First-Order Differential Equations

NS o
*’ 1.1 Preliminary Concepts e Integral Curves

F(X,y.y')=0 O
y(X) is the function of interest and x is the :

independent vaiable

Ex: y-y2-e¥y=0 , y’-cos(x)=0

F(X, o(x), ¢'(x))=0 for all x in |
¢@(X) : a solution of (1.1) on an interval |

Ex: o(X)=xIn(x)+cx is a solution of y’-y/x=1
for all x>0 and for any number c

e General solution : ¢(x)=xIn(x)+cx
particular solution : ¢(x)=xIn(x)+ x for c=1

Fig. 1.1 Integral curves of y’'+y=2
o Implicitly defined general solution for k=0,3,-3,6, and —6.

Ex: y'=-(2xy3+2)/(3x2y%+8e%) _ X
X2y3+2x+2e4=k (y=2+ke)

Sol: 2xy3+3x2y2y’+2+8e4y’=0 Chapter 1-FODE 1



Ex 1.3

Fig. 1.3 Integral curves of y’'+xy=2 for k=0,
4,13,-7,-15, and —11.

2 2 2
Y09= & 12 [0 12dE ke 2
e The Initial Value Problem

y'+y=2; y(1)=-5
y=2+ke* = k=-7e

e Direction Fields

F(x,y,y)=0 = y'=f(x,y)

The slope of the integral curve through
a given point (X,,Y,) of region R is y’(X,),
which equals f(x,,Y,)

Fig. 1.4 Short tangent segments (called
direction fields) suggest the shape of
the curve
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Fig1.5 Direction field for y'=y?
and integral curves through
(0,1), (0,2), (0,3), (0,-1), (0,-2)
and (0,-3).

y=-1/(x+k)

Fig1.6 Direction field for
y’'=sin(xy) and integral
curves through (0,1), (0,2),
(0,3), (0,-1), (0,-2) and (0,-3).
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» :
%* 1.2 Separable Equations
e Defl.1 A differential equation is called

separable if it can be written y’=A(x)B(y).

1
B(y)dy = A(x)dx
1
dy = | A(x)dx
IB(y) y = [ A(x)

Note: It may or may not be possible
to solve explicitly for y(x)

Ex 1.7 y'=y2eXis separable

dy 2 —x
Y = e
dx “
1 X
— —Zdy = e dcx fory = 0
Yy
= —1_ _-xi
Y
= y = L
R

Note: y(x)=0 is a solution of y’=y2e*

But it cannot be obtained from the
general solution by any choice of k.

Here, it's called a singular solution

Ex 1.8 x2y’=1+y is separable

11 dy:lzdx forx = O0Oand y # -1
+ y X
-1
= Infl+ y|= —+k%
X
\l+y\:eke_1/x=Ae -1/ x
:>1+y=J_rAe_1/x=Be‘1’x
y = -1+ Be /¥,

Where, B is any nonzero number
Note: y=-1 if we allow B=0 , so
e y=-1is also a solution

e y is not a singular solution
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*%* 1.3 Linear Differential Equations

e Defl.2 A first-order differential equation
IS linear if it has the form y’(x)+p(xX)y=q(x).

el p(x)dx yp'(x) + p(x)efp(X)dx y = q(x)eJP(X)dx
d X X X X
= ?(y(x)efp( Yy = g (x)elP(x)d
= y(x)ejp(x)dx = J.(q(x)ejp(x)dx Ydx + c

— y(x):e—fp(x)dXJ'((q(x)efp(X)dx Ydx + Ce ~ [ p(x)dx
Integrating factor: ,Jp (x)dr
Ex 1.15 y'=3x2-y/x ; y(1)=5. = y'+ (1/X)y=3x2. = Styn)g = S = R HOLX >0

Xy’ +y=3x3, or (Xy)’ =3X3. = xy=3x4/4 +C = y(x)=3x3/4 +C/X for x>0.
Since y(1)=5 = c=17/4.
Ex 1.15-1 y'+xy=2.

