Second-Order Differential Equation

s 2.1 Preliminary Concepts
F(x.y.y'y")=0

w3

y =X w(X) = x° cos(In(x)) is a solution of
EX xy"-cos( y)=e’ B 10y = 0
yll_ 4 Xy |+ y — 2 y y y -

* A solution of F(x,y,y',y") =0 on an interval | is a function w(Xx),

s.t. F(X,w(x),w'(x),w"(x))=0) for x in 1.
* The general linear second-order differential eq:

R(X)y"+P(x)y+Q(x)y =S(x)
For R(x)#0

= Special linear equation:
y"+ p(x)y'+a(x)y = 1(x) (*)
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Q: 1. existence & uniqueness of solutions of (*)
2 .How can we produce all solutions of (*)

¢ 2.2 Theory of soluitions of y"+p(X)y’+q(x)y =f(x)
Ex. y"-12 x=0;y(0)=3,y'(0) = -1
= y':_[lzxdx = 6X° 4+ C

= y(x)=2x*+x +k=k=3= c=-1
y (0) y'(0)

Thm 2.1 Letp,g, & fbe continous on an open interval |
Letx, |, A&B be any numbers. Then,

y'"+ p(x)y'+aq(x)y = f(x);y(xg)=A,y'(x,)=B
has a unique solution defined for all x in I.
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» 2.2.1 The Homogeneous Equation y"+p(X)y’+q(x)y = O
(Homogeneous : f(x)=0)

e Thm 2.2 Let y1 & y2 be solutions of y’+p(x)y’+q(x)y=0 on an interval I.
Then any linear combination of these solutions is also a solution.

Pf: lety =c,y; +C,Yy,;C; & c, € R(real number)

(Cryp +Co¥,) "+ P(X)(Crys +CoY,) + a(X)(Cry; +CoY5)
=G Ly "+ p(X) Y+ a(X) Y1l + CoLy, "+ p(X)y, +a(X) Y, ]

=0
Note  :y,(x) = 4e?*/5
is a solution of y"+2y'=3y = 4e*”
but  5y,(x)=4e’* s not
.C 2 = 0 .
elfy, = ky; = y = (c; + kc,)y;,
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 Def 2.1 Two function f & g are linearly dependent on
open interval 1 If d constant c s.t. f(x)=cg(x) or
g(x)=cf(x) V xin I, otherwise, f&g are said to be
hneaﬂylndependenton I.

() = cos(x)

_ are solution of y"+y = 0 over the real line
y,(X) = sin(x)

y, & y, are linearly independent - if cos(x) = ksin(x) ¥ x

Let x= %: k=1 but cos(x)=sin(x) forx=20

Thm. 2.3 (Wronskian Test)
Lety, & y, be solutionsof y"+ p(x)y'+g(x)y=20
on an open interval I
then 1. Either W(x)=0 Vx in |
or W(x)=0 VvVx in I.
2. y, &Yy, are linearly independent on |
Iff W (x) =0 onl. Chapter 2 - SODE4



Vi (X)  Y,(X)
y,'(X) Y,'(X)

2 x 2 determinant .

Where w(x) = = Y1(X) ¥, (X) = 1" (X) Y, (X)

COSX SInX
—SIN X COS X

EX.W (X) = —1%0

EX.y"+xy=0
By a powerseries method
1 oo 1 o 1 %

n)=1-3 0" 12960
=& 6 18 all convergeforall x
1 x4 1 5 1 ¥ o

Yal¥)=1=ox 504" 45360
W(0)=y,(0)y,'(0)-v,'(0)y,(0) =1e1-0e0=1
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Thm. 2.4 Let y,& y, be linearly independent solutions of y” + p(x)y’

+g(X)y=0 on an open interval I. Then, every solution of this differential
equation on | is a linear combination of y,& vy, .

* y,& Yy, form a fundamental set of solutions on |

e Cc,Y, + C,Y,: the general solution on I, where c, and c, are arbitrary

constants.

To
pf: let ¢ be any solutiononl| = 3Jc,&c, s.t. p=c,y,+C,Y,

show

choose any x, €l. Let o(X,)=A & ¢'(Xx,)=B
By Thm. 2.1 ¢ is the unique solution on I.

