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Vector Integral Calculus

12.1  Line Integrals

y

x

z

C

( x(b), y(b), z(b) )

( x(a), y(a), z(a) )

A curve C:
x = x(t) y = y(t) z = z(t)

a ≤ t ≤ b
coordinate functions of C

A curve is
continuous if its coordinate functions are continuous on a ≤ t ≤ b,
differentiable if its coordinate functions are differential on a ≤ t ≤ b,
smooth if its coordinate functions have continuous derivatives

which are not all zero for the same values of t
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※ a smooth curve is one that has a continuous tangent vector

Def. 12.1  Line Integral
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※ A curve C is piecewise smooth if x’(t), y’(t), z’(t) are continuous, and not all 
zero for the same value of t, at all but possibly finitely many values of t 
: Path
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Thm 12.1
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Def 12.3    Line Integral with respect to Arc length
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12.3  Independence of Path and Potential Theory in the plane

Def. 12.4  Conservation Vector Field

Let D be a set of points in the plane A vector field F(x,y) is conservative on
D if for some real-valued ϕ(x,y), F = Dϕ for all (x,y) in D. In this event, ϕ is a
potential function for F on D
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Def 12.5  Independence of Path

.point   terminaland point  initial having  Din pathsany over 
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Thm 12.5  Test for a Conservative Field
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A domain D is called simply connected if every simple,
closed path in D encloses only points of D

(i.e. no holes in it)
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12.4  Surfaces in 3-Space and Surface Integrals

A surface :    x = x(u,v)
y = y(u,v)
z = z(u,v)
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12.4.2  The Tangent Plane to a Surface
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12.4.3  Smooth and Piecewise Smooth Surfaces

A surface is smooth if it has a continuous normal vector
A surface is piecewise smooth if it consists of a finite number 

of smooth surfaces

EX.

A sphere
Is smooth

A cube
Is piecewise smooth
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22

22

( ) The area of a smooth surface  given by z s x,y  

area of 1  , where D is the set of points

    in the  plane for which s is defined

    1

D

i

s sΣ dA
x y

x, y

z z dxdy
x y

Σ =

⎞⎛∂ ∂⎞⎛= + +⎜ ⎟ ⎟⎜∂ ∂⎝ ⎠ ⎝ ⎠

⎞⎛∂ ∂⎞⎛= + +⎜ ⎟ ⎟⎜∂ ∂⎝ ⎠ ⎝ ⎠

∫∫

( )
D

D
   N x, y dxdy=

∫∫
∫∫

( ) ( ) ( ) ( )
( )∫∫=

===Σ

D
dudvu,vNΣu, v

u,vu,vz zu,vy yu,vxxii

 ofarea  Then plane.   thein set D someover       

 varying  withby  given is  If )(

( )∫∫Σ σd

=
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EX.
( ) 9    with9, 2222 ≤+−−== yxyxyxsz

Sol:

∫∫∫∫∫∫ −−
=

++
=⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+=Σ

−
=

∂
∂

−=
−−

−=
∂
∂

DDD
dxdy

yx
dxdy

z
yxzdxdy

z
y

z
x

z
y

y
z

z
x

yx
x

x
z

222

22222

22

9
31 ofarea 

    
9

( ) πππ

θ
π

1896
9

6

9
3 ofarea  Then

sin      
2030coslet  

3

0

2
1

23

0 2

2

0

3

0 2

=⎥⎦

⎤
⎢⎣

⎡ −−=
−

=

−
=Σ

=
≤≤≤≤=

∫

∫ ∫

rdr
r

r

rdrd
r

θry
πθ & rθ    rx
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( ) ( ) ( ) ( )  Din ,for     ,zz    ,    ,: vuvuvuyyvuxx ===Σ

( ) ( )
( )

( ) ( )
( ) ( ) ( )( )jjjjjj

jj

jjRj

,vuz,vuy,vux

vu,vuN

vu,vuNdudvu,vNΣ
j

,,          
zy,x,at  shell  theof material  theofdensity   the:zy,x, where

   of mass 

 ofarea 

j

jj

δδ
δ

δ

=

ΔΔ≈Σ∴

ΔΔ≈= ∫∫

( )

( ) ( ) ( )( ) ( )

( )∫∫
∫∫

∑

Σ

=

=Σ∴

⇒

ΔΔ≈Σ

σδ

δ

δ

dzyx

dudvvuNvuzvuyvux

vuvuN

D

N

j
jjj

,, of mass

,,,,,,for  sum  Riemannthe

, of mass
1

⇒ surface integral of the density function
質
心

( ) ( ) ( )∫∫∫∫∫∫ ΣΣΣ
=== σδσδσδ dzyxz

m
dzyxy

m
ydzyxx

m
x ,,1z  and ,,,1  ,,,1
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EX.

