I Cyclic Code

» shift registers with feedback connections
inherent algebraic structure = Algorithmic technique
» random-error correction & burst-error correction spurred by algebraic
coding theorists
« particularly efficient for error detection

Def : Cyclic Code (i) one linear code ( subset of GF(q)[x]/x"-1)
(n, k) (i) x*c(x) mod x"-1 € C(x) if c(x) € C(x)

n-1
c(x) = ZCiX' Shift right i ~
=0 Shift left n-i
*V = (Vg, Vyq, ..., Vpq) : COde vector
VD= (Vg Vo, Vi, ey Vi)
VO = (Vo Viiets -5 Yoty Vo Vs oy Viiit)

*V(X) = vy +vyx + ... + v, _,x™": code polynomial

-1
Vii ¥ ViiaaX ¥ o F Vg X0
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Def : generator polynomial : The nonzero monic code polynomial of
minimum degree in a cyclic code C

g(X) =go + giX + ... + g X+ X

( note : multiply by a field element to make it monic )

* g(x) is unique NN i.e. T—HEThm (i)
clam:r=n-k -C. )
*In GF(2), gy =1 - 2 35

For (n, k) cyclic code
Consider : g(x), xg(x), x2g(x), ..., X™™1g(x)
I I I
gM(x) g@(x) g(1)(x) «— code polynomials

V(X) = Upg(X) + uxg(x) + ux?g(x) + ... + Uy 4X"g(x)
= (Ug + UgX + UpX? + .+ Uy XM )g(x)
= u(x)g(x) is also a code polynomial

Note If r = n—k, deg u(x) = k-1 u(x) : information polynomial
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Thm: Letg(x)=1+g4(x)+ ... + g,.X"! + x" be the generator polynomial
in an (n, k) cyclic code. A binary polynomial of degree n-1 or less
is a code polynomial iff it is a multiple of g(x).

Proof:
r%(;é V(X) = (ag*ax +...+a, . x"1)G(X)= ag(X)+ axg(x)+...+a, . x"g(x)
(i) > v(x) = a(x)g(x) + b(x) .". b(x) = v(x) + a(x)g(x)

# of binary polynomial with degree < n-1 that are multiples of g(x) = 2"
' 2nr =2k 3 r = n-k :

Thm : In an (n,k) cyclic code, there exists one and only one code
polynomial of degree n-k

- 2 k-1 K
g(x) =1+ gyx + goxs + ... + g X"+ X0

Every code polynomial is a multiple of g(x) and every binary polynomial of
degree n-1 or less that is a multiple of g(x) is a code polynomial.

Q: g(x), xg(x), x2g(x), ..., x*'g(x) are linear independent ? Yes, and they can span the k-
dimension (n,k) linear code
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Thm: g(x) | x"+1 (x"-1)
pf: x"—1=Q(x)g(x) + s(x) <« fWiE mod x"-1
= 0= Q(X)g(x)/x"-1 + s(x)
= ¢(X) € C(X)
s(x) = 0-c(x) € code polynomial ..s(x) =

Q: vn,k, Does there exist an (n, k) cyclic code?

Thm : If g(x) is a polynomial of degree n-k and is a factor of x"+1(x"-1),

then g(x) generate an (n, k) cyclic code

pf: (1) V(X) = Uy G(X) +UXg(X) +...+Uy X<g(x)
= (Up tux +...+u_ XKT)g(x)= votv,x+...+v, X"
there exists 2 code polynomials = (n,k) linear code
(2) If v(x) is a code polynomial, to prove that v(')(x) is also a code
polynomial
since  xv(x) = v, (x"-1)+v(x)
= v(l)(x) is a multiple of g(x) & deg[v((x)]<n-1
- v(x) is also a code polynomial
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Q: For large n, x"+1 may have many factors of degree n-k.
How to select g(x)?

?