.. { yl(XO)Cl + yz(Xo)Cz = A
Y1 (Xg)C + Y, (Xg)C, =B

AY, (Xo) = BY,(Xo) . _ BYi(Xe) = Ay, (%))
W(X,) - W(X,)

for W (x,) # 0 Chapter 2 - SODE6
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» 2.2.2 The Nonhomogeneous Equation y"+p(x)y’+q(x)y=f(x) (*)

Thm 2.5 Lety, &y, be a fundamental set of solutions of

y'+p(x)y+q(x)y=0on |
Lety, be any solution of (*) on |

Then, for any solution ¢ of (*), 3 ¢, &c, s.t.

P=CY TG Y+ Y,
pf: ((D-y p)"+ p(¢'y p)'+q(¢'y p)
="+ pe'+qe —(y, "+ Py, +ay,)
= f - f =20
L @p-y, Isasol.ofy”"+ py'+ gy =0
3¢, & C, St. p-y ,=C Yy, +Cy, #
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< 2.3 Reduction of Order (y"+ py'+qy =0)

Suppose we know a solution y,(x) = 0, we will look for a
second solution y, (x) s.t. y, &Yy, are linearly independent
Let y,(X)=u(x)y,(X) =>y,'=u’y+uy,’, y,"=u"y;+ 2uy,’ +uy,”
=u'y,+2u’y, +uy,” +P[u’y, +uy, [+quy, =0
=>U"y,+U'[2y, +pyy|+uly,"+py,'+qy; ] =0
2Y1+ PY1 g

Y1

= u" +g(x)u'=0 where g(x) =

Fory,(x)=0,u" +

2y, (%) + P(X)Y1i(X) i nown
Y1 (X)

— | g(x)dx
letv=u" =vVv'+g(x)v=0 = v(x):ce-.. (takec=1)

T u(x) = J‘e-J. g(X)dde

.y, =uy, Is a second sol.
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T W(X) = V1Y, Ve Y, = Vauy, Uty ) = YUy = utys = vyp
"+ V(X) is an exponential function v(x) = 0

& y,(x)=0 .. w(x)=0

. the general solution isc,y, +¢C, Y,

EX. Suppose we are given that y, = e ?* is a solution of y"+4y'+ 4y =0
lety, =ue™* = vy,'=u'e?* -2e* u &

Y, =u"e " +4e7?* u-du'e
u"e ?* +4ePu—4u'e +4(u'e?* —2e*u) +4ue** =0
—u"e?*=0 = u"=0

= U(x)=1cx +d

_'[—4e‘2x+4e‘zxgIX
take u(x) = X (___je =2 dx = x
y,(x) = xe =
-2 X -2 X
e Xe
- W (Xx) = , , S =e =0
—2e " et —2xe " °7
y(X) — C1e_2X + C, Xe ~ 2 Chapter 2 - SODE9



<+ 2.4 The Constant Coefficient Homogeneous Linear Equation
y"+ Ay'+ By =0, A& B are numbers (2.4)
Let y(x) = e**
= A1%e™ + Ale™ +Be™ =0 = 1°+ A1+B =0
This is called the characteristic equation of (2.4)

A+ 2 _
A+ AL+B=0 = A= A—\/ZA i
(i)A° —4B >0
2
Ieta:—A+«/2A _ 4B &b:—A—«/ZA—4B

= y,(x)=e* & y,(x)=¢e"
cwW(X)=e*be™ —e™ae® =(b-a)e®™™* 20

. the general solution y(x)=rc,e® +c,e™
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EX. y"—y'-6y=0 = A°-1-6=0 = a=-2&b=3
The general sol. is y(x) = c,e " + ¢,e°*.
(ii) A°—4B =0

A= %: yi(x) = e M2

Try y,(x) = u(x)e”™= =+ (2.4)

2
= u"+(B—AT)u:O = u"=0 = u(x)=xX
cw(x) =0 ooy(x)=ce ™2 pc,xe M2 = e M2 (¢ 4+ ¢,X)

Ex. y"-6y+9y =20
- 1°-61+49=0 = 1=3
= y(x)=e’*(c, + c,X)

Chapter 2 - SODE11



(iii) A? - 4B < O
A+ ~J4B - AZ?j

A = ; = p £ I

— y]_(X)= e(p+CIi)X& yz(x): e(p—qi)x
— w(x)= -2ige?P?® 0 (- q = 0)

= y(x) = c,elPral)x 4 ¢ eglP-al)x (2 5)

