Viewing A Code From An Extension Field

(—)

= [Co, Cpsevns Cpq ]
Hamming (7, 4) code

100101 1]2° CHT =0, 0, 0] — over GF(2)
H= 0 101110|Z CHT=0 —in GF(23)
0 01011 1|z°
1] [0 HCT _
_ =007 97
+c, |1 (+..+¢,,|0|=| 0 a2 = 72
11 10 ad=Z+1
- at=22+Z7
GF a°*=72+27Z+1
GF(B)- Z3+Z+1 o =22 +1
a’ =1
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take the primitiveelement o = z

0 1 2 3 4 5 6
:Hz[aaaaaaa]

= 3
:>an _0(_)0 Zcx e.g. ¢(X)=1+x+x
i=0

= A binary polynomial c(x) isa codeword polynomial iff « (in GF(8))
isa zero of ¢(X)

rx) = cx) toe(x)

e(x) = e, +ex + ... + e x"

n=1 .
S Er(vj)=Zejv} j=12,..r. —(*)
i=0

how tochoose v, st. (*) & f#
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(=)

0 1 n-1
Vi Vg V1

0 1 n-1
Vo, Wy Vi

where v, e GF(q'") 1<j<r

H =
n= qm_l p= (n-k%/l

— codeword polynomial c(x) has zeros at v,, ... ,v,
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EX: H(15, 7, 5)
1000100110101 11]
01001101011 1100 a, adin GF(24)
00100110101 1110 a’® =1
ho|220100110101111
100011000110001
000110001100011
001010010100101
0111101111011 11 =c(a)=0
:ao ko dt d d d o _ag 2 ot a? o ot C(G3)=0
- (013)0 aS ae 0!9 0[12 als 0!18 a21 0[24 a27 0[30 0[33 a36 a39 a42
XI5 — 1 = (X)) (XAHXHT)(XAHH+X3+HT) (XA+x3+x2+Xx+1)

HY g(x) = (x4+x+1)(x*+x3+x2+x+1) = x8 + x7 + x6 + x4 + 1
()n—-k=8=k=7
(ii) d* < 9 (= singleton bound)
=5 (. w(g(x)) =3)
"+ d*22t+1=5 (BCH bound)
S.d*=5
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Thm: F[x])/p(x) is a field iff p(x) is a prime polynomial

Prime polynomials over GF(2)

Degree Primitive Polynomial

2 X2+ x+ 1= x2+x+1 | x3+1

3 X3+ x+ 1= x3+x+1 | x"+1

4 x4+ X+ 1

5 X2+ x2 + 1

6 X6+ x+1

7 X'+ x3+1

8 X8+ x4+ x3+x2+1

9 X2+ x4+ 1

10 X10 + x3 + 1

11 X"+ x2 + 1

12 X122+ x84+ x4+ x+1

13 XB+ x4+ x3+x+1

14 X"+ x10 4+ x6 + x + 1

15 X2+ X+ 1

16 X1+ x12 4+ x3 + x + 1
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Def: Let GF(q) be a field and let GF(Q) be an extension field of GF(q).
Let B be in GF(Q). The prime polynomial f(x) of smallest degree

over GF(q) with f(8) = 0 is called the minimal polynomial of B over
GF(q).
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GF(24) = GF(2)[Z] /| Z4+Z+1

Exponential Polynomial Binary Decimal Minimal

Notation Notation Notation Notation Polynomial
0 0 0000 0 X
af 1 0001 1 x+1

a=Z
al Z 0010 2 XA+ x+ 1
a2 Z2 0100 4 x4+ X+ 1
ad Z3 1000 8 XA+ x3+x2+x+1
ot Z+1 0011 3 — x4+ x+1
ad 22+7 0110 6 X2+ X+ 1
ab Z3 + 72 1100 12 X4+ x3+x2+x+1
a’ 23+ Z+1 1011 11 x4+ x3 + 1
ad® Z2 + 1 0101 5 L x4+ x+1
a® Z3+Z 1010 10 X4+ x3+x2+x+ 1
a0 Z2+Z+1 0111 7 X2+ X+ 1
a 23+72+27 1110 14 x4+ x3 + 1
a2 Z23+72+7+1 1111 15 X+ x3+x2+x+1
a'd 23+ 72+ 1 1101 13 x4+ x3 + 1
a4 Z3+ 1 1001 9 x4+ x3 + 1
x1® =1
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Minimal Polynomials and Conjugates

Q: How to find g(x)

GF(q) ---------- GF(q™) n=qm— 1 : primitive block length
X" —1 = f,(x)f5(x)...f(x) f(x) : prime polynomials over GF(q)
* g(x)[x"— 1 = g(x) = [1f;(x) 2s — 2 different nontrivial cyclic code

g(x) =1, x"— 1 trivial cases
» Choosing desirable zeros in an extension field so as to ensure a good
code

x" -1 = H (X - ,Bj) B; is a nonzero element of GF(qM)
j

minimal
i : ,(x)
polynomial
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Thm: Suppose that f(x) is the minimal polynomial over GF(q) of 3,
an element of GF(g™). Then f(x) is also the minimal polynomial
of B.

Def: Two element of GF(g™) that share the same minimal polynomial
over GF(q) are called conjugates (with respect to GF(q))

GF(24) e.q
GF(16 < o
(16) GF(42) g=2 r=4 m=4
(B, B9, B¢’ g} B = o’ (o)’ (0(7)22 (0(7)23
T n=2m-1=2¢-1=15
ie. B2 =
Thm: The minimal polynomial 01: Bis ie. B1° =1
-
f(x) = (x- B)(x- BY)...(x- B9 )
Cor: " A" =B(RI™1=p"=1)->r<m
.". deg( minimal polynomial ) <m
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Thm1: Let g(x), the generator polynomial of a primitive code, have zeros
B4, By ... B,in GF(gM). A polynomial c(x) over GF(q) is a codeword

polynomial iff c(B,) = c(B,) = ... = c(B,) = 0, where c(B)) is evaluated
in GF(g™).

» Suppose we wish to construct a g(x) that has B4, B, ... B, as zeros.
Find the minimal polynomials of these field elements, denoting them as
f1(x), f(x), ..., f(x), Then

g(x) = LCM[ f4(x), (), .. , fi(x)]
* How to find f,(x)
* Cyclic codes in one field can be constructed by working with zeros in a

larger field.
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pf:
Thm1:

= c(x) =a(x)g(x) .. c(B)=0
< Suppose c¢(B;) =0
c(x) = Q(x)fi(x) + s(x) where
deg s(x) < deg f(x)
fi(x) is the minimal polynomial of {,
but 0 = Q(B))fi(B;) + s(B;) = s(B;) (if s(x) = 0 —>«)
C.s(x)=0
" fi(x)le(x) = g(x)lc(x)
o =LCM[ f,(x)f5(x)...f(x) ]

X1 — 1 = (X+1)(x2+x+1)(x*+x+1)(x*+x3+1)(x4+x3+x2+x+1)

In GF(24) = (x-a°)(x-a°)(x-a'%)(x-a)(x-a?)(x-a4)(x-ad)

al® =1 (x-a”)(x-a'*)(x-a13)(x-a')

(x-0®)(x-00)(x-a12)(x-a®)

take g(x) = (x*+x3+1)(x*+x3+x2+x+1) = x8 + x* + x2 + x + 1
has zeros a® a®a’ a® a' a’? a3 a4

x a5 a’®: order =3 deg[x?+x+1]|4

a3, ab 0% a'?:order=5  deg[ x*+x3+x2+x+1]| 4
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