2 2 2
= y(x)=2e* /Zjex 20 + Ce ¥ 12,
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*%* 1.4 Exact Differential Equations

y'=f(xy)
= M (x,y)+ N(x,y)y' =0,
where M (x,y)=—f(x,y) & N(x,y) =1

suppose 3 @ s.t. 2—¢): M(x,y) & 2—(0: N(x,y)

X Y

- 92 [ 9e dy _ g

0 x oy dx

chain rule d
—@ (x,y(x)) =20
= = d x

= ¢ (x,y(x))=c with ¢ constant

Implicitly defines a function y(x) that is the general solution of the
differential equation
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3 2xy >+ 2

3x°y° +8e™’
M + Ny '=2xp°+2+(3x°y°+8e*)y'=0
M (x,y)=2xy°+2& N(x.y)=3x°y° +8e"

Ex 117 y'=

— Let o(x,y)=x°y> +2x+2e*

we have 99 _ 2xy*+2=M 6—¢=3x2y2+884y =N
ox oy

. 5§0+8g0 d)/:O @ d(ﬂ(x,y)zo
Ox Oy dx dx
= p(x,y)=cie x?y’+2x+2e" =¢

= .

Implicitly defines the general solution

Chapter 1-FODE 7



eDef 1.3: A function ¢ is a potential function for the differential
equation M (x,y)+ N(x,y)y"'=0 on aregionR of the plane if,

for each (x,y) In R a—qp: M(x,y)& a—¢= N(x,y)
Ox oy

» Def 1.4 When a potential function exists on a region R for the differential

equation M+Ny’=0, then this equation is said to be exact on R

8_(0: 2xy° +2=M &a—¢=3x2y2+8€4y =N

0x oy

= ¢(x,y) = jzidx = [(2xy° + 2)dx = x?y° + 2x + g(»)
X

y2+8e™ = —(x°y°+2x+g(»)=3x°y"+ g'(»)
Oy Oy

= g'(y)=8e"
= g(y)=2e" - o(x,y)=x°y>+2x+ 2"
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EX. y + Yy = 0 1Is not exact

pf.suppose 4 ¢ s.t. 09 =y, a—¢:1
0Xx o0y
= @ (x,y)=xy + g(y)
0@ 0 :
= —=1=—(xy+g(y))=x+ g'(»)
oy oy

= g'(y)=1-x (>« )

Note : y+y’=0 can be easily solved either as a separable or as

a linear equation
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eThm 1.1 Test for Exactness

oM

Suppose M (x, y), N(x, y), E , and a—Nare continuous for all (X, y) within

'y ox
a rectangle R inthe plane. Then, M (x,y)+ N(x,y)y'=0Is exact on R
iff v (x, y)in R, 2L - N
oy ox

pf: (1) —
If M + Ny'=0 Is exact,then 3 ¢
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(2) « V (x,y) iIn R

define ¢ (X, y) = j XM (E,y,)d ¢ +I
X0

Y

N (x,n)dn

Yo

fundamental . T
e a—go = N ( X,V ) axl:j(3x2772+8€477)d77:|
theorem of calculus _° 5
o0 o o I =3{ 2773+Ze4’7y}
= — | M (S.,y0)dS + — | N(x,n)dn| ox Yo
0 X 0Xx 0 X
X 0 ¥0 =2xy3—2xy§
A y 2.2 4
ON [3x77 —|—8e’7]
=M(x,yo)+j P SR L J Fa—
Yo
Y0 v
_ 2
v Y, —IGXUdU
= M (x,y,) + (x,m)dn e
=2xy° — 2xy3
Y0
=M (x,y9)+ M (x,y)- M (x,yg) =M (x,y)#
Note: y + v»'= 0 M (x,y)= p» & N (x,y) =1
SO aaN = 0 & 88M = 1 .. it's not exact
* Y Chapter 1-FODE 11




C
** 1.5 Integrating Factors

Ex. The equation y2-6xy+(3xy - 6x2)y ' =0 is not exact on any rectangle

Pty

But y3 -6xy2 +(3xy?2 - 6x2y)y ' =0 is exact over the entire plane

= ¢(x,y)=xy° -

3x2 2
= xy° -3x%y’=c is the general solution

But y= 0 is also a sol. (singular sol.)