Non-Systematic Encoding |
x"*u(x) =a(x)g(x)+ t(x)

= V(x) = u(x)g(x)
= t(X)+ x"*u(x) = a(x)g(x)

& deg[t(X)+ x"*ku(x)] < n-1

Systematic Encoding .". It's a code polynomial

v(X) = x"ku(x) + t(X
where t(x) is chosen st. (i) deg t(x) < n-k
(i) v(x)/g(x) = 0

L t(x) = - xRku(x)/g(x)
= tO + t1X + ...+ tn_k_1Xn'k'1

Q: t(x) physical mean?
V=(to, t1,-.-,tn_k_1,u0, U»], ""uk-1) ( )p y
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TABLE 4.1 A (7, 4) CYCLIC CODE GENERATED BY g(x) = 1+x+x3

Messages Code Vectors Code polynomials

(0O000) 0000000 0=0°g(x)

(1000) 1101000 1+x+x3=1-g(x)

(0100) 0110100 x+x*+x* = xg(X)

(1100) 1011100 1+x2+x3+x*= (1+x)+g(x)

(0010) 0011010 x2+x3+x5 = x2+g(x)

—— (1010) 1110010 1+x+x2+x5 = (1+x2)+g(x)

non-systematic (0110) (010111 Q) x+x3+x4+x5 = (x+x2)*g(x)

(1110) 1000110 1+x4+x53 = (1+x+x2)*g(x)

(0001) 0001101 x3+x4x8 = x3+g(x)

(1001) 1100101 1+x+x*+x8 = x3+g(x)

(0101) 0111001 x+x2+x3+x8 = (x+x3)+g(x)

(1101) 1010001 1+x2+x8 = (1+x+x3)+g(x)

(0011) 0010111 x2+x*+x3+x8 = (x2+x3)*g(x)

(1011) 1111111  A+x+x2+x3+x4+x5+x8 = (1+x2+x4)*g(x)

(0111) 0100011 x+x3+x8 = (x+x2+x3)*g(x)

(1111) 1001011 1+x3+x5+x8 = (1+x+x2+x3)eg(X)
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TABLE 4.1 A (7, 4) CYCLIC CODE GENERATED BY g(x) = 1+x+x3

Messages Code Vectors Code polynomials

(0000) 0000000 0=0°g(x)

(1000) 1101000 1+x+x3=1+g(x)

(0100) 0110100 x+x2+x*=x-g(x)

(1100) 1011100 1+x2+x3+x*= (1+x)°g(x)

(0010) 1110010 1+x+x2+x° = (1+x2)*g(x)
— (1010)  0011010J x2+ x3+x5 = x?g(x)

systematic (0110) 1000110 1+x4+x5 = (1+x+x2)°g(x)
(1110) X+X3+x4+x5 = (x+x2)*g(X)
(0001) 1010001 1+x2+x8 = (1+x+x3)*g(x)
X3(x2+1 (1001) 0111001 x+x2x3+x8 = (x+x)+g(x)
Gy (0101) 1100101 1+x+x*+x8 = (1+x3)+g(x)
(1101) 0001101 x3+x*+x® = x3+g(x)
= X2 (0011) 0100011 x+x3+x8 = (x+x%+x3)*g(x)
(1011) 1001011 1+x3+x5+x8 = (1+x+x2+x3)+g(x)
(0111) 0010111 x2+ x*+x5+x8 = (x2+x3)*g(x)
(1111) 1111111 A+x+x2H3+x4+x5+x8 = (1+x2+x5)+g(x)
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Generator & Parity-check Matrices

(—)
v=u-+G
V(X) = (Ug + UX + ... + U X< T)g(x) Q: GH™=0
/90 9. 9, - T ¢ 0 0 0 0 . O\
G=| 0 9 9 9 . . . . . Ok 0 0 0 . 0
OOgoglgz.... g, 00 . . 0

T = 3*CX\>-R(_>G>

\0 0 X—’P \ ()__g0 1 g, | Jkxn

1= g(x)h(x) >f’(/X)

"+1 = g(X)h(x -

\\)fvm+hx+ .+ hxk: pan@{))fy\/\l/a\l/vg
)

