3.1 Definition and Basic Properties

Initial algebra solution of solution of
value = problem = the algebra = the initial value
porblem problem problem

Def. 3.1 Laplace Transform

o0

L[f](s):J‘eStf (t)dt

for all s s.t. this integral converges
L[T]

TORN F(s)(i L[f](s)j

e
LYF]

Def 3.3 Inverse Laplace Transform
Given a function F, 3 a function f s.t. L[f]=F

ie. f=L"[F]
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EX. f(t)=e*

sol:
o0 o0 k
F(s)= j e Stedldt = I @)t = lim je(as)tdt
k—o0
0
= lim [ } = lim [ie(as)k —L} converges for s > a
k—>o0 kswo| a—S5 a—s
= — ! = for s>a
s—a

K

F(s):]ae“sin(t)dt: lim J‘eStsin(t)dt

k—o0
0 0

_ e cos(k)+se ™ sin(k)-1 1
=lim| — 5 =— fors>0
k—00 S +1 S“ 41 Chapter3LpP-2




hm 3.1 Linearity of the Laplace Transform
suppose F(s)& G(s)are defined for s > a
and «, S € real numbers

Then Llof + Ay|(s)=aF (s)+ AG(s)

pf - Lfof + Ag(s)=[e( t))dt
0

= oaje‘St f(t)dt + ,Bje‘“g(t)dt = aF(s)+ AG(s)

for s>a

* necessary condition j e ™ f (t)dt is defined for every k >0
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Def. Plecewise Continuity
f is piecewise continuous on [a,b|if 3 points
a<t <t <t,<...<t <D
s.t. f is continuous on (a,t,),(t; .t )&(t,,b)

and all of the following one - sided limits are finite :
lim f(t), lim f(t), lim f(t),&lim f(t)
B " t—o>b”

t>a’ t—>tj t—>tj
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(12 0<t<?2
2 t=2 4
1 2<t<3
-1 3<t<4 2

* |[ff Is pierewise continuous on [0,K]
K

EX. f(t):<

. -st . —st =
(1)then so is e™ f (t) ..je f(t) exists

0
K

(2)Fxistence of je‘“f (t)dt V positive k does not enure

0
k

existence of lim J‘e‘Stf (t)dt

k—
0

e.g. f(t)= e” is continuous on [0,k] V positive k

2 .
but je‘“et dt diverges for every real value S

0
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f3I M &b st. ‘f(t)‘s Me®  then
e'“‘f(t)‘s Me®St for s>b

00)

j Mel®*)tdt converges to lb ifs>b
S_
0

o0

~.by comparison test J e |f ()|dt also converges if s > b

0

jeSt f (t)dt convergesifs>b
0

(e f(t)<e | f (1))
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Thm 3.2 Suppose f is piecewise continuous on [0,k| for every positive k

o0

Suppose I M & b st. |f(t)|<Me™ for t=0 Then je“f(t)dt

0
Converges for s> b, hence L| f|(s) is defined for s> b.

EX F(t)=t? for >0 — :Sufficient, but not necessary.

(1)f is not piecewise continuous on any [0,k

I|m——

t—>0+ \/—
(Z)I 2 dt exists for every positivek & s>0

o0

0 1 1
:je‘“t 2dtzzj‘e‘s"zdx [IetthJ
=1J‘e “dz Ietz—x\/_) \/7 J‘e‘zzdz:ﬁ
S S 2 Chapter 3 LP-7



—t

« Letf (t)=e' & h(t)= {(e) tt_i33, Then, both have the same

Laplace transform ifor s>—1.
s+1

Thm 3.3 (Lerch) Letf & g be continuous on [0,00) & suppose L[ f]=L[g]
then f =g.

