Types of Signals

time - continuous & amplitude - continuous time - continuous & amplitude - discrete
(Analog)

time - discrete & amplitude - discrete

time - discrete & amplitude - continuous (Digital)
- Time-discretization (sampling) : information preserving operation

- Amplitude-discretization (quantizing) : information lossy operation
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Scalar Quantization (1)

e Quantization
- the number of possible distinct source output values is generally much larger
than the number of codewords available to represent them
- the process of representing a large — possibly infinite — set of values with a
much smaller set
e Scalar Quantization
- the set of inputs and outputs of a quantizer are scalars
¢ Vector Quantization
- the set of inputs and outputs of a quantizer are vectors
e Encoder Mapping [analog-to-digital (A/D) converter]
- The encoder divides the range of values that the source generates into a
number of intervals. Each interval is represented by a distinct codeword
e Decoder Mapping [digital-to-analog (D/A) converter]
- For each codeword, the decoder generates a reconstruction value

that best represents all the values in the corresponding interval.
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Scalar Quantization (2)

output
A
Reconstruction levels 3.5 s — e
M = 8 intervals
8 L
it 23
1.5
3.0 -2.0 -1,|00.5 ILO I2.0 ?.0 [nput
by = -0 by b 05 b by bg =
F—1.5 . -
Decision boundaries
vy =25 8
_ 1 <—3.5 {bl} i:O

e The input amplitude x is quantized as y; if it falls into the interval { b, < x <b;},
I=1,..., M, and the value y; is used to represent all amplitudes of the interval.

i.e. Q(x)=vy,iff b, <x <D

Scalar Quantization 3
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Scalar Quantization (3)

¢ Quantization error (quantization distortion or quantization noise) : x — Q(X)

(1

- mean squared quantization error (msqge):
- 2 M, 2
o =], (x=0() fy@dx=3[" (x=y) fy(x)dx
i=1 '
e The rate (R) of the quantizer is the average number of bits required to

single quantizer output
- Fixed-length coding : R =[ log,M 1.

represent a

Given an input fy(x) and M, find {b;} and {y;} so as to minimize & .

i=1
corresponding to y,, and P(y,)= _[:_i 1 [y (x)dx.
i

M
- Variable-length coding : R = > 1,P(y;), where |;is the length of the codeword

@ R <R*, find {b}, {y}, and binary code so as to minimize o

Given an input fy(x), M, and VLQ
O] 0'5 < D* find {b}, {yi}, andmso as to minimize R.
2

p
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Quantizer Types

X y Uniform midrise
Nonuniform midrise 4 M=8
M=8 7 _I_I_/

Nonuniform midtread . B Uniform midtread
M=7 | M=7
l l | | | > X B > X
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Quantization Error

{ Uniform quantizer} [ Nonuniform quantizer }

351’

2.5-

1.5
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Uniform Quantizer (1)

e Uniform Quantizer

A for1=1,2,..., M-1. . —
: x-Qx) =¢
b.,, —b,=A;fori=1,2,..., M-2.
Q: why
—4A -3A -2A -A _%A 2A 3A 4A
RO
— X max 1A Xmax
1. Uniformly Distributed Source 2
XE[-)(max ’ max] Wlth _Xmax :bl_A’Xmax :bM—l-’_A
: A — 2X max
M
=9 M2 . 2
5 iA 2i-1 1
X — x)x = 2 x- A dx
1 M o A A 1w 2
= X2 X —x X-—|dx = —=— d '
X s ( 2) TR IR
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Uniform Quantizer (2)

¢ Quantization error
_ _ A A
q=x-y;=x—Q(x) E{‘??]

¢ Signal-to-Quantization noise ratio

2 2
SNR(dB)=10log,g| 75 | = 10log,,| ~mx 12 | Z1glog,, | (Fms)” )’
o 3 A% A?

q
=10log,,(M?*)=20log,,(2") = 20nlog, 2
=6.02n dB

Ymax 2
where Gsz = ¥ I dx — Mmax.
o 2X 3

and M =2"(i.e. an n-bits uniform quantizer)

Every additional bit in the
quantizer = the SNR will
increase 6.02 dB

2011/9/15 Yuh-Ming Huang, Information Coding Lab, NCNU CSIE Scalar Quantization 8




Uniform Quantizer (3),

2. Nonuniformly Distributed Source

o2 =3[ (rm ) fi (1 pagast
9~ bi 1 Vi X ~* max 5

x-Q(x) Overload error
A
—4A —3A —2A —-A ZA 2A 3A 4A
-2
A A A/,
| | | xmax X
Granular error
Al f (x)dx+2_[ooM (x—b 2f (x)dx
! (7‘1% 2 o

Granular error
- To find the optimal value of A
80‘5

0A (i-DA 2

i=1
(M - 1)j(°§’u_l)A(x— Mz_lA)fX(x)dx =0

o AT = Size of overload region ¥

= overload error 4
e AT = granular error?