Y =h+hx+ ...+ hxk

" xXkh(x 1) | x"+1 L. th(X' ) can also generate an (n, n-k) cyclic code

E?ﬁ ﬁk—,{, k-th coefficient
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(b b o, h, 0 0 0 . . 0)
U I U h, 0 0 . . O
| 0 0 h, h, hg h, 0 . 0
o 0 . . . 0h hy hy, . . . . .h

N /(n-k) x n

Note If v(x) = a(x)g(x)
v(x)h(x) = a(x)g(x)h(x) = a(x)(x"+1) = a(x) + x"a(x)

"." deg a(x) < k-1 01...k-1 ———n n+1 ...n+k-1

k
i=0

k
! > hv,;=0 1<j<n-k
deg =j A i=0
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(=)
consider each i corresponding to an information place
xmkt = g.(x)g(x) + by(x) 0<i<k-1 xRyt o xn-T
where b(x) = by + by x + ... + by, X"
=> b,(x) + x™* are code polynomials Q: GH™=0
(byy by by, - . . by 1 00 0 Q:
byo by by, bpys 0 10 04— (1) linear
by by by b,owy, O 0 1 . . . 07T .
G= ' independent?
(2) B
x"ku(x)/g(x) 2
Beso Bess Do bspis 0 0 O (e
kxn
(1 0 0 0 b b b beto )
SR o ho o0 - B (3) check VHT=0
01 .. .0 by ¥ by . . . b,
H=|0 01 . . .0 b, by, b, . . . b,

(4) (—)GEL(Z)G
ZRRfR?

000 . . . 1 by by by o Be 1ok
0,n-k-1 1,n-k-1 2,n-k-1 k-1, kj(n-k)xn
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Ans (2)

= UgX"K + Uy xR+

.+ U X1

x"ku(x)
e

g(x)

= Ugbo(X) + ub4(x) + ..

-+ Uy 4By (X)

= k-1
=t +tx+ ...+t X"

Ans (3)

V= (Vo:Visee oo Vit Vo VitV 1)

= (to,t4, - st geqsUgs Uy s Upq)

T —
V(H")1st column = Vot VakBPoo* Viks1P10F- -+ Vi1biq o

= ty* Ugbgot Usbyot ...

+ U, 1by 1
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(—). b(x) mod g(x)

b3X + (bz - glb3)

g(x) = X2+ gsx + g
b(x) = byx3 + b,x? + b,x + b,

n-k = deg[g(x)] = 2

X2+ g, X + go>b3x3 +b,x* + b x + by

b,x® + g,0,x* + g b, X

(bz - g1b3)x2 + (bl - gob3)x + b0

(bz - g1b3)x2 +91(b2 - glbs)x + go(bz B glbs)
—7

Ax + B (=s(x))

f AN A =<
H F‘“‘{"? ‘f/eg.j( f;?é?

b,x3 mod g(x) = ('90b3+912b3§X+9091b3
b,x2 mod g(x) = -g1b,x-gob,
b,x mod g(x) = b,x

0 0

b, 0 b, mod g(x) = b,
b, b,

bl - gobs bz - glb3
bo - go(bz - gle) (bl - gobs) - gl(bZ - gle)
Il I
B A
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bsx3 mod g(x)

= Hibx® BEEM =, 7
% 4 clock, 58 piaET A
b;x® mod g(x).

b,x mod g(x)

= b BHIHIMN S, 7
%L 2 clock, 5eplE TR
b,x mod g(x).

b,x? mod g(x)

= kb,x? M=, 7
L 3 clock,5eETH
b,x? mod g(x).

b, mod g(x)

= by BN =, &
22 1 clock, 5ERETHE
b, mod g(x).