Thm 34 If L [F]=f & L'[G]=g and «,p e real number
then L' [aF + G]=aL*[F]+ AL[G]
pf. - L[af +,Bg]:aF + G
- by definition L*[aF + fG]=af + fg =aLl*[F]|+ SL[G]
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« 3.2 Solution of Initial Value Problem Using the
Laplace Transform

e Thm3.5 Let f be continuous on [O,oo) and suppose f' Is piecewise continuous
on [0,k] for every positive k. Suppose also that lim e f (k) =0 if s> 0. Then

L[1)(s)=sF (5)- 1(0) - |
. | * |ff has a jJump
pf. letu=e® & dv=1f/(t)dt discontinuity at O
J‘ e (0 =[e 1 (1) - J' set(ma  then L[f'](s)=
° . sF(s)—f(0+),
e f(k)—f(0)+sje‘s f ()t hore ¢ (O*):

LL[F](s)= Iimje‘Stf’(t)dt lim f(t).

o ) t—>0"

=—f(0)+sF(s) fors>0. Chapter 3 LP-9



e Thm 3.6 Suppose f, f',---, f " are continuous on [0,x)
and f (") is piecewise continuous on [0,k for every
positive k. Suppose also that l!lmo e~k £ (1) (k)=0 fors>0
and forj=1,2,...,n-1.

Then L| (") (s)=s"F (s)~s"*f (0)—s"2£'(0) -+
—st ™ (0)- "V (0).

« L[ f"](s)=sF(s)-sf (0)- f'(0)
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EX. y"+4y'+3y=¢';y(0)=0,y' =2
sol: L[y"+4y' +3y]= L[et]

= %Y (s)—sy(0)—y'(0)+4(sY (s)~ y(0))+3Y (s)=
2s—1 _ A, B C

(3_1)(52+43+3)_s—1 s+1 s+3

1

:>Y(s):§e +%e‘t—%e‘3t:>y(t):§e +%e —g¢

-

=Y(s)=

esuppose f ()~ [g(c)ir = £(0)=0& f(t)=g(t)

0

U= Ugl=st [ole)r | (LL1(s)=5F(s)- £(0)

t
S L Ig(f)df — L[g] Chapter 3 LP-12
0



+ 3.3 Shifting Theorems and the Heaviside Function

(1) Methods of chapter 1 &2 are primarity aimed at
problems involving Continuous functions

(2) Laplace transform is ofter effective for
discoutinuous case

Thm3.7 First Shifting Theorem (Shifting in the s domain)
let L[ f|(s)=F(s) fors>b, leta beany number.

Then L[eatf(t)](s)zF(s—a) for s>a+b

proof: L[ e (1)](5) = I e F (1)t = J o2 (1)t
0 0

=F(s—a) for s—a>b.
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EX L[cos(bt)]:%z +b?)
" _ s-a
— L|e* cos(bt)]= s_af 40’
« L F(s—a)|=e*f(t)=eL*[F(s)]
A +4A;+ 20 (s+ 2;12 +16
let F(s)= 2 116
] | LRS- 2 L)

= e-Zt sin (4t) Chapter 3 LP-14



e Definition 3.4 The Heaviside function Is defined by

0 ,t<O0
H(t):{l >0
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e Definition 3.5 A pulse is a function of the form
H(t-a)-H(t—b), where a<b

—o0
0 -
a b
H(t—a)-H(t-b) o °
(a) 1 2
f(t)=[H({t-1)-H(t-2)k
0 if t<1
: : —Jet if 1<t<2
\O If t>2

y(t)=(t-3)"H({t-3)
(c) (b)
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Theorem 3.8 Second Shifting Theorem (Shifting in the t domain)
LetL[f](s)=F(s) for s>b
ThenL|H(t—a)f(t—a)|(s)=e*F(s)for s>b.

of L[H(t—a)f (t—a)fs) = [e *H(t—a)f (t - a)d

o0

= [e*f(t-a)dt= e f(o)Mo [letw=t-a]
a 0

o0

=g j e f(w)dw =e*F(s)

0

EX..-H(t-a)=H(t—a)f(t—a) with f(t)=1

L[H (t — a)](s) —e ® L[l](S) _ le—as

S Chapter 3 LP-17



0 If 0<t<2
Ex'g(t){t2+1 if t>2

2 +1=(t-2+2)° +1
—(t-2)" +4(t-2)+5
~9(t)=(t?+1)H (t-2)
(t—2)°H (t—2)+4(t—2)H (t—2)+5H (t-2)
= e L[ t* |+ 4e *L[t]+5e ZL[1]

e F(s)[t)= Ht—a)f t—a)
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-3s

EX. LlLszeJrJ(t):H(t—3)f(t—3) with £ (t)= cos(2t)