R
2 i 7
- Tanf (2 e =

Overload error

Sx(x)

_ Granular probability

Loading factor f,

Overload probability ©
PIGURE 8.10  Overioad end grancher regions for o 36t wnlform gventizen
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Uniform Quantizer (4)
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Effect of variance mismatch on the performance of 4-bit Gaussian uniform quantizer
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Adaptive Quantization (AQ)

» Adaptatic quantizer
— variances of input
— pdf of input

— mean of input

* Forward Adaptation (AQF) < off-line
— the quantizer adapts to changes in N future input variances

e.g.attimen
N Z Xn+|

« Backward Adaptatlon (AQB) « on-line

— only the past quantized samples are used in adapting the quantizer
— Jayant quantizer (quantization with one word memory)

» adjust A after observing a single output

# if the input falls in the outer levels ® A

# if the input falls in the inner quantizer levels ® A
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Forward Adaptive Quantization

* Example
- The step size is adjusted based on the statistics of the entire
sequence
* 16-bit per sample : original signal
 3-bit quantizer is used to quantize a segment of speech
 8-bit quantizer is used to quantize the side information (standard derivation
for each block of 128 samples) (i.e J1JE step size,i2H5{EE% pdf & mean &)

Original 16-bit speech and compressed 3-bit Original 16-bit speech and AQF quantized
speech sequences sequences
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Backword Adaptive Quantization

« Jayant quantizer

— adaption : step size for the current input is modified based on the previous
quantizer output A, = Ml(n—l) A,

Where M, ., is the multiplier for quantization interval I(n-1) at time (n-1)

 Example apdoutput M
— 3-bit unifrom quantizer i
] IV|0=M4: M1=M59 5472
—1nput 0.1, -0.2, 0.2, 0.1, -0.3 ...
Ag =0.5 My=Ms , Ms=M; 3A/2
/21
1>My<M;y<My<My>1 o aa A | A aa a
T 1 T T T 1 >
0.8 0.9 1 - t1.2 aa Input
upu M,
n Ai Input level Ouput 1 an/0
MS
0 0.5 0.1 0 0.25 1 sn/s
1 0.4 0.2 4 02 |A1=MpxA M,
1 0 0 T —7A/2
2 0.32 0.2 0 016 |Ay =My xAy M,
3 0.256 0.1 0 0128 A3 =My xAy
4 02048 | -03 5 03072 |Ag = Mg xAj
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Nonuniform Quantization

Choose smaller qunatization intervals in regions of higher probability

& Choose larger quantization intervals otherwise / 0B
* PDF-Optimized tizati i
ptimized Quantization —y - J-bbi_1 of - (x)dx
M ov. ! i
ci =2, oy feode = Jogy S0 x
i=1 '7 2 g » .
a;q _0= b, = yi+12+ Vi b, Vi l b,
- Lloyd-Max algorithm )
* to calculate the optimal values b; and y; iteratively y,=? When fy(x)
* Companded Quantization :l constant
I Ontpant T O0utput |
' | e L_rr'_ X c(x) B
o { ' . l__rr " ] l'_ om| — 7
| | : o4~
Compressor Uniform guantizer Lapander
c(+) ()
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. |
Theorem: f is continuous at [a,b]. If F(x) |= J f(t)dt, cela,b], /
: ) <
then F'(x) = f(x) Vx €[a,b]. ///
/
b 2 bit1 2 - >
o[ =3 frodx+ [ T =y Sy ode+ | C < s
{ - i) Tx b i+1) JXx 0 >< X+ e\
ob;
2 2 ————-l
= =G fre=0 = 5 (e g)
= fx (b)) # 0.5 b; = (y; + Y1)/ 2.
Ao ~FCO
Glop b o
o .
aq :O:L’ 2x—y;) fy(x)dx =0 Vi R
Vi i—1
w2 IOVAR
L ¢ x)

b; b: .
= [ ey [ fede=0 vi =y, =2
bi—1 b b;

2011/9/15 Yuh-Ming Huang, Information Coding Lab, NCNU CSIE Scalar Quantization 16




Lloyd-Max algorithm (1)

* For an M-level symmetric midrise quantizer b;
—to obtain {yy, Yy ,..., Yuz} @and {by, by ..., Byya)1}- b - Ibi_1 X x (x)dx
where b, = 0 and by, = peak value of the input. L7 eb;
o w2 peak value of the inpu [ fx (o
y1»b; (1) Pick y, Jbbl xf x (x)dx b. :M
(2) Compute b, from Y1 = ) . 2
Y2 [yo Fx (x)ax
Y2 b, (3) Compute Y= 2b1 Y
(4) Repeat the process (1-3) until y,,, is obtained . L
Y3 (5) Check if y,, is the centroid of the area of L
fy(x)between by,,.4and by, , nimely, Y
Yoyt - bogay bm /2 Y2
l Y2 = Ib(M/z)_IXfX(X)dx h_| ———
by / Yo
Ymn * jb(ﬂj\l/; /22)_1 Sx (x)dx by b, b, b,
(6) If lypo-¥m /2 | <threshold then stop
else y, = y,- (Yyo- ¥ /2 ) o to step 1 Q: by H(by-by)/2 =y, 7 %
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Lloyd-Max algorithm (2)

Effect of mismatch on nonuniform quantization (4-bit Laplacian nonuniform quantizer)
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Companded Quantization (1)

« Companding = compressing and expanding
* Example

A A Output —1 4
c(X) o1 ¢ (%)
3T - ’_l 3
27#_ \2X/3+ i pan
q —4-3-2-17/1 2 3 4 | —a-3 -2 11T ‘
——— ———t ——F—+F— ——— ————
/1 X — 10 20 30 40 Input 1 1 2 34X
-1 - b, b, = oo -I
2x/3-4/3 T 2 e +-2
- -3 - -25 -+ -3
+ -4 - -35 + -4
input x=0.9 \ A onchae
@ uniform quantizer 305 L
Q(x)=Q(0.9)=0.5 0os1 25 4 55 175 L
q=09-05=04 « H——+—— 0_75__O,J
@ companded quantizer -4 —25 1-pgds1 25 4
C(X):]_.S 1 I I ___I I I Ilnp:]t
Q(c(x) =Q(1.8)=15 Cx)yt+—F+—+——+—+—
c(1.5)=0.75 0 12 3 45 1
q=0.9-0.75 =0.15 . .
Nonuniform Companded Quantizer
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Companded Quantization (2)
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