Def 1.5 Let M(x,y) & N(x,y) be defined on a region R of the plane. Then u(x,y) is an

iIntegrating factor for M+Ny’=0 if s.t. V (X,¥) € R & uM +uNy’'=0 is exact
on R

EX. x—xy —y'=0

e SR e CICE D R RV A
0Xx 0y
ou ou
= ——=(x—xy)—— xu
X oy

Chapter 1-FODE 12




ou

Suppose u just a function ofx(i.e.a—:O)
Y
o u : o u du
= —=xu (l.e. — = )
0 X 0 X d x
= 1—a’u = xdx
u
= |n|u|=;—x2+c(|et0=0)

2

X

= u(x)=e 2isanonzero function

x2 x2
(x — xy)e 2 — e 2 y'=20
IS exactover the extire plane
x2
= ¢ (x,y)=(1-y)e ?
x2
= (1 - y)e 2 = ¢

2

- X

= y(x)=1- ce 2
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EX.
2y% — 9xy + (3xy — 6x?)y’ =0 is not exact

(3xy 6x )Z—u+u(3y 12x) (2y2—9xy)g—u+u(4y—9x) ()
Y

Suppose u = u(x) (i.e. ou/ oy = 0)

(Bxy 6x )2—u+u(3y 12x) (4y—9x) Which cannot be solved for u as
X

just a function of x
Similarily, for u = u(y)

let u(x, )= x“y" in (*)

ayb+l_6axa+1y +3xa b+1 12xa+1 b 2bxa b+1 gbxa+1yb+4xa b+1 9xa+1 b
= 3ay —b6ax + 3y —12x =2by —9bx + 4y —9x (for x #0 y = 0)

= (1+2b-3a)y = (-3+9b—6a)x
=1+2p-3a=0&-3+90-6a=0=a=>0=1

3ax
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2xy° —9x°y° + (szyz — sty)y' =0
:>g0(x,y)=x2y3—3x3y2
— x*y° —3x°y?=c is the general sol. (x # 0, y = 0)

EX.

—~ _y/)=0 <« Separable but not exact ()

o u(x,y)= (¥ _W Is an integrating factor for y =0
gipsE 2 4 Y
— 2X- J

y’=0:>g0(x,y)=x2—y+|n|y|

~.X%2 —y+Inly| = c for y = 0 is the general sol.
But y= 0 is also a sol. of (*x*)

sinqular sol.
( : ) Chapter 1-FODE 15



EX. _
y—3—=xy' =0 Isnot exact

Q: u(x,y)= x(yl_ 3) IS an integrating factor for x # 0&y # 3

UHipE 2
:l—iy':Ojln‘x‘Jrc:In‘y—B‘
x y-3
let ¢ = In(k)

= In|x|+ In(k)=In|y — 3= Injkx|=In|y - 3|
= y—3=thkx = y =3+ kx

but y= 3 s alsoasolution .y =34k vk : real
(not singular) is a general solution.
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1.5.1 Separable equations and integrating factors
y' = A(X)B(y) Is In general not exact

:>A(x)B(y)—y'zO:>M(x,y)=A(x)B(y)&N(x,y):—l
(=08 ZLA(x)B(x)]=4(x)B'(»)

X
and ingeneral A(x)B'(y)#0

But
1
A(x)- =0 i .
= A(x) B(») Y (Integrating factor B(y))

0 — 1 0
o | B0 " ey =0
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1.5.2 Linear equations and integrating factors
y' + p(X)y = q(x) is not exact unless p(x) = 0

@) [p(x)y=q(x)]+y'=0
:M(x,y)zp(x)y—q(x) & N(x,y):l
%[1]=0 and %M :p(x)

(11) [p(x)y — q(x)] ejp(X)dx + e'[p(X)dxg/' =0 Is exact

2 d ™ 2 () g

I p(x)dx
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%1.6.1 Homogeneous Differential Equations

Def 1.6 A 1st-order differential equation is homogeneous

if it has the form ' = f(lj

X
EX.