= H(t - 3)cos(2(t - 3)) = L‘{ = }

S*+4

EX.y"+4y=f(t) ; y(0)=y'(0)=0, f(t):{? ]:%rr tt;:;
sol:  f(t)=H(t-3)t
L[y"]+4L[y]=5% (s)-sy(0)~y'(0) +4Y (s)= L[ H (t-3)t]
= (s*+4)Y =L[H(t- )(t—3+3)]=L[H(t 3)(t—3)]+3L[ H (t-3)]

1 -3s 3 -3s

—e L[t]+3e L[1]=5e +=e

S

v |
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:>Y(S)= 3s+1 e—3s:§1e—3s_§ S e—35
52(32+4) 4s 4s°+4
_'_Eize—Bs_i 21 e—35
4s 4s5°+4

Y(1)=2H(t-3)-2H (t-3)cos(2(t-3))+ 5 H (t-3)(t-3)-FH (t-3) sin(2(t-3))

0 for t<3
Sy(t)=43 3 1 1.
718 ZBoos(a(t-9) 2 (t-3)- Lsin(2(t-3))  for 123

= 0 if t<2
i / f(t)=4t-1 if 2<t<3
ol -4 if >3
© " = f(t)=[H(t-2)-H(t-3)|(t-1)
—4H (t-3)
4 T o
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» 3.4 Convolution

Def 3.6 If f & g are defined on [0,:0), then the convolution
f =g of f with g isthe function defined by

(f +g)t)= [ t(t—)g(r X for t=0

Thm 3.9 Convlution Theorem L[f=g]=L[f]L[g]

o0

of: F(5)G(s) = F(s) j e~5g (1)t j F ()6~ (c)de

L H(t=7)f(t—7)](s)=e"F(s)

o0

.'.F(S)G(s):jL[H(t—r) f (t-1)](s)g()dr

0

o0 | 0O

:I jeStH(t—r)f(t—r)dt g(z)dr

OLO

Chapter 3 LP-21







Thm3.11f xg=g=*f

(f =gt jf letz=t-7
0
0
:jf g(t—z)(—1)dz
t
t
= [ f(2)a(t-2)dz = (g * f )t)
0
Ex. L] T > | = —1{1}{1 = > |=1xte™
_s(s—4) | S _(5—4) |
t
=J‘re‘”dr——te‘”—ie‘”+i
16 16

0 Chapter 3 LP-23
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A
EX. f(t):zt2+jf(t_f)efdfzzm f(t)re
0
F

(s)— .~ f(t)=2t° Jr%t3
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+ 3.5 Unit Impulses and the Dirac Delta Function

5.0="[HO-HE-2] e

E

——0—0

0 g

Dirac's delta function : 5(t) = lim &_(t)

c—0"

= ,(t-a)="[H(t-a)-H(t-a-2)

= L[5, _a)]zl{le—as _16_(%5)3}: e *(-e*)
ELS S <S

~ Lot —a)]= lim e “(l-e”)_ -

e—0" &ES v\ 9
0

Fva=0 .. L[s(t)=1
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Thm 3.12 Filtering Property

leta>0and f be integrable on [0,0)and continuous

at a Then j —a)dt = f(a)

f(t) >

5(t)

= 1(a) |-

pf:Tf(t)ﬁg(t—a) j[H( a)— H(t—a—&)]f (t)dt

O

|
E! (it = f(t

By mean value theorem
Jt ela,a+¢]

a+e¢

sit. j f (t)dt =

_ nmj )5, (t —a)dt = [ £ ()t~

e—>0"

0"

a)dt = lim f(t )=

ce—>0"
d+ & —>a
st —>a

L f(t)

— f(a)

f(a)
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()If f(t)=e"

o0

Then J‘e‘St&(t —a)dt=e""

0

o0

(2)t—>7 If(f)5(2’—t)d2’= f(t)

0
a—>t =fx5="f
T SR T B 7

t
fxS=0%f :J‘ o(t—7)f(r)dr
0

Chapter 3 LP-27
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EX. y"+2y'+2y =6(t-3),y(0 ) y'(0)=0
s°Y (s)+2sY(s)+2Y(s)=¢""
1

e—35

5% + 25+ 2 (s+1)2+1

Ll_szl }:sin(t)

e—3S

=Y(s)=

+1
Ll_(S +j') _ =e 'sin(t) L_l[F(SA— a) —e¥f (t)
= y(O)=H(t-3) sin(t-3) \
L‘l[e‘asF(s)](t) AV

