclosed by 2. Let X have unit outer normal vector N. Let F be a
vector field whose components are continuous with continuous field &
second partial derivatives on X and throughout M. Then

|| F-Ndo = |||V -Far

EX.

Z
22
D IUP
ie. X, 1z=4/x"+y° withx®+y° <1
2 :
(0,0,1) ' Y, x°+y°<lintheplanez =1
>y
xZ ‘|‘y2 _ ZZ
Chap12-VvIiC44
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)

(i) The unitouter normalto X, : N, = %

=
N () 22

w ||, F-Ndo=0

(ii) The unitouter normalto X, : N, =k
SFN,=z
cz=1 LZF-NZdO'Z_[ zdo = ja’a T

By (i) & (ii) || F - Ndo = | L FNdo+|[ F-Nydo=x
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(=)

VL F - Ox 8)/ 0z

8x 8y oz
j‘”MVFdV =_[”A§dV = 3-[volume of the cone of height1, radius1]

=3-—=7

*
3

ie.”zF-Nda:j”MV-FdV:n
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Thm 12.9 Stokes
Let X be a piecewise smooth surface bounded by a piecewise smooth

curve C. Suppose a unit normal N has been chosen on X and that C is
oriented coherently with N. Let F(x,y,z)be a vector field whose
components are continuous first & second partial derivatives on X.

Then

iF-dR:J‘L(VxF)-NdG Boundars

fe. 77 ) ite .
‘ Disk 2,
Exercise : Example 12.35 >y
X
3% circulation of F about C, ~ ”z (VxF)p,) Ndo
@CF : dR) =(VxF)p,)-N (areaof X))
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(VxF)p,)-N = Iirroliz(circulation of Fabout C,)
r—0 7y

= circulation of F per unit area in the plane normal to N
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