Introduction to Algebra

Def 2.0 (G, x ) G: a set
A binary operation x onG:a x be GVab e G

(G is closed under the operation )
Def 2.1 Group : (G, %)

(i) ax(bxc)=(axb) xc associative
(i)JeeGst.Vae G,ake=eka=a e:identity element of G
(il)vae G,3a’ e G st.aka ' =a'ka=e a’:inverseofa
Communicative group : (iv) Va,b € G, akb=Dbxka
Thm 2.1 identity element is unique
pfie'=¢e" %k e=¢e
Thm 2.2 inverse is unique

pf: suppose a’ & a” are inverse of a
a’'=a'xke=ax(axa”) =(a’*ka)xa” =exa” =a”
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Examples: communicative group

1. (Z,+) e JA Infinite group J
2. {0}, =1 b/a a/b
3. Eg {0}1} I)@e) L( finite group ’

order of the group : the number of elements in a group

4. additive group

(G={0,1,2, ... ,m-1}, ), wherem e Z+,ifHj =i +j mod m

Q: (i) (i) k=i (jd k)

(ie=0
(ii) vO<i<m m-=iisaninverse of i
(iv) i) =jHi
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5. multiplicative group
(G={1,23,..,p-1},[*]) p : prime
ife]j=i-jmodp
Pf:
(iii) Leti e G(<p) "." pisaprime .. (i,p) =1
.3a,beZ st ai+b-p=1& (a p) =1 (Euclid’s theorem)
=ai=-bp+1
(if0<a<pie aeG..ae]i=ie]a=1
(2Q)ifaeG,saya=qp+r ."(a,p)=1.r+0
= r-i=-(b+qg-p+1..rei=lile]r=1

H is said to be a subgroup of G if
() HcG&H =0
(ii) H is closed under the group operation of G & satisfies all

the conditions of a group
Q: Ref. pp. 29-31

eg. G=(Q +) .
H=(Z +) (f#zEstandard array)

= Z is a subgroup of Q under the operation “+"
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Def 2.2 Field: (F +, - )

(i) (F +)Fis a communicative group under “+”

(i) ( F-{0}, - ) F-{0} is a communicative group under "

(i) “-" is distributive over “+”
ie.a-(b+c)=a-b+a-c vabceF

Q: Doesitimply (@+b)-c=a-c+b-c
pf: ~"(@a+b)-c=c-(@a+b)=c-a+c-b=a-c+b-c

(1) order of the field : # of elements in a field
(2) finite field : order is finite
(3)a—-b=a+(-b) -b: additive inverse of b
a-b=a-b! b1 : multiplicative inverse of b
4 vaeFa-0=0-a=0
pffa=a-1=a-1+0)=a+a-0
2 -a+a=-a+a+a-0=2>20=0+a-0=a-0
(5)va,beF&ab+0=a-b+0
pfiifa-b =0
then(al-a)-b=al-0=2>b= 0(>¢«)

2011/9/15 Yuh-Ming Huang, CSIE NCNU Abstract Algebra 4




6)a-b=0& a#0 implythatb=0
(7Va,beF —(@a-b)=(-a)-b=a"- (-b)
pfi0=0-b=(@+(a))-b=a-b+(-a)-b
(8)Fora+#0,a-b=a-cimplythatb=c
pf: fiE3k Fal al-(a-b)=al-(a-cq)
= (@l-a)-b=(@!-a)-c>1-b=1-c=>2b=c

Examples:

1. (R, +, *)
2. (F= (0, 131 RO blnary field GF(2)
3. (F={0, 1, 2, ..., p- 1},@ )prlme field GF(p) p : prime

* In a field, we can do the operations + - x + in @ manner similar to
ordinary arithmetic

4. extension field of GF(p) : GF(p™) m e Z*
Q: the order of any finite field is a power of a prime

* finite fields are also called Galois fields
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® Next, consider a finite field of q elements, GF(q).