2006/11/22
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(Z).  x2b(x) mod g(x)

bg,b4,b5,b3

(i) Hibax® HIEMNE, 154
clock 455 7%, syndrome N
5 Fsbsx> mod g(x). i.e. 1
BN (), by A T AE
2= 61 clock.

i.,e. 0,0,0,0,0, b,
(i) [5]3H for b,x2, b,X, b,

Q: implementation by (—)
(1) xb(x)/g(x)
(i) while complete the computation
b(x)/g(x) = s(x)
(i) LG disable
(i) one right shift
(iv) result = xs(x)/g(x)
-+ Xb(x) =~ input 0, by, by, b,, by

(2) x*b(x)/g(x)
input 0, 0, by, by, b,, b,

2006/11/22
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Encoding

< Method I >

step (i) x™ku(x)

(i)) x™u(x)/g(x)

= b(x)
(iii) b(x) + x"ku(x)

Gate
On-k-1
bO b2 > ... — bn-k-1
Message X"ku(X Z > Code word
n-k stage J ) O\Q_>
Parity-check

digits
Figure 4.1 Encoding circuit for an (n, k) cyclic code with generator polynomial
g(X) =1+ gqX + X2 + ...+ gp gy XM + Xk
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Example 4.5
Consider the (7, 4) cyclic code generated by g(X) = 1 + X + X3. The encoding
circuit based on g(X) is shown in Figure 4.2. Suppose that the message u =
(101 1)is to be encoded. As the message digits are shifted into the register,
the contents in the register are as follows:
Input Register contents
0 0 O (initial state)

1 1 1 0 (first shift)
1 1 0 1 (second shift)
=k 0 1 0 O (third shift)
1 1 0 O (fourth shift)
After the contents of the register are (1 0 0). Thus, the complete
code vectoris (100 10 1 1) and the code polynomial is 1 + X3 + X5 + X6,
) Gate |«
L S
(1011) Parity digits =°\'9_g),de word
Message Xnkuy(Xy———— =—

Figure 4.2 Encoder for the (7, 4) cyclic code generated by g(X) =1 + X + X3
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< Method 1I >

k-1
Vn—k—j :Zhlvn_l_J 1S j Sn_k - (1)
=0

= given K information digits (Voo Vikets --» Vie1) = (Ugs Uq, ooty Upq)
By (1), to determine the n-k parity-check digits (vy, V4, --. , Voi.1)

Vaka = NoVog T hyvpo+ o+ h v = Uy + hyu, + .0+ hy g
Viaka = DoV t hyvps+ o+ he vy = U +hyue s + .0+ hyoug + v

+)* @T)
A 4

Gate2 ﬁ;
l >e—>0 0 06 —>0—>

*| Gatel —>I—> Up u,

° Output to channel

<
<

+ +)

Uy.o U1

k stage

Figure 4.3 Encoding circuit for an (n, k) cyclic code based on the parity
polynomial h(x) =1 + h, X + h,X2 + ...+ h,_ Xk1+Xk
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=1 [Gate 2 k ? -
Input v I .

Q)
Q
—_
D
RN

v

y

v
f
v

»o Output

Figure 4.4 Encoding circuit for the (7, 4) cyclic code based on its parity
polynomial h(x) =1 + X + X2 + X4

Suppose that the message to be encoded is (10 1 1).
Thenv;=1,v, =0, vs =1, vg = 1. The first parity-check digit is

Vo=Vg+t Vs +Vv,=1+1+0=0
The second parity-check digit is - #HBZ M -

D R th 4k

Vi=Vs+V,+vy;=1+0+1=0 Q: iz Method 1, 11 &ARAHIE]
The third parity-check digit is

Vo=V +Vy+v,=0+1+0=1
Thus, the code vector that corresponds to the message (101 1) is
(1001011).
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Syndrome Computation & Error Detection
<Type I>

r(X) =rg+rx+ ... +r, x } T
= a%x)-g](x) + s(x) 1 deg s(x) < n-k-1 Q . S(X) <~ rH

s(x) =0 < r(x) is a code polynomial

T Gate [«
r(x)/g(x) =
Shk-
(X) ”i“
Received ]
vector

Figure 4.5 An (n-k)-stage syndrome circuit with input from the left end.
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Thm : Let s(x) be the syndrome of a received polynomial r(x)
Then sW(x) ( = xe s(x)/g(x) ) is the syndrome of
rM(x) (= x » r(x)/x"+1)

f Ref. pp.14
PR s(x)=r(x)/g(x) ?
[x-r(x)/g(x)]/g(x)

= [x-r(x)/x”+1]/g(x)

