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Vector Differential Calculus

11.1 Vector Function of one variable

F(t) = x(t) i  +  y(t) j  +  z(t) k         :Position Vector

• A vector function is continuous at to if each component  

function is continuous at to .

• A vector function is continuous if each component 

function is continuous (for those values of t for which 

they are all defined.) 

e.g. F(t) = cos(t)i+2t2j+3tk

1e .g .  G ( ) ( )  i   l n ( ) k  i s  c o n t i n u o u s  f o r  a l l  0  w i t h1
1  

t t tt
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= + >−
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F (  )  -  F ( )F ' ( )      l i m  

           ' ( ) i  ' ( ) j ' ( ) k
t

t t tt
t

x t y t z t
= Δ →

+ Δ
Δ

Δ
= + +

F(t0+Δt)

F’(t0)
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The length of a curve c given parametrically by

x = x(t),  y = y(t), z=z(t) for a ≤ t ≤ b.

length of  = ( )    ||  F '( )  ||  
b

a
c L c t dt

Δ
⇒ = ∫

2 2 2

where the length of the tangent vector
||  F '( ) ||   ( '( )) ( '( )) '( ))  t x t y t z t= + +

• The length of a curve having a tangent at each point is 
the integral of the length of the tangent vector over the 
curve. 
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F( ) ( )i ( ) j ( )k   

( )   || F'( ) ||   || F'( ) ||
t

a

t x t y t z t a t b
dss t d t
dt

ξ ξ
=

= + + ≤ ≤

Δ ⇒ =∫
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0 0 0 0

G ( )   F ( ( ) ) ( ( ) ) i ( ( ) ) j ( ( ) ) k  f o r
0 , w h e r e  ( )  i s  t h e  i n v e r s e  f u n c t i o n  o f  ( ) ,  i . e .
i f   ( )  t h e n  ( ) .

T h e n ,  G  i s  a  p o s i t i o n  f u n c t i o n  f o r  t h e  s a m e  c u r v e  a s  F  &
||G '( ) | |   1

L e t s t s x t s y t s z t s
s L t s s t

s s t t t s

s

=
Δ = + +

≤ ≤
= =

=    i . e .  u n i t  t a n g e n t  v e c t o r .  

4

1 1p f :  G '( )   F ( ( ) ) F ( ) F '( ) F '( )
|| F '( ) ||

1E x .    F ( t )   c o s ( ) i   s i n ( ) j  k ,   - 4 4
3

1( i )  || F '( ) ||   1 0
3
1 1 3( i i )   ( ) 1 0   1 0 ( 4 ) 4
3 3 1 0

3G ( ) F ( ( ) ) F ( 4 )
1 0

    

t

d d d ts t s t t td sd s d t d s td t
t t t t

t

s t d t t s

s t s s
π

π π

ξ π π

π
−

= = = =

= + + ≤ ≤

=

= = + ⇒ = −

= = −

∫
3 3 1 4      c o s ( ) i s in ( ) j ( ) k

31 0 1 0 1 0
ss s π= + + −



2003/11/6 Chapter 11 VC-6

3 3 3 3 1G '( ) s i n ( ) i c o s ( ) j k
1 0 1 0 1 0 1 0 1 0

    | |   G '( )   | |   1

ss s

s

−
∴ = + +

⇒ =

1. [F( ) G( )]'  F'( ) G '( )
2. [ ( ) F( )]'  '( )F( )  ( )F'( )  
          -  .
3. [F( ) G( )]'   F'( ) G( )  F( ) G '( )
4. [F( ) G( )]'   F'( ) G( )  F( ) G '( )

t t t t
f t t f t t f t t

if f is a differential real valued function
t t t t t t
t t t t t t

+ = +
= +

• = • + •
× = × + ×

5. [F( ( ))]'   '( )F'( ( ))f t f t f t=
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11.2    Velocity, Acceleration, Curvature, and Torsion
t

a
( )   | |F '( ) | |d

D e f .  1 1 .2 :  
v e l o c i t y   v ( )  F '( )

s p e e d    ( )     | |v ( ) | |    | | F '( ) | |      

D e f .  1 1 .3 :  
A c c e l e r a t i o n   a ( )  v '( )    F " ( )
u n i t  t a n g e n t  v e c t o r

1 1  T ( ) F '( ) F '
| | F '( ) | |

s t

t t
d sv t t t
d t

t t t

t t d st d t

ξ ξ
=

=

=

=

=

Δ

Δ

Δ = =

Δ =

Δ =

∫

v ( )( ) .
( )

tt
v t

=
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Def. 11.4   Curvature

The curvature k of a curve is the magnitude of the rate of 
change of the unit tangent with respect to arc length along 
the curve:

s

T T ( s ) T ( )( )   || ||   l im
s

T h e  m o re  a  c u rv e  
b e n d s  a t  a  p o in t ,
th e  fa s te r  th e  
ta n g e n t  v e c to r  is  
c h a n g in g  th e re .