( ) mass. ofcenter  & mass  thefind ,x

 functiondensity   theand 4x  where, cone Let the
22

2222

yx,y,zδ

yyxz

+=

≤++=

Sol:

( ) ( )

πθ

σ

π
282

1

  &  

2

0

2

0

2

2

2

2

2
2222

==

+++=+=

=
∂
∂

=
∂
∂

∫ ∫

∫∫∫∫Σ
rdrdr

dydx
z
y

z
xyxdyxm

z
y

y
z

z
x

x
z

D

( ) ( )

5
8

1
28
1

28
1

0

2

2

2

2
222222

=

++++=+=

==

∫∫∫∫Σ D
dydx

z
y

z
xyxyxdyxzz

yx

π
σ

π
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(二)

( ) ( ) ( ) kjyxgiyxfzyxF 0,,,,Let ++=

k
y
f

x
g

gf
zyx

kji

F ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
∂

=
∂
∂

∂
∂

∂
∂

=×∇

0

( )
y
f

x
gkF

∂
∂

−
∂
∂

=⋅×∇ Then

( ) ( )[ ]

( ) ( )dyyxgdxyxf

dsj
ds
dyi

ds
dxjyxgiyxfTdsF

,,

,,

+=

⎟
⎠
⎞

⎜
⎝
⎛ ++=⋅

( )∫∫∫ ⋅×∇=⋅⇒
DC

kdAFTdsF
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a generalization to 3-D (Fig. 2)

Let  C be a curve in 3-space bounding a surface Σ having unit outer
normal vector N

( )∫ ∫∫Σ ⋅×∇=⋅
C

NdFTdsF σ

12.7  The Divergence Theorem of Gauss

∫∫∫ ⋅∇=⋅
DC

FdANdsF
Make the following generalizations from the plane to 3-space
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Thm 12.8  Gouss’s Divergence Theorem

∫∫∫∫∫ ⋅∇=⋅

Σ

ΣΣ
Σ

MΣ
VFdNdσF

Then t M. throughouand  on sderivative partial second
& field continuous  withcontinuous are components  whosefieldvector 
a  be  Let FN. vector normalouter unit  have  Let .by  enclosed & on

points ofset   thebe Let M surface. closed smooth piecewisea  be Let 

EX.

y

x

z

(0,0,1)

222 zyx =+

1Σ

2Σ

1 plane  thein  1:

1   with: ie.

:

22
2

2222
1

21

=≤+Σ

≤++=Σ

Σ∪ΣΣ

zyx

yxyxz
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(一)

( )

0    

0,,
2

11,,
2

1,,    

1,,
2
1:  tonormalouter unit  The )(

1

22

1

11

=⋅∴

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=⎟

⎠
⎞

⎜
⎝
⎛ −⋅=⋅∴

⎟
⎠
⎞

⎜
⎝
⎛ −=Σ

∫∫Σ σdNF

z
z
y

z
x

z
y

z
xzyxNF

z
y

z
xNi

πσσσ ===⋅∴=

=⋅∴
=Σ

∫∫∫∫∫∫ ΣΣΣ 222
2

2

22

 1    

    
:  tonormalouter unit  The )(

dzddNFz

zNF
kNii

∵

π=⋅+⋅=⋅ ∫∫∫∫∫∫
21

21 )(&)(By 
ΣΣΣ

dσNFdσNFNdσFiii
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(二)

[ ]

ππ
=⋅=

⋅==⋅∇∴

=
∂
∂

+
∂
∂

+
∂
∂

=⋅∇

∫∫∫∫∫∫

3
3                                       

1 radius 1,height  of cone  theof volume33

3

MM
VdVFd

z
z

y
y

x
xF∵

πσ =⋅∇=⋅ ∫∫∫∫∫Σ M
VFdNdF ie.
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Thm 12.9  Stokes

( )

Then
. on sderivative partial second &first  continuous are components

  whosefielda vector  be  Let N.  withcoherently oriented
 is C that and  on chosen been hasN  normalunit a  Suppose C. curve
 smooth piecewisea by  bounded surface smooth piecewisea  be Let 

Σ

Σ
Σ

x,y,zF

( )∫∫∫ Σ
⋅×∇=⋅ σNdFdRF

c

( )∫ ⋅
C

TdsF ie.

Exercise : Example 12.35

( )( )
( )( ) ) of(area   

about   of ncirculatio ※

r0

0

Σ⋅×∇=

⋅×∇≈ ∫∫Σ
NpF

NdpFCF
r

r σ

⎟
⎠
⎞⎜

⎝
⎛ ⋅∫

rC
dRF
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( )( )

N  tonormal plane  theinarea unit per   Fof ncirculatio

)Cabout   Fof on(circulati 1lim r200

=

=⋅×∇
→ r

NpF
r π