1 X - (yj 1
y'=—sin| = |Is homogeneous
y X

y=x’y&y'=—"
X+ Yy

But,y'= s forishomogeneous
1+ y/x

Note : Solutions have not been overlooked

are not homogeneous
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lety=ux=y' =u'x+u
:>u'x+u=f(u)

1 du 1
= ==
f(u)—u dx X
= L du —idx bl
f(u)—u = «separable

2
2
e /=) +y:‘y':@ >

lety=ux=>u'x+u=u"+u=u'x=u’
1 1 -1

:>—2du=—dx:>—=|n‘x‘+c
u X u
. -1
ul)= I+ ¢
- y(x)=u(x)- x =———— is thegeneralsolution.

In‘x‘ +c
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1.6.2 The Bernoulli Equation

Def.1.7 A Bernoulli Equation is a first-order equation
y'+p(x)y=R(x)y" inwhich « e real number

(1) o =1= separable
(2) a=0= linear
(3) a #1= linear by the change of variables

l1-«
V=Y
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1

EX. y+ =y =3x°
X

y3

let v=y? = y=v2 => Yy =—"y?2y

1 =3
= —v2V +

2

1 2 -3

2
—y2 =3xVv?

X

— ' —Zy=—6x° Isalinear equation

= x4V -2x3v=-6
4

— (x_zv) =—0
= X ‘v=—6x+c

— v =—6x+cx’

1

1
— y(x)= W = NP

—6x°
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1.6.3 The Riccati Equation

Def. 1.8 A differential equation of the form
y'=P(x)y*+0(x)y+R(x) is called a Riccati equation.

(1) P(x)=0= linear

(2) suppose S(x) is a soluation

= Then we can transform the above Riccati equation Into

a linear form by the change of variables y = S(x) Y

Z
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EX. y'ziyz—l—iy—g By inspection y=S(x)=1 isasolution
X X X
let y:l+1:>y’:—izz'
Z Z

2
= _—;Lz’ = l(l+ Ej +£(1+ Ej—g
Z X z X z X

' 3 : 1 1
=z +z= IS a linear equation

X X

3 /
3 -1
ejx :x3 :>x32'+3x222(x32) :—x —> X Z—?x3+c

-1 ¢
= z(x)= . +x3
1 1
L |
= y(x) +Z(x) +_1+C
3 X
= y(x)= M with & =3c
k—x°
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1.8 Existence & Uniqueness

for solutions of Yy =

Initial Value Problems
1

EX. y'=2y2; y(0)=1

y(x)=(x+¢)
y(0)= c-=—1 (<)

. It has no real-valued sol.

X
X <2 N
X>2

1
EX. y'=2y2 »(2)=0
(1)the trival sol. y =

Y
0
(2)define y(x)z {(x ] 2)2

. ot unique

f(x’J’);J’(xo)ZJ’o

1 -1
T 2 —
jzy dy = J-dx
1
yi=x+c
”. hon - existence
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Thm1.3 let p & g be conti.on an open interval /
and let x, € 1, y, be any number, then

Y+ p(x)y = Q(x);y(xo): Vo
has a unique sol. defined for all x in /

Pf : By the general sol. of lineare quation

[ pe)ae| x [ plez
e e’

| a(¢)

X0

y(x)=

dé + y,

. p & g areconti.on /
~. y(x)is the sol.for all x in 1
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Thml.2Letf & a%y be conti. for all (x,y) ina closed

rectangle R centered at (x,, y,). Then, there exists a

positive number 2 s.t. y'= f(x,);»(x) = o

has a unique sol. defined over the interval (x, —/%,x, + /)
EX. y' =% ¥(0)=n e postive integer

f(xy)=)° &% = 2y both conti. over the entire plane

. they are conti. on any closed rectangle about (0, )

y(X)?% UdyﬁJdXJ

Y

— This sol.is valid for'—1< x < l

n n

n Chapter 1-FODE 27



e Picard iteration

/

Vo = f(x’ yn—l)
l

V positiveintegern Let y (x)=y, + j flt,y, (2)dt

wherey, (x) = »(0)

W, (x)} = )
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EX. y'=2-y,9(0)=1 = y=2-¢"

sol: f(x,y)=2—y oS _ =-1
oy
=1 . _
oot limy (x)=2-¢"
=1+j1dz=1+x e

2 /

=1+ a’t—l+x—%:>y2 = f(x,y,)=1-x

Ot—.k

X 2 3
v =1+ ]| 1- r+— dt=1+x—" +>
O 21 3
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