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Def:
® The Cartesian product of two graphs G, = (V, E;) and G, = (V,,
E,) is the graph G,xG, = (V,xV,, E), where
E={(x, y)(X,y,): X € V, and yy, € E;} U
{(x1, Y)(X2, ¥): XX, € E;and y € V,}
@ P, the path of n vertices, V(P,) = {1, 2, ..., n}, E(P,) = {i(i+1): 1 <
| <n-1}.
® The r-dimensional grid P, xP,, x...xP, , where all n, > 2.
1 2 r

Note:
@ V(Pnlenzx...xPnr) ={(@a; 8y ...,a,):1<a<n,V1Li<r}
(ay, @y, +ees ,)(0y, by, ..y b)) € E(Pnlenzx...xPnr) =
A1<j<r, lg-bf=landV1<i<r i#],a=Db;.
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Note:
@ d(P,xP, x...xP, ) < &P, xP, x...xP )+1 =r+1.

Remark:
@ P, is domatically full for any n > 1.
@ 2<d(P,xP,) <3.
Let D, = {(a, b): aisodd}, D, = {(a, b): ais even}.
D,, D, is a domatic partition.
® d(P,xP,) =2 =d(P,xP,) = d(P,xP,).

I:l l I I I — no dominating set with size 2
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* 8.3 Cartesian Product

Proposition 3.1: For any spanning subgraph H = (V, E) of G = (V, E),

O
O/

d(H) < d(G).
Ex:
O—O0—0—0—0—0 —0—0@ 06—
O—O—O0—O0—0—0 ©—O0—0 00—
O—O—O0—0O0—0—0 O0—0—0 00—
H
O—O0—0O0—0—0—0 6—0—~0 060

Thm 3.2: d(PnlenZ) = 3 except that (ny, n,) = (2, 2), (2, 4), (4, 2).
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8.3 Cartesian Product

= Thm 3.2: d(Pnlenz) = 3 except that (n,, n,) = (2, 2), (2, 4), (4, 2).
Proof. (1/2)
Assume (ny, n,) # (2, 2), (2, 4), (4, 2).
Case 1: One of n; and n, Is odd, say n, is odd:
Let D, ={(a, b): a=0 (mod 2)},
D,={(a,b):a=1(mod 4)and b=1 (mod 2)} U
{(a, b): a=3 (mod 4) and b =0 (mod 2)},
D,={(a,b):a=1(mod 4) and b=0 (mod 2)} U

o—O0—0—0 {(a, b):a=3 (mod 4) and b=1 (mod 2)}.
Then D,, D,, D; form a domatic partition of P,, xP,, .
O—O—O0—0 . b
d(PnlenZ) = 3.
O—O—0O0——0
d(PsxP,) =3
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8.3 Cartesian Product

= Thm 3.2: d(Pnlenz) = 3 except that (n,, n,) = (2, 2), (2, 4), (4, 2).

Proof. (2/2) 0—O0—0—0
Assume (n,, n,) # (2, 2), (2, 4), (4, 2).
Case 2: (ng, n,) = (4, 4) show as follow: @—@—@——O
Oo—O—O0—=O0
d(P,xP,) =3
YT o0—0—0—0

Case 3: Both n,, n, are even and at least one > 6, say n; 2 6:
(P3><Pn2) U (Pn1_3><Pn2) IS a spanning subgraph of Pnlenz.

. By Case 1 and proposition 2.1 and 3.1:
d(Pnlxan) 2 d((P3XPn2) U (Pnl—3xpn2))
> min{d(PsxPnZ), d(Pn1_3><Pn2)} = 3.
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* 8.3 Cartesian Product

Def: G=(V,E)isagraphand ScV, let GAS = (V*, E*) with
V* =V u{x*: x e V-S}and
E*X=Eu{x*y:xeV-S,ye S xyeE}u{x*y*:x,y € V-5, xy € E}.

_ a b C d a b C d c* b* a*
EXX ® O—0—0O0—@ O0—O0—0—@—0O0—0—o0
S S
G=P, GAS =P,
@
G
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Lemma 3.3: Sc V and d(GAS) > d(G).
Proof. V dominating set D of G,
D* =D u {x*: x € D — S} is a dominating set of GAS.

Lemma 3.4: If x is an end vertex of P, the P, A{x} =P, ;.

Lemma3.5: G, =(V,E)and G,=(V,, E,),ScV,
= (G, AS)xG, = (G;xG,) A(SxV,).
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1 8.3 Cartesian Product

‘F [ ? LTS
O—10 G,xG,
| | G,AS ) (G AS)xG,
oo e )
o—=O
G,
o—=0O
G,

( ) (G1xG,) A(SxV,)
>0 SxV,
O—10O G,xG,

O
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8.3 Cartesian Product

= Thm36:Ifr,ne Nandn, € {n,2n-1} V 1<i<r, then
d(Pnlenzx...xPnr) > dQanan...xPD).

Proof. Leth=[{i:n,=2n-1vV1<i<r}. 1
Prove by induction on h:
(i) When h =0, it’s trivial.
(ii) Suppose it’s true when h < k; when h =k, W.L.O.G. say n, = 2n-1
. By Lemma 3.4 and 3.5
len_lenzx...xPnr = (PnA{X})XPnZX'“XPnr
= (anPnzx...xPnr)A({x}xVZX...er)
By Lemma 3.3, d((anPnzx...xPnr)A({x}xvzx...er))
> d(anPnzx...xPnr)
= d(PZn_lean...xPnr) > d(anPnzx...xPnr) > d(P %P, x...xP,).
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8.3 Cartesian Product

m M:
@ gcd(n, 2n-1) = 1.
@3an,st.Vvm2n,e Z, m=rn+s(2n-1) for somer,s e N U {0}.
® Denote the minimum such n, by M(n).

= Ex:M(2) =2, M(3) =8.
= Thm3.7:Ifr,n e Z*and ng, n,, ..., n. 2 M(n), then
d(Pnlenzx...xPnr) > d(P,xPx...xP,).

Proof. "V n,3r,s, € Nu{0}s.t.n,=rn+s;(2n-1).
Pnlenzx...xPnr has a spanning subgraph which is the union of

some grids Pmlemzx...mer, wherem; e {n, 2n-1} V1<i<r.

By Propositions 2.1, 3.1 and Thm 3.6,
d(Pnlean...xPnr) > d(P,xPx...xP,).
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8.3 Cartesian Product

femn ama
, OGRS

= Thm 3.8: (Laborde 1987, Zelinka 1983)
If k e N and r = 2k-1, then P,xP,x...xP, is domatically full.

Y

v
= Corollary 3.9: Ifk € N, n,> 1 for all i and r = 2k-1, then
Pnl><Pn2><...><Pnr Is domatically full.
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Conjecture: All r-dimensional grids, with finitely many exceptions, are
domatically full.

Note:

@ If we can find some n such that the r-dimensional grids,
P, xP.x...xP, is domatically full for all r, then the conjecture is
true.

@ If we can find a domatically full r-dimensional grids for all r, then
the conjecture is true.

Sol. ® By Thm 3.6.

@ If we find P, xP_ x...xP, _is domatically full, then let n = lcm(n,,
1 2 r
N,y ey Ny).
= P xP x...xP, is domatically full.
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