Transform Coding

* Goal of Transform
— to decorrelate the original signal
— to compact a large fraction of the signal energy into a small set of
transform components

The transform operation itself does not achieve any compression
The subsequent quantization of the transformed coefficients
and their efficient encoding result in compression

» The desired characteristic of the Transform
— signal-independent basis function
* Finding the basis functions of an optimal transform is
computationally intensive task

» The basis functions of a signal-dependent transform are required to

transmit to the decoder
« Efficient bit allocation for quantizing the transform coefficients
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* Example
— consider transform as coordinate axes rotations
X (X)) Y Yoy
X1 (65.170 y=Ax Yl (182.3)
X2 (75.188) ~ Y2 (202.0)
X3 | (60.150) Yo | |0 @or|Xo| | cos€@ smn@ | x, V3 A6
X4 (70.170) By @y an|lx | [—sin@ cosf| x Y4 (184.-2)
X5 (56.130) Y5 (141.-4)
X6 (80.203) _ Rotation Y6 (218.1)
X7 (68.160) ™ matrix Y7 (174.-4)
L] \ -
X8 (30.110) S H Y8 (121.-6)
In ‘.- Y
X9 [ R {1 160 s '. - - '- Y9 (90.-7)
140 [ A .
X10 (50.153) 1 * e s . Y10 (161.10)
- Q o0
X11 (69.148) = = 4 Y1l (163.9)
Xl12 (62.140) : V12 (153.-6)
%13 (76.164) » e (181.-9)
] " i ’
X14 (64,129 D 10 20 I 4 O 6 W 0 N Y14 (135.-15)
1 14 _ >
2 . 2
o, =— Xiyg — X =117 .31 o- =1027.55
%o 142( 0~ Xo) Q.O_z +o? =g +o2 Yo
i=1 T X X Yo Y1 2
o7 =946 .29 o, =36.05
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e Orthonormal transform Orthonormal TranSfOrm (1)

-1-D transform

y=Ax
x=By (B=A'=A")
o c.g.
-4 e o
N2 Yo | < % Xo ransform coefﬁuent%
M Ay A%
N-1 o N
_Z Xo| |90 o |[Yo|_
Yo = Xily - -
, X ] %0 4N
i=0
- 2-D separable transform
Y =AXA"
X=BYB" B=A'=A")
o c.g.

[xoo xm}_{aoo alo}{)’oo J’oﬂ{aoo am}
X0 *u o1 AV Yuull %0 9
2 2
_ oo Qo o1 Aoo1o  ood11 Aoo1o 401910 4o 91
=Yoo , [T 0 i 2
Aydy, Ay o110 90191 Qgodyy  dodyy aed,  ap
a

a a a
:J/OO{ 00}[%0 a01]+y0{ 00}[‘110 ‘111]+y10{ 10}[‘100 a01]+y1{ 10}[‘110 ‘111]
oy oy ap ap
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Orthonormal Transform (2)

y = Ax x=By=4A"y Basis vector b,

] _<—bg S R T
« b -
Y= x X|=|by b by |y
] |« by o] R Vo
* Basis vector DWHT DFT DCT KLT
_N=8

(NABRERY) LLLLLLL) (VNENENY] '||||||

R TR, "u‘*rn ““"'r'n w

-t III" LL'l'r!-’ LLrnf'-, lL-.n.._U

Uity iy Kol Basile

1.l“r'rJ e r [ T a | |

Ll "lrL'TH wal tal }

iy pbvip by

Ly
Ui Gl s e
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Orthonormal Transform (3)

* Energy preserving y=Ax  x=Aly

N -1 N—
ny:yTy=(Ax)TAx=xTATAx=xTx=xTx= X;
i=0 i

i=0

—

e Error introduced to X = Error introduced to Yy
@ forward transform y = AX
@ quantization §=Qly]
® inverse transform AT A T )
=AY (47 (= 14" (=]
N-1 4/2 , N-1
. . . A2 . . .
Z(xi —X; )2 = (x—x)T(x—x) = HX_XH = HATy _AT)’H ==y = Z(yi — Vi )2
i=0 i=0
* The reconstruction error = error introduced by the set of quantizers