- H (t — a)f (t — a) Chapter 3 LP-28



3.6 Laplace Transform Solution of system

x(0) = x'(0)

(X" —2x"+3y'+2y=4

EX.-

12y'—Xx"+3y =0

s,2><—2sx+3s,\(+2\(:ﬂ
sol : ¢ S

[2sY —sX +3Y =0

45+ 6

X(S)= &Y
=X o & YO
L x(s)-Ttgl L

y(0)=0

s(s+2)s—1)

+= +
2s s° 6s+2 3s5-1

Y(S):_—l+1i+2 L
s 3s+2 3s-1

= X(t)= g ten Ly
2 6 3

1 2
t)=-1+>e + ¢
y(t)=-1+2e™ 42
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» 3.7 Differential Equations with Polynomial Coefficients

Thm 3.13 Let L[ f](s)=F(s) for s>b and Suppose
that F is differential. Then, L[tf (t)](s) =—F'(s) fors>b.

oo o0

pf: F'(s)= %je‘“ f(t)dt = J‘i(e‘St f(t))dt

ds
0 o
I N QL Y
= I—te‘“f (t)dt=L[—tf (t)|(s)
» \
¥ 4je5tf(t)dt>
/\o )

«uniform & absolute convergence of integral
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Corollary 3.1 Let L[ f |(s)=F(s) for s>b and let n be
a positive integer. Suppose F Is n times differentiable

Then, for s > b, L[tn f (t)](s) =(-1)" (;jsnn F(s).

EX.ty" + (4t - )y’—4y:0' y(0)=1
4t —2 |
y——y 0= y"+ p(t)y’ +q(t)=0;y(0)=1

(t=0 T ﬁ“emstence/umqueness theorem Thm2.1)

= Yy +

= L[ty"]= —% L[y"]= —%[SZY ~sy(0)-y'(0)]
—23Y -s’Y +1 (- y'(0) is constant)
L[ty']= ——L[y [SY y(0)]==-Y —sy’

L[y’]:sY y(0)= sY 1
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— —25Y — 8%y +1—4Y —4sy'—2sY +2—4Y =0
. 4s+8 3 4s+ 8 2
Y% Y = ds =1 [2 4 }
+s(s+4) s(s+4) js(s+4) o= ij| (o)
2

eIn[s (s+4)

52(s+4)2Y' +(4s+8)s(s+4)Y =3s(s+4)s 2} = sz(s+4)2

ie. [32(s+4)2Y} =3s(s+4)
32(s+4)2Y =53 +65° +¢
S 6 C

v (s)= (s+4) (s+4)  $(s+4Y

4t 4t , C 4t 4t
y(t)=e"" +2te +§[—1+2t+e + 2te ]

N

It does not have a unique solution
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Thm 3.14 Let f be piecewise continuous on [0,k]| for
every positive number k and suppose 3 M &b s.t.

‘f (t)‘g Me™ fort>0. Let L[ f](s)=F(s). Then

ImF(s)=0
pf:|F (s)|= Ie“f (t)dt gIeStMebtdt
0 0
:ﬁe_(s_b)t — M >0 as S—>
b-s o S-—D
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EX.y"+2ty' — 4y =1 y(0)= y'(0)=0

(it satisfies the hypotheses of the existence / uniqueness theorem)

= 52 () sy(0) - y'(0) + 2L[ty'](5) - 4 (5) =
wL{ty'](s)= —%[L[y'](s)] = —%[SY ~¥(0) ]=-Y(s)-sY'(s)
— 5%Y (s)—2Y (5)—2sY'(s) —4Y (s) = %
., (3 s), 1 3 8)._ s°
ie Y+(S—2j =7 j(s 2jds 3In(s) .
[S3e524Yj __7159_3% e3,n(s)_s2 = s3e_s%
s?’e_24Y—e_S%+c 1

- 32/ :>Y(S)=—3
Y(s)=Z+ze”

S
s S 1.,
ForY(s)—0 as s»>wo=c=0 y(t):Et Chapter3 LP-34
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