91: unlt eIement in GF(q) eg.n=4m=2

1+1+1+1 = 1+1
IfZl = 21 (n > m) then 21 0 N 1" inverse “-1”
(-1+1)+1+1+1 = (-1+1)+1

Characteristic (1) of the field GF(q) : 0+1+1+1 = 0+1
1+1+1 =1

A
smallest A e Z* s.t.leo
i=1 141 =0

Q: e.g. For GF(P), P:prime, A= P
(10) A is prime
pf: suppose not A = km, k,m € Z°

k m km km
{Zl}{zl} Zle F. Since le 0, then
i=1 i=1 i=1 i=1
either Zk:1:0 orzm: 1=0 (> «)
i=1 i=1

2011/9/15 Yuh-Ming Huang, CSIE NCNU Abstract Algebra 6




k m
(11) > 1= > 1foranyk,m< A &k=m

i=1 i=1

k m m—k
pf :supposed 1=>"1= > 1=0(if m>k)
i=1 i=1

i=1

m-K< Ao«

(12)1= 21:1, 22:1, le ﬁl: 0 GF(2)

i=1 i=1 i=1 i=1

Q: GF(A) is called a subfield of GF(q)

(13) For any finite field GF(q) if A # g then q is a power of A

Q: proof
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® | et a be a nonzero element in GF(q).

a’'=a,a?=a-a a>=a-a-q, ... a: nonzero elements of GF(q)
Since finite field, so ak = a™ suppose m > k

a*(= (al) k) is the multiplicative inverse of ak
[(@l-al)-(a-ra)=al-1-a=al-a=1]
S.ol=amk[a3-a2=a-a-a-al-al=a=a%?]

order of the field element a : smallest Z* n, s.t. a" = 1.

Thm {al, a2, ..., a™},a" =1} : form a group
under the multiplication of GF(q)
pf: (i) unit element : 1
:%F% ai . aj
()i+j<n a-a=a"
(2)i+j>n,sayi+j=n+r 0<r=<n
ai.aj=ai+j=an.ar=ar
(ii) For 1 < i < n a™ is the multiplicative inverse of a

Q:a=zd

closed

* A group is said to be cyclic if there exists an element in the group
whose powers constitute the whole group
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Thm 2.4 a € GF(q) & a # zero element. Then a%1 =1

pf: let b, b, ... by, be the g-1 nonzero elements
C.a-by,arb, .. a- by are nonzero & distinct |55 . b,
(a " bl) " (a " bz)(a " bq-l) = bl " bz " bq—l The b
aq-l " (bl " b2 e T bq-l ) = bl " b2 . b
e ( b]. " bz e " bq-l ) * 0 9 ... aq_l - 1

g-1

Thm 2.5 a € GF(q) a # 0 if nis the order of a, thenn | g-1

pf: Suppose notg-1=kn+r0<r<n
aq-l - akn+r — akn . ar — (an)k - ar
catl=1&a"=1..a =1 =<

* |n GF(q), a nonzero element a is said to be primitive if the order of a
g-1
Thm: Every finite field has a primitive element  Q: proof
e.q. GF(7)
31=3,32=2,33=6,3"=4,3>=5,36 =
3 : primitive element
41=4,4=2,4=1 orderof"4"is3 = 3|7-1
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Binary Fleld Arithmetic
Let f(X) = fo and g(x) = Zf x!, where f,, f . € GF(2)

fO) g(x) = f(x)+9g(x) modulo 2 Q: Is it a field? No
(e &
f(x)E g(x) = f(x) = g(x) modulo 2 n?od 2) (GFQ)[X I £l )
(i) fx)[*Jo =0 or Z,[x]

(i) f(x) said to be irreducible if it is not divisible by any polynomial over GF(2)
of degree less than n but greater than zero.

e.g. X2, x2 +1, x2 +x are reducible over GF(2)
X + 1, x2 +x+1, x3 +x+1 are irreducible over GF(2)

e.g. x> -2 isirreducible over Q
x3—2=(x—¥2)(x® +32x+34) over R
x®—2=(x=¥2)(x - w32)(x— *¥2) over C, where
w=e*"13 = _(1/2) + (i/3/2) satisfies »°® =1. non-binary }
e.g. x*+ 3x3+ 2x+4 = (x+4)3(x+1) over Z \f'eld
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Thm: In GF(2)[x], vm = 1, 3 an irreducible polynomial of degree m

pf: exercise

Thm 2.6 Any irreducible polynomial over GF(2) of degree m divides x2' 141
pf: exercise
e.g. X3+ Xx+1|[xX+1l ie.x+1=(x*+x2+x+ 1) +x+ 1)
*An irreducible polynomial p(x) of degree m is said to be primitive if the
smallest positive integer n for which p(x) divides x" + 1isn =2m-1
e p(x) [x¥ 41

eg. x*+x+1|x®+1 x*+x3+x2+x+1|x°+1

T T

primitive non-primitive
* For a given m, there may be more than one primitive polynomial of
degree m.
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Thm: V120 [FOOP = f(x? ), where f (x) € GF(2)[X]

pf: F2(x) = (f, + fx + ... + f x)?
= [fy + (fx + f,x2 + ... + fx")]?
= fg2 + (fx + fx2 + ...+ fx")?