= r9(x)/g(x) 2 sP(x) r(x) --- s(x)

r(M(x) --- s(x)

[X-[POYG() +5(x)]/9(x) ]/9(x) = x-5(x)/g (%) =7

[x-[P()g(x) +5()]]/9(x) = x-5(x)/g(x)
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Ref: pp. 10 & 11

F= (g, My o sFrkets Trko -+ 5 Tro1) = (s 4y oo s oty Ugs Uqy «on U q)

reHT = (Sg, Sqs -+ 5 Spkt)

So = Mo + Mboo + Mas1Pro + oo ¥ Tqby g0 =T

S1 T I+ Mubor + by + oo by =

+r L +1

Snk1 = Mkt + TnkPo ket + MaetP1, nkct M-1Pk1. nokt =Mkt +

Syndrome is simply the vector sum of the received parity digits and the
parity-check digits recomputed from the received information digits

“r(X) =gt X+ F XM + xkey(x)
u(x) = ug + ux + ...+ Uy xKT
Lr(X)g(X) = rg +rx L F X+ xkeu(x)/g(X)

I
k-1
to+tx+ ...+t X"

(ko Tnokets =+ 5 Tt )G = (os By ot s T Trkets Moot )
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Example 4.7

A syndrome circuit for the (7, 4) cyclic code generated by g(X) = 1 + X + X3is shown in Figure
4.6. Suppose that the receive vectorisr=(0010 1 10). The syndrome of riss=(101). As
the received vector is shifted into the circuit, the contents in the register are given in Table 4.3.

Gate
inpu T
/’/X)j(/\/j_t. Gate é@-.‘é—@ — .,

Figure 4.6 Syndrome CII’CUIt for the (7, 4) cyclic code generated by g(X) =1 + X + X3, S/,p
/ / Shift Input Register contents ~

0 0 0 (initial state)
sCx)

000

100 (’X/
110 C?;L_
011

011 V\‘

111

101 (syndrome s) C’X

1 0 0 (syndrome s®)
0 1 0 (syndrome s®)

A

N elel _Nel i =]

@OO'I\ICDU‘I#OOI\)H

Table 4.3 CONTENTS OF THE SYNDROME REGISTER SHOWN IN FIGURE
46WITHr=(0010110)ASINPUT
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Gate |

<Type II>
X r(x)Ig(x)|=
Snk-1
v
s
r(X)

Figure 4.7 An (n-k)-stage syndrome circuit with Received vector
input from the right end.

Cor : The contents of the registers form the syndrome s(™)(x) of r(")(x),
which is the (n-k)-th cyclic shift of r(x)
Note :
1. X™Kr(x)/g(x) = [x"kr(x)/x"+1]/g(x) = rk)}(x)/g(x) = s(™K)(x)
2. r(x) = v(x) + e(x)

(9= V) o) o)
. 8(x) = r(x)/g(x) = e(x)/g(x) X)(x"+1) + R(x)

X)P(x)g(x) + q(x)g(x) + s(x)
= [Q(X)p(x) + a(x)]g(x) + s(x)

:Q(
:Q(
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1. syndrome

DeCOdmg 2. error pattern
Meggitt decoder 3. correct

_ received digits are decoded one at a time and
each digit is decoded with the same circuitry

<see next page>

Note : If Syndrome register # 0’s at the end of decoding ( n shifts )
uncorrectable error pattern

i syndrome s(x
(i) ry(x) =r(x) + x1 :
(i) 84(X) = s(x) + x"™/g(x) [(1())(2)() — 2(1(1(:)()]
(i), (N(X) = X+, (x)/g(x) r:(”(x) - s:“)(x)

= xs(x)/g(x) + [x-x""/g(x)l/g(x)

= xs(x)/g(x) + x"/g(x) = s((x) + 1
— x"-1 = Q(x)g(x)
=2>x" = Q(x)g(x) + 1
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<Type 1>

Gate

Buffer registers

Corrected

b4

N

Feedback connection

(ros My =+ 5 Mreq)
|)|(
r
( )_ Gate
Received
vector
Gate

A 4 A 4

A 4 A 4

A4

Syndrome register

Gate ]