Nl

O-Z_IN—I( 2_1 _IN—IO-Z_O-Z

i=0
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Optimal Bit Allocation (1)

e Quantization error introduced by the /sth quantizer

Example: an uniform quantizer with 2%level = A = D;%
A2 Az max 2 1 Xj’lax
B _.[ A2 E_ _( )T 3 22k
2
0_2 — X2 1 Xmax
' =X 2Xmax 3
_ 2—2R

2

2 2R; 2 (ie R 110g0¢+110g dl
=a:2 “Nig €0y =108, o T 108 5
qi ! Vi 2 2 o,
where £; is # bits used by the /-th coefficient y;and ¢« ; is a factor that depends on the
input distribution and quantizer

- O

* Average reconstruction error

N -1 N -1
> 21 » 1 2R; 2
O-’”_O-C]_ﬁ O-qi_ﬁ ai2 O'yl,
i=0 i=0
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Optimal Bit Allocation (2)

I 1
.. 2 2 2 -2R; 2
To minimize o . _Gq_ﬁ_ aqi—ﬁZa,Q o, (D
i=0 i=0

=
with the constraint of _Z R, =R (2

N

i=0

Sol: Assume & ; is constant & for all i and using the Lagrange multiplier method

N -1 N -1
a _2R: 2 1
= — 27% gt — A(R - — R.)and set V] =0
Let J N; Vi ( NZ? i)
oJ oJ oJ

e = (0,0,...0
oR, OR, 8RN_1) ( )

(ie. (

1 1
— - = N
R; 2log 2(2aln 2o-yl_) 2log2/1 (3)

3) LA Q)
N N -1
= ]i[—log 2(1_[ (2aln202)=2R+log, 2 —> 4= l_[O (2aln 203 )t/ V272K 4)
i=0 1=
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Optimal Bit Allocation (3)
@ A (3) ) A
2 N-1
= k- R hog, i () = oy = a2 el s ([ ] el
H (0_2 )l/N i=0
. Vi 1 N -1 N -1
i=0 03 _ WZ 0‘2_2Ri‘7i,~ =a2—2R(“ | G)%i)]/N
i=0 i=0

* The optimal bit allocation also implies identical error variances introduced in each y,
coefficient quantization
* Transform coding gain

o, - " ’ 2. .
G = —EM i=0 = i=0 , where O, 1s the variance of

O ,.1C a2_2R HN71 5 N HNfl 2 N he ith ffici
U o P o T i the ith coefficient y,.

[

2

2, 2

o;/o; o o
10log;( Gre = 10log;g——5"— = 10logjy—*——10logiy—*— = SNR,(db) = SNRpcs(db) + 100G
0, /Oy pcu O.1c Or.pcM

2006/11/30 Yuh-Ming Huang, Information Coding Lab, NCNU CSIE Transform Coding 8




Optimal Transform (1)
» Karhunen-Loeve Transform(KLT)

— the optimal transform in an energy-packing sense
y = AX
R, =E[w' = E[(ax)ax) |- A E[xc ] AT= AR, AT

mon matrix of the } ﬁCorrelqtion ”Ta”ix }
transformed coefficient of the input signal

R, is a real symmetric matrix
~.its eigenvalues 4, are real and there exactly N eigenvectors |; which are
orthogonal and can be chosen to be orthormal

R.:-l.=4-1, 1=0,...,N-1
— KLT is defined by the fact that its basis vectors are the eigenvectors of
N R
A =
o
AT :[Io Lo IN—I]
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Optimal Transform (2)
e KLT diagonalize R,
ly o
RyyzA'Rxx'AT = [Rxxlo RxxlN—1]= [A’OIO A’N—IIN—I]
N N
N-1 N-1
A 0 -« 0
0 0 - Ay,
— the transformed coefficients are uncorrelated and can quantized independently
IR R, (0) Ry (1)
sifN=2and R,, = {Rxx(l) Rxx(O)}