che0orl =2+ (Fx)2 + (FX22 + ... + (F.x)2
SR=f = fy+ F0 + H0Q2 + ... + £ = f(x2)
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Construction of Galois Field GF(2™), m > 1

Initially, we have two elements 0 and 1, from GF(2) and a new
symbol «, and define a multiplication ™= " as follows
(i) 0-0=0 0-1=1-0=0 1-1=1
0-a=a-0=0 1-a=a-1=a
(i) a?=a-a a’=a-a-a...d=a-a - ... - a(j times)
(i) F={0,1,q,a? .., d, ..}

(1) Let p(x) be a primitive polynomial of degree m over GF(2)
(2) assume that p(a) =0

" P(X) | x2™1 +1 (by Thm 2.6)
Cox2Ml 41 = Q(X)D(X) @nomial ’
2 a?™1+ 1 =q(a)p(a) = q(a)-0 =

2 WEH1 (mod 2)
> a™=1
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F*={0, 1(=a%, q, @ .., a2}
(A) Commutative group under “-”

(1) Closed
let0 <i,j<2m-1
(i) i+j<2m—-1 d-d =a¥ e F*
(ii+j=22"-1 i+j=2"-1)+r 0=r<2m1
S.ai-d=a2™-qgr=qa e F¥
(2) 1 : unit element
(3) "-" is communicative & associative

(4) vo<i<2mi, 2M_j1 isthe multiplicative inverse of a

o
(F*-{0}, -) commutative group under “-” with order 2™ — 1

Q:Fd+#d 0<i¥j<2m-1
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(B) Commutative group under “+"

For 0 <i < 2m-1, we have x = g,(x)p(x) + a(x) ---—-- (*)
where a,(x) = a;p + a;X + apX? + ... + aj X!
Cxpx)=1.a(x) 0

*a(x)#a(x) 0<si#j<2m-1

pf: suppose a,(x) = a;(x)

X'+ X = [q(x) + q;(x)]p(x) + agz)ﬂjm

Sop(X) | x4+ X = x(1 + X)) (assume j > i)
X)), xN)=1.p(X) |1+ X e o j-i<2m-1

— We have 2™M-1 distinct nonzero polynomials a,(x) of degree m-1 or
less.
Replace x by a in equation (*), we have ("."p(a)=0)
(1) a'=a(a) = ap + a,a + a,a* + ... + 3 ,.,0M%, 0< i< 2m-2
(2) 0 A zero polynomial Fr~
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() 0+0=0
Define (i) 0+ad =d+0=d
(i) '+ al € F*, 0 <i, j< 2m - 1: —fZTE=04E 00 > fAEHUmodule 2

(F*, +) commutative group under “+”

(C) polynomial multiplication satisfies distribution law

a(x) -[b(x)+c(x)] = [a(x) -b(x)]+ [a(x) -c(X)]

= F*: a Galois field of 2™ element, GF(2™)
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GF(2%), p(x) =1 + x + x*

(plo)=1+a+0*=0)

Decimal

Power Polynomial 4-Tuple representation
representation representation representation
0 0 (0000) O
1 1 (1000) 8 0{7=05056
a a (0100) 4 2 3
@ @ (0010) 2 =a(a” +a’)
a’ a’ (0001) 1 :a3+a4
a* 1+a (1100) 12 - 3
—a +1l+a
a° a+a? (0110) 6
a az+a3 (0011) 3
a’ 1+a +a3 (1101) 13 y ,
A mod 2
o e oo b | etz }
a® a + a3 (0101) 5 modulo
qlo 1+a+ a2 (1110) 14
all a+ a’+ a3 (0111) 7
al? 1+a + a2+ a3 l
GF(2)[a
a3 1 + a’+ a3 (2)lo]
a4 1 + a3 (1001) 9 at+ at+1
a’®>=1
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ao?ota®al®=a
ad af a2 g4 g48 = 3