d s sk s
d S= Δ → ∞

+ Δ −
Δ =

Δ
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T( ) || ||  

1 1Since
|| F '( ) ||

1( ) || T '( ) ||
|| F '( ) ||

d dtk t
dt ds

dt
dsds tdt

k t t
t

=

= =

∴ =

:  x 4 c o s    y 3   z  =  4 s in ( )   
        fo r  0 2
E x θ θ

θ π
= =

≤ ≤

F( ) 4 cos i 3 j 4 sin k
F '( ) 4 sin i 4 cos k

F '( )T( ) sin i cos k|| F '( ) ||
T '( ) cos i sin k

||T'( )|| 1( ) ||F'( )|| 4k

θ θ θ
θ θ θ

θθ θ θθ
θ θ θ

θθ θ

= + +
= − +

= = − +

= − −

= =

Sol.

This gives the curvature as a function of the 
parameter used in the position vector
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Def.  11.5   Unit Normal Vector
1N ( ) T '( )   provided that ( ) 0
( )

(i) N( ) is a unit vector
1    ||N( )||  || T '( ) || 1    ( ) ||T '( )||

||T '( )||
(ii) N( ) is orthogonal to T( )
      ||T( )|| 1   

s s k s
k s

s

s s k s s
s

s s
s

= ≠

= = =

=

∵

∵ 2 || T( ) || T( ) T( ) 1
     T '( ) T( ) T( ) T '( ) 2T( ) T '( ) 0
    T( ) T '( ) 0
    . .  T '( ) T( )
    N ( ) T( )

s s s
s s s s s s

s s
i e s s

s s

∴ = • =
• + • = • =

⇒ • =
⇒ ⊥
⇒∴ ⊥
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2

2
1/ 4

0 0

2

. F( ) [cos( ) sin( )]i [sin( ) cos( )]j k
      for   0.
(i) F'( ) 5

5 2     ( ) F'( ) 5
2 5

     G( ) F( ( )) [cos( ) sin( )]i [sin( )
                cos( )]j s

t t

Ex t t t t t t t t
t
t t

ss t d d t t s

s t s s s s s
s s

ξ ξ ξ ξ α

α α α α
α α α

= + + − +
>
=

= = = ⇒ = =

= = + +
− +

∫ ∫

2 2 2

3 3

3/ 4

k
     T( )=G'( )=[ cos( ) / 2]i [ sin( ) / 2]j k
         Note: T( ) 1
     T'( )=[- sin( ) / 4 ]i [ cos( ) / 4 ]j
     ( ) T'( ) 1/(5 2 ) 1/5
(ii) N( ) T'( )/ ( ) sin( )i cos( ) j.

s s s s
s

s s s s s
k s s s t
s s k s s s

α α α α α

α α α α

α α

+ +
=

+
⇒ = = =

= = − +
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• 11.2.1   Tangential and Normal Components of Acceleration

2

2

2

2

T h e o re m   11 .1

a T N T N

1 v: T ( ) F '( )       v T
|| F '( ) ||

   a v T T '( )

T           T

           T T '( )

           T N .

 || a || a a
( T N ) ( T N )

T N

T N T N

d va a v k
d t

p f t t v
t v

d d v v t
d t d t
d v d s dv
d t d t d s
d v v s
d t
d v v k
d t

a a a a

= + = +

= = ⇒ =

⇒ = = +

= +

= +

= +

⇒ = •
= + • +

2 2 .T Na a= +
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2

2

22 2 2

. F( ) [cos( ) sin( )]i [sin( ) cos( )]j k
      for   0.
(i) v( )=F'( ) cos( )i sin( ) j 2 k.

     ( )= 5 5

     a = v' = [cos(t)- sin( )]i [sin( ) cos( )]j 2k a 5
     a

T

N T

Ex t t t t t t t t
t

t t t t t t t
dvv t t a
dt

t t t t t t
a a t

= + + − +
>

= + +

⇒ = =

+ + + ⇒ = +

= − = 2 25 1/5 .
    5T N.
(ii) T( ) = v/ [cos( )i sin( ) j 2k]/ 5.

