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Second-Order Differential Equation

2.1 Preliminary Concepts 
F(x,y,y’,y”)=0

EX

* A solution of F(x,y,y',y'') 0 on an interval I is a function ( ),
   s.t. ( , ( ), '( ), "( )) 0) for x in I. 
* The general linear second-order differential eq:
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Q: 1. existence & uniqueness of solutions of (*)
2 .How can we produce all solutions of (*)

2.2 Theory of soluitions of y”+p(x)y’+q(x)y =f(x)
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T h m  2 .1  L e t  p ,q ,  &  f  b e  c o n t in o u s  o n  a n  o p e n  in te r v a l  
L e t  ,  A & B  b e  a n y  n u m b e r s .  T h e n ,
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2.2.1 The Homogeneous Equation y”+p(x)y’+q(x)y = 0
(Homogeneous : f(x)=0)

• Thm 2.2 Let y1 & y2 be solutions of y”+p(x)y’+q(x)y=0 on an interval I. 
Then any linear combination of these solutions is also a solution.
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• Def 2.1 Two function f & g are linearly dependent on 
open interval Ⅰ if ∃ constant c s.t. f(x)=cg(x) or 
g(x)=cf(x)  ∀ x in Ⅰ, otherwise, f&g are said to be 
linearly independent on Ⅰ.
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Thm. 2.4 Let y1& y2 be linearly independent solutions of y” + p(x)y’

+g(x)y=0 on an open interval I. Then, every solution of this differential 
equation on I is a linear combination of y1& y2 .

• y1& y2 form a fundamental set of solutions on I

• c1y1 + c2y2: the general solution on I, where c1 and c2 are arbitrary 

constants.
To
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2.2.2 The Nonhomogeneous Equation y”+p(x)y’+q(x)y=f(x)  (*)
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2.3 Reduction of Order (y" py' y 0)

Suppose we know a solution y ( ) 0,  we will look for a 
second solution y ( ) s.t. y &y  are linearly independent
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2.4 The Constant Coefficient Homogeneous Linear Equation
            " ' 0,  &  are numbers  (2.4)
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An alternative general solution in the complex root case

To find a fundamental set of real-valued solutions by (2.5)
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2.5 Euler’s Equation
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2.6 The Nonhomogeneous Equation

y”+p(x)y’+q(x)y = f(x) (2.9)

=>  y(x)=yh+yp, yp is any solution of (2.9)  & yh= c1y1(x)+c2y2(x)
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2.6.2  The Method of Undetermined Coefficients

僅適用 p(x) & q(x) 常數

y”+Ay’+By = f(x)

Let

1) yp(x) is a polynomial (Suppose f(x) is a polynomial)

2) yp(x) = ae2x (Suppose f(x) is a exponential function)
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2.6.3  The Principle of Superposition
y”+P(x)y’+q(x)y=f1(x)+f2(x)+……..+fN(x)      (2.13)

Suppose ypj is a solution of  y”+P(x)y’+q(x)y=fj(x)

=>  yp1 + yp2 +…………+ ypN is a solution of (2.13)

Pf: (yp1 + yp2 +…………+ ypN )”+P(x) (yp1 + yp2 +…………+ ypN )’+Q(x) (yp1 + 
yp2 +…………+ ypN )

= (y”p1+ P(x)y’p1+Q(x) yp1 )+……+ (y”pN+ P(x)y’pN+Q(x) ypN )

=f1(x)+f2(x)+……..+fN(x)      #
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* convert this 6-th order equation to a system of 1st-order equations
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