— 9
Table 7.1 Representations of GF(24). p(z)=z*+z + 1 =d
Exponential Polynomial Binary Decimal Minimal
Notation Notation Notation Notation Polynomial
0 0 0000 0 X
a0 1 0001 1 X+ 1
al z @ _|oo10 2 X4+ X+ 1
02 2 [THREE 0100 4 x4+ X+ 1
z3 1000 8 XA+ x3+x2+x+ 1
a z+1 0011 3 x4+ x+1
a® 22+ 7z 0110 6 X2+ x+1
28 + 22 1100 12 X4+ X3 + X2+ X + 1
a z23+z+1 1011 11 x4+ x3+1
08 z2+1 0101 5 XA+ x+1
(@) 2+ 7 1010 10 X+ X3+ X2 + X + 1
a'o 2Z2+z+1 0111 7 X2+ x+1
ol z22+722+z2+1 1110 14 x4+ x3+1
@) 2B+ 72+ 7 +1 1111 15 x4+ X3 + X2+ X + 1
a 8+ 272+ 1 1101 13 x4+ x3+1
a4 z3+1 1001 9 x4+ x3+1
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GF(2) GF(3)

+101 */0 1 +/012 *|0o 1 2
cjo1 00 O 0/012 0/0 00
1110 10 1 11120 1|0 12
GF(2)[o 212 01 2|0 2 1
o+ o+ Primitive polynomial over GF(2)
GF(4) GF(22), p(x) =1+ x + X2
a)=1T+a+a?2=0
+/012 3 *l0o 12 3 (p(e) _)
)
0/012 3 0/0 00 0 o o o0 o %=
11103 2 1/0 3 1 2 T 1 10 2
21230 1 2/0 1 2 3 o o 01
o2 1+o 11 3
3/!321 0 3/0 2 3 1
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+ 01 2 3 e 01 2 3 LZZ 7>(22_|_3>
| | 0\0 O = 3
0|0 1 2 3 0|0 0 O O 101lGF(2)[]
_ o
GF(4)>1|1 0 3 2 o123 | | = 42+a+1
a3+2):22301 210 2 3 1 311 1 1
33210 3031 2 ¢

Q'l\ 82‘1’(2- j)z

2 Primitive polynomial over GF(4)

|| GF(4?) = GF(4)[zl/z2+2+2, p(z) = 22+2+2

Exponential Polynomial Binary Decimal Minima]

Z 5 % otation Notation Notation Notation Polynomial
0] 00 0
A o 01 1 X + 1
a’ 10 4 X2+ xX+2
— Z42 428 @ 12 6 X2+ x+3
ad 32 14 X2+ 3x + 1
= 2 2+l a* 1 5 X2+ X+ 2
a® 02 2 X+ 2
20 8 X2 +2x + 1
23 11 X2+ 2x + 2
13 7 X2+x+3
22 10 X2+ 2x + 1
03 3 xX+3
30 12 x2+3x+3
31 13 X2+ 3x + 1
21 9 X2+ 2x + 2
33 15 x2+3x+3
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Basic properties of Galois Field GF(2™)
In GF(2) x* + x3 + 1 :irreducible InR ;(2 * ”TME
In GF(24) x4 + x3 + 1 = (x + a7)(x + aM)(x + a13)(x + a'4) C x2+1H LR

Thm 2.7 f(x) € GF(2)[x] IeL@_be an element in an extension field of GF(2).
If B is a root of f(x), then forany | 20, is alggza root of f(x).

pf: f(B)=0 -
L1 = f(x2) L A(R?) = [f(B)IF = 0
o B?is called a conjugate of B <=

e In GF(24), a’ 07)2 = ql4 (07)22 = q!3 (07)23 = qll (07)24 =q’
e Let B e GF(2™) & B # 0 By Thm 2.4 p2™! = 1
. B2™1 + 1 =0in GF(2M), i.e. B is a root of x2™1 + 1.

Thm 2.8 The 2™ - 1 nonzero element of GF(2™) form all the roots of x2™! + 1

Cor. 2.8.1 The elements of GF(2™) form all the roots of x2™ + x("." 0 is the root of x)

@(x) : minimal polynomial of B, the polynomial of smallest degree
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Thm 2.9 ¢(x) is irreducible
pf 1 @(X) = @ (X)Py(x) " @(B) = 0 .". either @,(B) = 0 or @,(B) = 0 (—<«)

Thm 2.10 f(x) € GF(2)[x] if B is also a root of f(x) then @(x) | f(x)

pf : f(x) = a(x)(x) + r(x)
B =pB)=0..r(B)=0="ifr(x) #F0 (—><«) ..r(x) =0

Thm 2.11 ¢(x) | x2" + x
pf : By Cor 2.8.1 & Thm 2.10

= (1) all the roots of ¢(x) are from GF(2™)
( 2) what are the roots of @(x) ?

