4.1 Power Series Solutions of Initial Value Problems

Def. Analytic Function
A function f is analytic at x, if f(x) has a power series representation in some
Open interval about x,:

o0

f(x)=> a,(x—x,)" insomeinterval (X, - h,x, + h)
n=0

EX.

- c (_ 1)” 2n+l
csin(x) =) : for all real
sin(x) 2 (2n+l)!x converges for all real x

~.sin(x)is analytic at 0

f is analytic at x, — f is infinitely  at X,
+ differentiable
eg. e’



Thm 4.1 Let p & g be analytic at x,. Then the initial value problem
y'+p(X)y = q(X); Y(Xo)=Y, has a solution that is analytic at x,

e, 0 ()
let y(x)=> a,(x—x,) witha, = y"(x)

n=0 nl

Thm 4.2 Let p & g be analytic at x,. Then the initial value problem
y'+p(X)y'+q(x)y = f(X); Y(Xo) = A, Y'(X,) = B has a unique solution
that is also analytic at x,,.

EX.

y'+ey=x2;y0) =4

sol:

Let y(x)= i )’(n)(O)xn




(1)y'(©0)+y(0)=0=y'(0)=-4
(Q)y"+ey +ey=2x=y"(0) +y(0) +y(0)=0=y"(0) =0
RBY® +2ey + ey’ + ey =2 =y30) =6
=>VyY(X)=4-4x+x3+ ...
EX.

y'—xy +ey=4;y(0)=1,y(0)=4
o —x,e", &4 areanalyticat 0

" (O)x2 (3) (O) 3
(0)x+y y P 3

+ ...

. y(x)=»(0)+ y’
(1) »"(0) = 4-»(0) = 3

2y -y-0" + e’y + ey =0=y9(0)=1'(0)- y(0)- »'(0)=-1

= y(x)=1+ 4x+§x2 —%xs

EX.
y"+cos(x)y'+4y = 2x -1
0
y"+cos(x)y'+4y =2x-1; y(0)=a, y'(0)=b
“1-4a-b , 3+4a-3b ,
X+ 5 X~ +...

= y(x)=a+bx+



4.2 Power Series Solutions Using Recurrence Relations

EX. (4 x2y = 0

Zax y' = Znax & y'= Znn 1
:>Z (n—l)ax”2+2ax "2 =0

— Z (n + 2)(n + 1)an+2x” +Z a, ,x" =0

= 2a, + 6a, x+z (n+2)(n +1)azn+2 +a,. 2]X

SoI:

a4, —a, =0 vXe(hh)

1
= — f — 2,3,...
R R N




(1) _'&J x=0=>a,=0
(2) 7T & —ﬁ x=0

= a, =0
. =1 e S
419 0 ° 56 * 672 °
., - -1 i _ 1
57 90 1 Y= 25 % T 440"
~1
_ = =0
dg 3Oa2
-1
a; =——ay =



1, 1 . 1 4 1

9
ax +

. — + _ _ + — +
yx)=ap + - apd’ —Soant +ema -
= q, PR ST S +a, RO SR S
12 672 20 1440
% y(0) = a,
y'(0) =a,
EX. ]
yll_l_xyl—y — e X
Sol:

o x,—1, & > are analytic at 0

let y(x Za x" &e* = Z(S”/n!)x”

n=0

Z n(n—1p x" 2+Zna x" —Za x" —Z(3n/n!)x"

n=2 n=0

i (n+2)n+1, X"+ Znanx” — Zanx” = i(:%”/n!)x”
n=0 n=1

n=0

:>2az2—azo+Z[(n+2)(n+1)azn+2 (n—1)a, Jx" —1+Z

n=1 nln



2a, —a, =1
(n+2)n+1)a,., +(n~1a, =3/,

1
a, = 5(14- Clo)

3/n)+(1-n)a, S
”*2_( (n—i—)Z)(n+1) forn=1

l4a, , 15 (1 a)a 7 5 (19 1 )\,
sy(x)=ay +ax + x| S22 e —xC+ +——a, |x°+
2 2 3 24 40 240 240

a




4.3 Singular Points and the Method of Frobenius

P(x)y” + Q(x)y" + R(X)y = F(x) (4.8)

y"+p(X)y’ + q(x)y =f(x) (4.9)
Def 4.2

(1) X, Isan ordinary point of eq. (4.8) if P(x,)#0

CF?((X))( p(x)), P(( ))( a(x)), E ;are analyticat x,,

(2) X, Isa singular point of eq. (4.8) If X, Is not an ordinary point

EX.
(x=2) y"+5(x + 2)(x - 2)y'+3x%y =0
" P(x) = x3(x-2)? with P(0) = P(2) =0
.. 0 & 2 are singular points of the differential equation
P(X)y” + Q(X)y’ + R(x)y =0 (4.10)




Def. 4.3
(1) x, isa regular singular point of eq. (4.10) if X, isa singular point,

QAX) o ()
P(Y) & (X - Xo)°

(2) A singular point that is not regular IS said to be an irregular singular point.
EX.