EX. y"+2y'+6y=0 = A=-1+/5i
y(x) = c,e "I Vex 4 ¢ g(-1-V)x

Chapter 2 - SODE12



* An alternative general solution in the complex root case

To find aog‘undamental set of real-valued solutions by (2.5)

y X " X 2 x 3
e’ = =1+ X + + —+ ...

| | |

n! 2! 3!

n=20
cos(x):z (_1)nx2”=1—xz+x4—x6+...
(2n)! 21 41 61
n=20
sin(x):Z (-1)° x2”+1:x—xg+xs—x7+...
(2n + 1)! 31 51 71
n=~0
2 3 4 =, D 6
: : X IX X IX X .
= e¥=1l+ix-———+—+—-——— . (i*=-1)

2! 31 41 51 @l
= cos( x) + 1sin( x)

= e * = cos( x) —isin( x)
(PTX — @ PXpi® — o™ cos(gx) + ie ™ sin( gx)
e(p_iq)x —e pX COS( qx) _ Ie PX Sln(qx) Chapter 2 - SODE13



= y(x)=(c,+¢C,)e™ cos( gx)+ (c, —c,)ie ™ sin( gx)
let c, = ¢, = %: Y. (X) =e"™ cos( gx)

1 -1

Cl:E& C, :ﬁj y,(x) =e™sin( gx)
" W(X) = y3l y4| =e*™ 20V X
Ys Y4

sy (x)=e™(c,cos( gx)+c,sin( gx))

EX:y"+2y+oy=0 = A =-1&% /5i
y(x) = e *(c, cos(+/5x) + ¢, sin(~/5x))
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*» 2.5 Euler’'s Equation

y'+ LAy '+ LZBy = 0 with

(x # 0, here we assume X > 0) (2.7)

X X

A & B constant

vV positive number x, 3 ts.t.x =e' < t=In(x)
LetY(t)iy(et)
ooo_dy dt .1 e
= y'(x) = o dx_Y (t)XZY (t) = xy (1)
S yT(x) = (Y (0 - Y (1)

—
—

X2y"(x)=Y"®)-Y'(t) 7 (2.7)
Y'(t)=Y'(t) + AY'(t)+ BY (t) = 0

Y"+(A=1)Y'+BY =0
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2 11 ]

ExX. x°y"+2xy'-6y =0
let x=e'=>Y"+Y'-6Y =0=> 1 =-3& +2
= Y (t)=ce ' +ce’ VvVt

21In( x) _ -3 2

y(x) =c.e "™ 4+ ce C,X° +C,X

+ 2.6 The Nonhomogeneous Equation

y"+p(X)y’+q(x)y = f(x) (2.9)
=> y(X)=YptY,, ¥, is any solution of (2.9) & y,= ¢;y;(X)+C,y,(X)

» 2.6.1 The Method of Variation of Parameters
lety, =u(X)y,(X) +V(X)y,(Xx)  WipHuev?
= Y, =Uy, VY, Uy + VY,
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let u'y, +v'y, =0 (2.10)

= Y, = Uy, VY, g

Yo" = Uy VY, Uy, vy, |

= uly,"+p(X)y,+9(X) Y 1+ VLY, "+ p(X) Y, +9(X)Y,]
+Uu'y,+v'y,'= f(x)

= u'y,+v'y,'= f(x) (2.11)

L) = 2T g gy 2 O F(X)

w(X) w(X)
where, w(X) = yll yzl
Yyi. Y2
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Ex. y"+ 4y =sec( x) for %< X < —

7T
A

sol : A°+4=0 = A =+2i
y,(X) =cos(2x) & Yy, (x)=sin( 2x)

cos(2x) sin( 2x)

wW(X) =

_2sin(2x)  2cos(2x)|

= Uu'(x) = _71sin( 2x)sec( x) =—sin( x)

V'(X) = —cos(2x)sec(x)——[2003 (x) -1]

1
cos( X)

= C0S(X) — %sec( X)

= u() =

V(X) = :

—sin(x)dx = cos(x)
cos(x)dx —% j sec(X)dx =sin(x) — % In|sec(x) + tan(x)

Chapter 2 - SODE18



Yo (X) =U(X) Y (X) +V(X) Y, (X)
= cos(X) cos(2x) + (sin(x) —% Injsec(x) + tan(x)[) sin(2x)