T'(s) 1 T 1      N( ) = = T'(t)

              = sin( )i cos( ) j

Na t kv t k k t
a t
t v t t

dt dt
k k ds dt kv

t t

⇒ = = = ⇒ =
⇒ = +

= + +

=

− +
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• 11.2.2    Curvature as a function of t

3/ 2

2

2 2

2

2

2

|| F' F" ||Theorem  11.2   
|| F' ||

: a T ( ) N

      T a T T ( ) (T N) ( ) (T N)

|| T a || ( ) || T N ||

             ( ) || T ||  || N || sin

             ( )   ( ||T|| ||N|| 1,  

T

T

k

dspf a k
dt

ds dsa k k
dt dt

dsk
dt

dsk
dt
dsk
dt

θ

θ

×
=

= +

× = × + × = ×

× = ×

=

= = =∵ 0

2 2

3

90 )

|| T a || 1 1 F' F"
|| F' ||( / ) || F' ||

|| F' F" || F'        ( T ,   a T' F",  || F' ||)|| F' |||| F' ||

k
ds dt

ds
dt

=

×
⇒ = = ×

×
= = = = =∵
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• 11.2.3  The Frenet Formula

B T N       || B || || T |||| N || sin 1
1 T( ) N T '( ) N

N B( ) T B,     &   N

    ( )     

di s kdsk
d dii k
ds ds
s torsion of C

θ

τ τ

τ

= × ⇒ = =

= ⇒ =

= − + = −

=

∵

One scalar-valued function
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11.3  Vector Field and Streamlines

 11.6:     
in a 3-space:G( , , ) ( , , )i ( , , )j ( , , )k and 
in a plane: K( , ) ( , )i ( , )j

G     ( , , ) Gx

Definition Vector Field
x y z f x y z g x y z h x y z

x y f x y g x y
f g h

x x x x= =

= + +
= +

∂ ∂ ∂ ∂
Δ Δ

∂ ∂ ∂ ∂

• A vector field is continuous if each of its component  
functions is continuous.

©2003 Brooks/Cole, a division of Thomson Learning, Inc.  
Thomson Learning™ is a trademark used herein under license.

Ex. K(x,y)=xyi+(x-y)j

K KK i j, K i-j.x yy x
x y

∂ ∂
= = + = =

∂ ∂
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Suppose  is a streamline of F i j k
  Let  have parametric equations 
  ( )  ( )  ( )

C f g h
C

x x y y z zξ ξ ξ

= + +

= = =

R ( ) ( )i ( )

• Streamlines of a vector Field F are curves with the 
property that at each point (x,y,z),the vector F(x,y,z) is 
tangent to the curve through this point.

j ( ) k   : p o s itio n  v e c to r  o f 
R '( ) '( ) i ( ) j '( ) k   : ta n g e n t to   a t  ( ( ) , ( ) , ( ) )

R '( ) F ( ( ) , ( ) , ( ) )

x y z C
x y z C x y z

t x y z

ξ ξ ξ ξ
ξ ξ ξ ξ ξ ξ ξ

ξ ξ ξ ξ

= + +
= + +

⇒ =

i j k

   ( ( ), ( ), ( ))i ( ( ), ( ) ( ))j ( ( ), ( ), ( ))k

   ,  ,    If  , , 0   

dx dy dz
d d d
tf x y z tg x y z th x y z
dx dy dz dx dy dztf tg th f g h
d d d f g h

ξ ξ ξ
ξ ξ ξ ξ ξ ξ ξ ξ ξ

ξ ξ ξ

⇒ + +

= + +

∴ = = = ⇒ ≠ ⇒ = =

©2003 Brooks/Cole, a division of Thomson Learning, Inc.  Thomson 
Learning™ is a trademark used herein under license.
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2

2

2

2

2 2

:      F i 2 j k

:   , 2 ,

       I f   , 0 , t h e n
2 1

- 1 11 .      ,   

2 .  (1 / 2 ) l n | | ,   
2

d z

E x x y
d x d y d zs o l t x t y t
d d d

d x d y d zx y
yx

d x d z z c x
x z cx

d y d z y z d y e e
y

ξ ξ ξ

−

= + −

= = = −

≠ = =
−

= − ⇒ = − + ⇒ =
−

= − ⇒ = − + ⇒ =

2 2 2

2 4

4

4 2

1: , ,

I f  t h e  c u r v e   p a s s e s  th r o u g h  ( 1, 6 , 2 )
12 , 1 , 6 .