* then
1|1 1|1
ﬂ() = Rxx(0)+Rxx(1) =1y = $|:lj| a‘ndj’l = Rxx(o)_Rxx(l) = ll = ﬁ|:_ 1:|

i
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Suboptimum Transforms (1)
* Discrete Cosine Transform (DCT) F - ( Z fycos ka((21+1)/2N)], 0<k < N-1

\/;COS (21;:]);{,[’ r—o fi= ~ %ck}"klcos[kﬁ((ﬂ-#l)/ZN)], 0<I/<N-1
C(k,l) _ J=01...N—1 where c; =5 if k=0, and ¢, =1, otherwise.
\/5005(2];1[)]{”, k=1..,N-1 ie. F:Cf & f:CTF
_ Elx,x,,]

— for signals with high correlation p — 1 (p= E[x2] )

. I?E ]f:nergy compaction ability of DCT is very close to that of Basis matrices
) ] ) 8x8) for DCT
— DCT has a higher compression efficiency than DFT does N

* DCT avoids the generation of spurious spectral components

1t R

DFT periodicity DCT periodicity
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Suboptimum Transforms (2)

* Discrete Fourier Transform (DFT)

1 2mikl 1 2kl 27kl
——ex =)—isin(——)], k,/=0]1,..,N-1
N p-—)= W[ os(—y ) —isin(—=)l;

* Discrete Hartley Transform (DHT)

F(k,]) =

1 27kl 1 27kl 2 7kl
cas = cos — =0,1,..,N-1
N ( N ) ﬁ[ ( N ) + sin( )]

* Discrete Sine Transform (DST)

S(k,l)z\/T sinEEDEEDZY o0 N
N+1 N+1

— DST performs close to the optimum KLT when correlation pis small

Fk,]) =
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Suboptimum Transforms (3)

* Discrete Hadamard Transform

—Hadamard matrix of order N : an NxN matrix Hy,, HyH T =NI,

H, H, _ .
H,y = 1 11 1 1 11 1
H, -H Sequency

N N11 11 11 11 141 0
H =[1] Hg@h{z 1 1111 1-- 72
H-H||1 41 32

H H||1-1-111-- 1
111 T H,= = 4/2
AR H -H] |1 1 1-1-1-1-1-1 1/2
N s 11 -1 4 1-1 1-1-1 1- 1 6/2
1-1- 1 _ 1 2/2
1 11 1-1- 11 5/2

o Discrete Walsh-Hadamard Tranform ! -1 -1 1 -1 1 1 -]

. . T _
— normalization =HyHy =1

— row re-ordering in increasing sequency order
* sequency = ( number of sign changes ) /2 g, =%
8
T T B

1 1 -1 -1
T2 -1 -1 1
1 -1 1 -1

H,

—_ e = e = e e e
|
—_
|
—_
—_
—_
|
—_
|
—_
—_
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Transform Coding Strategies (1)

* Zonal sampling

— retain only those transform coefficients located in a predefined zone in the
transform block

— each retained coefficient is then quantized and encoded with a fixed-length
codeword

or

— allocate bits to the individual coefficients within the predefined zone so as to

minimize the total quantization error Zonal  mask
—e.g.
Bit allocation map for an 8x8 transform & 7 5 3 1 1 00
753 2 1000
— Drawback
4 3 2 1 1 0 0 0
» the coefficients outside the zone may 33 2 110 0 0
contain significant energy 2 1 1 1 0 0 0 0
= large reconstruction errors g, ° 0 0 0 00
1 0 00 0 0 0 0
00 000000
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Transform Coding Strategies (2)

* Threshold coding

— coefficients with magnitude above the threshold are quantized and encoded

— e.g.

* quantization table for an 8x8 block

 Zigzag scan ordering

o 1 5 6 14 15 27 28
— Ordering for threshold coding 2 4 7 13 16 26 29 4

3

9

8 1217 25 30 41 43
11 18 24 31 40 44 53
100 19 23 32 39 45 52 54
20 22 33 38 46 51 55 60
21 34 37 47 50 56 59 6l
35 36 48 49 57 58 62 63
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