Peterson-Gorenstein-Zierler Decoder

LX) = (0w e
() eX) =¢e, + e X+ ... + e, X1 where at most t coefficients are nonzero

(2) Suppose v errors actually occur, 0 < v < t, in unknown locations

i1, 1y e sy

Coe(X) = ei1Xi1 + eiZX‘Z + ..+ eiVXiv 4[ i &, v are unknown ! }
(3) S; = v(a) = c(a) + e(a) = e(a)

=e dl+e. a2+ ..+ ¢ av )
1 2 v

< e
Let Y, = e; : error magnitude 1<Il=<v XN )
X, = all : error-location number D(J - \
Note : all X, are different ("."a”" =1) e
~ q 9O

S;i =Y Xi+ Y. X+ ..+ Y X,

Q: If j, is equal to 2, not 1, how do the peterson’s method work?
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(3)
S; = Vv(B) = c(B) + e(B) = e(B)
=e P +ef2+ .. +epv
Let Y, =g : error magnitude 1=<l|=<v
X, = B : error-location number
Note : all X, are different (*."a" = 1)
S;=YXi+ YK + .0+ Y X,

Note: If B=a3 and v=1 & i;=6
Then S; =Y X; =Y, B =Y, ald
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(4) Foraa?ad ... a4
(%) S, =Y X+ Y, XK+ ...+ Y X Y, € GF(q)
n0n|lnear 82 = Y1X12 + Y2X22 + + YVXV2 X| S GF(qm)
equations| S, =Y, X3+ Y, X3+ ...+ Y X3
XT: S

Ay =) TR

S, =Y X2+ Y X2+ L+ Y X2
1.(x)2/0F—f# *."Syndrome S, is defined in such way
2. 55 L fFunique
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Consider the polynomial A(x) = (1-Xx)(1-X,X)...(1-X,X)
=1+ AX+AX+ .. +AX=(1)
error-locator polynomial 7

If we knew the coefficients f A(X)
we could find the zeros of A(x) to obtain the error locations @
Si o N

1<i<2t 1<I<v

Multiply both sides of (1) by YXj*V and set x = X!
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0=Y, X/ (L4 A X" + A, X2+ + A X[)
=Y (X AXT LA X )=0

= 3, (X 4 A b ALX ) =0

=1

DX HAD Y X LA DY X =0
=1 =1 1=1

SivtAS L FAS, L+ +AS; =0
NS +AS L+ +AS; =-5;,, 1<j<v
'S, S, S S, T A, 1 [-S,,, | ~vst
S, S S, . . . S, Sy A, ~S,., | +S1~Sy
83 S4 SS . . . Sv+1 Sv+2 AV_2 - Sv+3 all known
_Sv Sv+1 Sv+2 Szv—z S2v—1_— Al 4 L 82V -
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Thm : The Vandermonde matrix has a nonzero determinant
iff all of X; 1 <i < u are distinct

1 1 . 1

X, X, . . . X,

XP X3 X,
A= .

XX XY

Thm : The matrix of syndromes M is nonsingular if u is equal to v, the number

of errors that actually occurred. The matrix is singular if u > v.

'S, S, . . . S,
S, S, . . . S,
M _ . . .
_Su Su+' S2u—1_
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Pf:Let Xu = O foru > v

1 1
X X
LetA =| ' -z
XU—l xu—l
LM 2
'YX, 0
- 0 Y,X,
0
ABAT
..M_ABAT

{
Xu . i-1

xu—l
u

1 i=j

with B; = Y; X;5;,0;; = .

: 0 1#]
Y, X,

ZXI|12Y|X§,kxk—1 ZXHYI X, X, = ZYIXH”—

(Mu > v det(B) = 0 = det(M) = det(A)det(B)det(A”) = 0

2)u =v det(B) # 0 &det(A) = 0 ..

dettM) = 0
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Enter u(x) )
| special case
Compute syndromes Jo =21 ot
S = u(d; ) ]=1... 2t aas...a
v=t
S, - S, : ' -
M= : : Find error location
S, - S, X (I=1....v)
by finding zeros of A(x)

vev-1

Figure 7.1 The Peterson-Gorenstein-Zierler decoder.
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Eg:
BCH(15,5) triple-error-correcting code.
gX) =X0+ X8+ X5+ X4+ X2+ X+ 1
received code polynomial
= V(X) =X+ X2

In GF(2%) S, =a” +a?=qal?
S,=a%+a*=a’
S;3=021+a®=0
S,=a®+ad=al
Ss=a% +alf=ad
S¢e =02 +al?2=0
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-Sl s, s, a2 &0
setv=3 M=|S, S; S,|=la’ 0 a’| det(M)=0
1S3 S, S5 0 o 1
'S, S a? o
v=2 M=| " 2}: det(M) =0
1S, 5 a 0
vE 0 af
_a6 a’
A 0 0
2 = M -1 [ ] = @
_Al a3 alz
A(X =1+a*x+a’x*
=<1+a2x)(l+a7x)
=a9(x—a8)(x a13)
1 7
— =
o
1 2
— =
JRE
se(X)=XT+X?
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Reed-Solomon Code (maximum-distance code)

(1)The symbol field GF(q) and the error-locator field GF(g™) are the same
(Y) (%)
(,e.m=1)
(2)Take a as primitive n=qgq"-1=q-1
(3)The minimal polynomial over GF(q) of an element B in the same GF(q)
is fg(X) = X -
4Takej,=1 gX)=X-a)(X-a?)..X-a®) .. n-k=2t

egl. (15,11)t =2 GF(16) j, =1
9(X) = X-a)(X - a*) (X - a®)(X - a*)
=X+ (ZB+2Z2+ 1)+ B+ )R+ X+ (Z2+Z2+1)
= X* + al3X3 + ab%? + a3X + alo
n—k=4= k=11 (11 16-ary symbols ~ 44 bits)
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eg2. (73)t=2 GF@8) j,=4
9(X) = X - a*)(X - a®) (X - a®)(X - a°)
=X+ (Z2+ 1)+ 22+ 1)+ (Z+1)X+Z
n—k =4 = k=3 (3 8-ary symbols ~ 9 bits)
IfFiX)=(Z2+2)X2+X+(Z+1)
c(X) = i(X)g(X) = (a*X2 + X + a@3)(X* + ab%X3 + aéX2 + a3X + a)
= a6 + aX® + adX* + 0X3 + 0X2 + a°X + a*

1l.n-k+1=2t+1<d*¥<1+n-k
S.d¥=14+n-Kk
2. R-S codes always have relatively short block-length as compared
to other cyclic codes over the same alphabet !
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