N vector
7 >

A

A 4 A

A

s(x) - r(x)
s(M(x) --- r(M(x)

Error pattern detection circuit

ei Y

Gate

A

Syndrome modification

Figure 4.8 General cyclic code decoder with received polynomial r(X)
shifted into the syndrome register from the left end
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Example 4.9

Consider the decoding of the (7, 4) cyclic code generated by g(X) =1 + X + X3,
This code has minimum distance 3 and is capable of correcting any single error
over a block of seven digits. There are seven single-error patterns. These seven
error patterns and the all-zero vector form all the coset leaders of the decoding
table. Thus, they form all the correctable error patterns. Suppose that the
received polynomial r(X) = ry + r,X + r,X2 + r;X3 + r,X* + r X, + rgX8 is shifted
into the syndrome register from the left end. The seven single-error patterns and

their corresponding syndromes are listed in Table 4.4.

TABLE 4.4 ERROR PATTERNS AND THEIR SYNDROMES WITH THE RECEIVED
POLYNOMIAL r(x) SHIFTED INTO THE SYNDROME REGISTER FROM THE LEFT END

Error pattern Syndrome Syndrome vector
O =" s(X) (So. 1. S9)
es(X)= X8 s(X)=1+X2
v(x)+e5(X)=X5 s(X)=1+ X+ X2
S(A)  eyX)=X4 s(X) = X + X2
e;(X) = X3 s(X)=1+X
e,(X) = s(X) = X2
e,(X) = X1 s(X) =X
€y(X) = X0 s(X) =1

2006/11/22
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A 4

Buffer register

a r'(X)
O

rX) Multiplexer >
Input Y(
h 4 X)
Gate €1
( ) 01|
SX)
K-S~

3(,)“

J1(X)

Gate

Gate ]V (*) Scbq:r{

I ('ﬂ)(x\,

3 utput

v)

/

nigx)
AN

Jl

Figure 4.9 Decoding circuit for the (7, 4) cyclic code generated by
gX)=1+X+ X3
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Initial

1st shift

2st shift

3rd shift

Syndrome
register

Buffer register

Pointer

l

0/1]1(0(1]1
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Figure 4.10 Error-correction process of the circuit shown in Figure 4.9
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Figure 4.11 General cyclic code decoder with received polynomial r(X)
shifted into the syndrome register from the right end.
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Example 4.10

Again, we consider the decoding of the (7, 4) cyclic code generated by
g(X) =1+ X+ X3. Suppose that the received polynomial r(X) is shifted
into the syndrome register from the right end. The seven single-error
patterns and their corresponding syndromes are listed in Table 4.5.

We see that only when e(X) = X8 occurs, the syndrome is (0 0 1) after
the entire received polynomial r(X) has been shifted into the syndrome
register. If the single error occurs at the location X' with i # 6, the
syndrome in the register will not be (0 0 1) after the entire received
polynomial r(X) has been shifted into the syndrome register. However,
another 6 — i shifts, the syndrome register will contain (0 O 1). Based on
this fact, we obtain another decoding circuit for the (7, 4) cyclic code
generated by g(X) =1 + X + X3, as shown in Figure 4.12. We see that
the circuit shown in Figure 4.9 and the circuit shown in Figure 4.12 have
the same complexity.
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TABLE 4.5 ERROR PATTERNS AND THEIR SYNDROMES WITH THE
RECEIVED POLYNOMIAL r(x) SHIFTED INTO THE SYNDROME REGISTER
FROM THE RIGHT END

Error pattern Syndrome Syndrome vector
e(X) s®(X) (S0 1, S2)

e(X) = s®(X) = X2 (001) )

e(X) = X° sG)(X) = (010)

e(X) = s (X)= (100)5

e(X) = X3 s(3>(X) =1+ X2 (101)

e(X) = X2 sO(X) =1+ X + X2 (111)

e(X) = X! ()=X+X2 (011)

e(X) = X° s<3>(X) 1+ (110)
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Figure 4.12 Decoding circuit for the (7, 4) cyclic code generated by
gX)=1+X+ X3,
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