- Y(X) =, cos(2x) +C,sIn(2x) +y (X) #

= 2.6.2 The Method of Undetermined Coefficients
i1 ) & a0 it
y"+Ay’'+By = f(X)
Let
1) y,(x) Is a polynomial (Suppose f(x) is a polynomial)

2) y,(X) = ae=* (Suppose f(x) is a exponential function)
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EX. y"—4y =8x°—2X
sol: let y,(x)=ax’+bx+c
= Yy, =2ax+b & y,"=2a

= (—4a—-8)x*+(-4b+2)x+(2a—4c)=0 Vx

:>a:—2,b:%,c:—1

=y, (x)=-2x" +%x—1

oy (X) = ¢ e + e (A = £2)
Sy (X) =y, (X)+ yR(X)
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Ex. y'+2y'-3y = 4e*
sol : let y_(x)=ae*
=y, "=4ae”™ & y, '=2ae”

X

= Yy, (X)= —e "= y(X) = y(x)+ce +C,e
Ex. y" 5y+6y:—33|n(2x)
sol : let y (x)=ccos(2x)+dsin(2Xx)
= y,'=-2csin( 2x) + 2d cos( 2x)
y, =—4csin(2x)—4dsin( 2x)
= [2d +10c + 3]sin( 2x) =[-2c +10d]cos( 2x)
-3 -15

> d=— & Cc=
52 52

—15 3 .
X)=——co0s( 2x)— —sIn( 2x
y, (X) -~ (2x) = (2x)

y(x) =y, (x)+ce’™ +c,e*
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* 1.y"+xy'-=3y =cos(2x) ¢ the form y"+Ay'+By = f (x)
2.y"+2y'+6y = tan(3x) the general solution for y  is not clear

S BASEL 97 R

Ex. y"+2y'-3y =28e"
sol: let y (x)=ce”

X

ce” +2ce* -3ce”" =8e" = 0=8e" (—>«)

(Y, contains a term that is a solution of y"+Ay’+By=0)
X
Try y,(x)=cxe
= Yy, =ce’ +cxe' = ¢=2
y, = 2ce’” +cxe’
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Ex. y"—6y'+9y = 5¢3
sol: (i) y,(x)=ce’ (>« )

(if) y, (x) = cxe’
5

23X
(1) y,(x) =cx”e = C=E

(o)

EX. y"+9y=-4xsin(3x)
sol: of1) y,(x)=(ax+b)cos(3x) + (cx+d)sin(3x) (—><«)

(i) y,(x) = (ax*+bx)cos(3x) + (cx* + dx)sin(3x)

Ex. x°y"—5xy'+8y =2In(x)
sol: let Y(t)= y(e')

Y " 6Y '+ 8Y =2t = Y, (t)=t/4+3/16
= Y (t)=ce*" +c,e? +t/4+3/16

= y(x)=Y (nx)=c,x*+c,x*+1/Inx + 371805 sopess



" 2.6.3 The Principle of Superposition
y'+P(X)y’+q(X)y=Ff,(X)+f,(X)+........ +f (X))  (2.13)
Suppose y,, Is a solution of y"+P(x)y’+q(x)y=f,(x)

=> Yort Yo teeiienne + Y, IS a solution of (2.13)
P13 (0740 % Ve oo onomanac +Yon ) FTPX) (Ypr t Yoo teeeeee +Yon ) TQMX) (Ypy +
Vs Foonooaoanoa: +Yon)

=f,(X)+5,(X)+........ +H (X))  #
EX. y"+4y=x+2e ¥
sol. (Ny"+4y=x= ypl(x) =x/4
(i)y"+4y=2e =y (x)=e*/4
=y, (X)=(x+e*)/4
= y(X) = ¢, C0S(2X) +C, SIN(2X) + (X + € °*) / 4. crapter 2 - s0DE2



* 2.6.4 Higher-Order Differential Equation
6 4

d 2—4 d 3/+2d—y+15y:0

d X dXx dXx

let y=e** = 1°-42%*+221+15=0
roots are not obvious

EX.

* convert this 6-th order equation to a system of 15t-order equations

Z =Yy r Z'=21,
) =Y Z,'=1,
let 3 Y = £ =44 solved by matrix techniques
Z,=Yy" L, =L
s=Y Li'=2,
2, =y 2,'=47,-27,-15Z,
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