Thm 2.12 Let f(x) be an irreducible polynomial aver GF(2)
if f(B) = 0 then @(x) = f(x)

pf : By Thm 2.10 @(x) | f(x) . ¢(x)=1 & f(x) is irreducible .". @(x) = f(x)

14
By Thm 2.7 B, B2, B%, ..., B2, ... are roots of ¢(x) = —|
Let e be the smallest integer, s.t. B2°= @ )
Q: Then B2', B22, ..., B2 are all the distinct conjugates of N

B2m=B e<m
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e-1 .
Thm2.13 f(x) = H(x+ 52') is irreducible over GF(2)

pf: i=0

e—1 e—1

(1)[f(x)y{n (x+ﬂzi)r:H (x+ 57 ) s (xep7) =x2ep

i=0 i=0

[f(x)]zzlie__[: (x2+ﬂ2i+1):li—e[1 (x2+ﬂ2i)
= {ﬁl (x2+ ﬁzi)}(x2+ ﬁze)-,-/ﬂ:ﬁﬁl (x2+,82i): f(xz) )

i=1 i=0

g+l

Letf (x)= f,+ fx+ ..+ f,x" where f, =1+— f e GF(2*)

[f(x)} _Z f.2x 2'+(l+1)22 ffx" = Z f2x? (**

By (*)& (**) Z f.x? Z fx* - for0<i<ewehavef = f’
i=0 =f=0o0r1

(2) suppose f(x) (=a(x)b(x)) is not irreducible over GF(2) - f(x) € GF(2)[x]
" f(B) =0 =a(B) = 0 = a(x) has B B2 ... p** as roots
- deg[a(x)] = e & a(x)=f(x)
or b(B) = 0 = similarly, b(x) = f(x)
. f(x) must be irreducible
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e-1 .
Thm 2.14 Let e be the smallest integer, s.t. #2 = £ Then ¢(x):H(x+ﬂ2')
i=0

Pf: By Thm 2.12 & 2.13 M= 4 9?'

Thm 2.15 Let e be the degree of ¢(x). % - (b
Then e is the smallest integer s.t. B2° = 3, moreover e <m

Pf: direct consequence of Thm 2.14.
Minimal polynomials of the elements in GF(2%) generated by p(x)=x*+x+1

Conjugate roots minimal polynomials 35
0 X - o
1 X+1 \7 |D
o, o2, at, o x4+ x +1
a3, ab, a?, al? X+ x34+ x24+ x +1
o>, oo X2+ x +1 % 1
o/, all, al3, ol xH X3+ 1 _ F,

e.g. X1¥+1= (x+1)(x2+x+1) (x*+x+1) (x*+x3+1) (x4+x3+x2+x+1) over GF(2)
X541= (x+00) (x+a®)(x+al®) (x+al)(x+o?)(x+a)(x+a8) over GF(24)
al>=1 (x+o/)(X+al)(x+al3)(x+all) (x+o3)(X+al)(X+al?)(x+a)
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Q:1. The degree of the minimal polynomial of any element in GF(2™) divides m

2. Inpp.14 (1) a #dadl
(2) a is a primitive element

pf:ifai=al,i#j,j>i,1<ij<2m—1

= o=
ie.In=j—i<2m-1st.a"+1=0 ablxE
= x"+ 1 = g(x)p(x) + r(x) ie.p(o)|an+1 T8
= a"+ 1 =q(a)p(a) + r(a) Le. p(x) | x"+ 1 (>«)
oo an+1=0&p@)=0..r(@)=0 7. p(x)is primitive
xLla
=R

Q : primitive polynomial & minimal polynomial f#{%?
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(1) For degree m primitive polynomial is not unique
Q: (2)For a, the minimal polynomial of a is unique
(3)If a is primitive, the minimal polynomial of a is primitive

% Let n be the order of a?, 1> 0, by Thm 2.5, n|2m—1 - (1)
In GF(2M) i.e. (a?)= a2 =1
"." ais a primitive element of GF(2™), its order is 2™ — 1
S.2"—1|ne2 o 2m-1,2)=1 . 2"-1|n - (2)By (1)& (2) n=2" -1
= If a is primitive, then o2 is primitive

Thm 2.16 If B is primitive in GF(2™), all its conjugates B2, B2, ... are
also primitive
Example 2.10

- Thm 2.17 If B is an element of order n in GF(2™), all its conjugates

Q: have the same order n

Example 2.11
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