and the functions (x - X,) —— are analyticat x,

O(x) _ ox (x+2)(x - 2) 5 x+2 .
(x—-0) P P2y 5 Oirregular
(x—Z)gg) =5x;2 &(x— )2(3 %are analyticat 2

.2 regular



Suppose eg. (4.10) has a regular singular point at X,
Then, we attempt to choose number ¢, & a number r

so that y(x)= icn (x —x,)"" isasolution
n=0

This series is called : Frobenius series (F “flpower series)
This strategy is called : method of Frobenius

o0

y'(6)= 2 bt re, (v =2 )

o0

V()= (4 )+ =L, (x—x, )

n=0
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EX. 1
. 1 ' 1 X(2+2Xj 1
Xy +X(§+ZXJy +(x—§jy=0 (i) x =4 2x
X 2
Sol: .
- 0isa regular singular point (i) x — 5 conv. for all x

- let y(x Zc x"

= Z n+ r)(n +r—1)c x"" + Z%(n +7)e, x"

n=0 n=0
c 1 = 1 - 1
4 ZZ(I’Z 4 I")Cn £n+r+ Z n+r+ Z Cnxn+r — O
n=0 n=0 n=0 2

[r(r ~1)c, + %cor — %co}cr + i[(n +r)n+r-1c, + %(n +r)e,
+2n+r-1)c,  +c, - %cn }x”” =0

11



1 1
r(r—1)c, +§cor—§co =0

(n+r)(n+r—1)cn+%(n+r)cn+2(n+r—1)cn_l+cn_l—%cn=0
1 1 1
assume CO¢O:>r(r—1)+—r——:>r=1&—
1+2(n—|—r—1)
Cn - 1 1 Cn—l
(n+r)(n—|—r—l)+—(n+r)——
_ 2 2
=1 1+2
c,=— ’; c,,forn=12,..
5 n(n‘sz
Clz?co yl(x)zco(x—gxz+gx3—gx4+...)
6 4
€ =76 G=5 G
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1 -1
n—— _

2 _— 2
= CyX

forx>0
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Thm 4.3 Suppose x, is a regular singular point of p(x)y"+0(x)y'+R(x)y = 0.

Then there exists at least one Frobenius solution y(x)= ch (x —x, )" with ¢, # 0.

n=

Further, if the Taylor expansions of (x - x,)¥ ol )/ P(x) & (x - xo) (%(X)

about x, converge in an open intercal (x,-/,x, + ), then this Frobenius series also
converges In this interval, except perhaps at x, itself

EX. 2 1]

y"+5xy'+(x +4)y =0

Sol: 5x x+4
X =5& x*~—— = x + 4 converge for all x
x° X
. 0 Is a regular point

Iety Zcx =S =-2 .'.y(x):co[x2—xl+£—i +ix2+..1

4 36 576
n 1 N
— ¢, :(_1) Co :COZ(_]')
n=0

Converges for all x except O 14




EX.

Bessel Function of the First kind of order v
(1) x*y"+xy" + (x -0 )y =0
Is called Bessel's equation of order v forv >0

(2) Solutions of Bessel's equation are called : Bessel functions

-+ 0isaregular singular point et y(x Zc X"

= r==xv

(Dletr=0=¢=0 ¢c;=¢c,=...=c4y =0
_1n

&c, = 1) C,

27 nl(l+v)2+0)..(n+v)

yl(x) = G i (_ 1)n X

=27 n(1+0)2+0v).(n+v)
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4.4 Second Solutions and Logarithm Factors

Thm 4.4 A second Solution in the Method of Frobenius suppose O is a
regular singular point of P(x)y"+Q(x)y’+R(x)y=0. Let r, & r, be roots of the
Indical equation. If these are real. suppose r;>r,. Then

(1) if -7, is not an integer, 3 two linearly independent
Frobenius solutions: y, (x Zc X" & y,(x ZC s

with ¢, #0 & ¢, = 0. These soluctions are valid in some
interval (0, h) or (h,0)
(2)if 5-r, =0 there isa Frobenius soluction y,(x)= Y c,x

n=0

n+n

with c, = 0 as well as a second soluction

1) = ()« T

Further, y, & y, form a fundamental set of solutionson
some interval (0, h) 16




(3)if x-r, Is a positive integer, then 3a Frobenius

solution y;(x)= Y c,x""* &asecond solution of
n=0

the form , (x) = ky, (x)In(x)+ > cx"”
n=0

(i) k = 0= asecond Frobenius solution
(i) y, & y, formsa fundamental set of solutions on
some interval (0, h)
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EX.
X2y +5xy"+(x +4)y =0---(*) (r+2)=0=r=+2

Sol:

n=1 n=1 1

1
2(—-1)
= (n!)z (n!)z (n o 2)

+(n=2)n-3)c. +5(n—2)c +c,_, + 4(:;])(”_2 =0

18



( *x
c, =2

e A U s S,

| (nt) S n n(n!)

2 3 11 23
— | XX
J’2(x) yl(x) n( )+ x 4 108 3456 i

= the general solution is

y<x>=[c1+c2m<x>]§; <(;!)2 ;
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