2
3 , 6

1: , 6 ,
3

d z z

k

z

C x y e e a e z z
z c

C

z e e
c

c a e

C x y e z z
z

− −

−

−

= = = =
−

−

⇒ = − = =
−

⇒ = =

∴ = = =
−

©2003 Brooks/Cole, a division of Thomson Learning, Inc.  
Thomson Learning™ is a trademark used herein under license.
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 1 1 .8  
(x ,y ,z ) :  re a l-v a lu e d  fu n c tio n  o f th re e  v a ria b le (sc a la r  fie ld )

              ( , , )
x

D e fin itio n G ra d ie n t

y z

ϕ
ϕ ϕ ϕϕ ∂ ∂ ∂

∇ =
∂ ∂ ∂

11.4 The Gradient Field and Directional Derivatives

0

0

0 0 0

 1 1 .9   
T h e  d ire c tio n a l d e r iv a tiv e  o f a  sc a la r  fie ld   a t   
in  th e  d ire c tio n  o f th e  u n it  v e c to r  u (= i+ j+ k )  is  
d e n o te d  ( )  a n d  is  g iv e n  b y  

( ) ( , ,
u

u

D e fin itio n D ire c tio n a l D e r iv a tiv e
P

a b c
D P

dD P x a t y b t
d t

ϕ

ϕ

ϕ ϕ= + + 0 0) ] .tz c t =+

( : scalar field vector field)∇ →

©2003 Brooks/Cole, a division of Thomson Learning, Inc.  
Thomson Learning™ is a trademark used herein under license.
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0 0

0 0 0

0 0 0 0 0 0 0

0

Theorem 11.3  Let u i j k   be a unit vector
                        Then  ( ) ( ) u

Pf: ( , , )

       ( , , ) ( , , ) |

       ( )

u

t

u

a b c
D P P

d x at y bt z ct a b c
dt x y z

x at y bt z ct x y z

D P
x

ϕ ϕ
ϕ ϕ ϕϕ

ϕϕ
=

= + +
= ∇ •

∂ ∂ ∂
+ + + = + +

∂ ∂ ∂
+ + + =

∂
∴ =

∂

∵

0 0 0

0

( ) ( ) ( )

                         = ( ) u

P a P b P c
y z

P

ϕ ϕ

ϕ

∂ ∂
+ +
∂ ∂

∇ •
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11.5  Divergence and Curl 

Def:  11.10   
The divergence of a vector field
F( , , ) ( , , )i ( , , ) j ( , , )k is 
the scalar field

div F .

x y z f x y z g x y z h x y z

f g h
x y z

= + +

∂ ∂ ∂
= + +
∂ ∂ ∂
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flux outward across face II
    F( , , , ) i ( , , , )
flux outward across face I
    F( , , , ) (-i) - ( , , , )
The total outward flux across face I & II
    [ ( , , , ) - ( ,

x x y z t y z f x x y z t y z

x y z t y z f x y z t y z

f x x y z t f x

=
+ Δ • Δ Δ = + Δ Δ Δ

=
• Δ Δ = Δ Δ

=
+ Δ , , )]y z t y zΔ Δ

Suppose F(x,y,z,t) is 
the velocity of a fluid at 
point (x,y,z) and time t
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The total flux of fluid out of the box across its face is
[ ( , , , ) ( , , , )] [ ( , , , ) ( , , , )]

[ ( , , , ) ( , , , )]
flux per unit volume out of the box
( , , , ) -

f x x y z t f x y z t y z g x y y z t g x y z t x z
h x y z z t h x y z t x y

f x x y z t

+Δ − Δ Δ + +Δ − Δ Δ
+ +Δ − Δ Δ
∴ =

+Δ ( , , , ) ( , , , ) ( , , , )

( , , , ) ( , , , )  as

0, 0, 0

f x y z t g x y y z t g x y z t
x y

h x y z z t h x y z t f g h
z x y z

x y z

+Δ −
+

Δ Δ
+Δ − ∂ ∂ ∂

+ = + +
Δ ∂ ∂ ∂

Δ → Δ → Δ →

• The divergence of F as a measure of the outward flow 

or expansion of the fluid from this point
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Def    11.11    The curl of a vector field F(x,y,z) = 
f(x,y,z)i+g(x,y,z)j+h(x,y,z)k is the

Vector field 

curl F ( )i ( ) j ( ) k

i j k
   = / / / , w h e re

       i+ j+ k .

h g f h g f
y z z x x y

F x y z
f g h

d e l o p e ra to r
x y z

∂ ∂ ∂ ∂ ∂ ∂
= − + − + −

∂ ∂ ∂ ∂ ∂ ∂

∇ × = ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂
∇ =

∂ ∂ ∂
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: angular velocity vector has magnitude wΩ

|| T || || R || sin ||Ω R || T=Ω R

Let i j k, R i i k
T=Ω R ( )i ( ) j ( )k

i j k
T / / /

        = 2 i 2 j 2 k = 2Ω
(1/ 2) T

a b c x y z
bz cy cx az ay bx

x y z
bz cy cx az ay bx
a b c

ϖ θ= = × ⇒ ×

Ω = + + = + +
× = − + − + −

∇ × = ∂ ∂ ∂ ∂ ∂ ∂
− − −
+ +

∴Ω = ∇ ×

The angular velocity of a uniformly rotating body

is constant times the curl of the linear velocity


