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* 8.1 Strongly Chordal Graphs
|

Def:

@ The domatic number of G, d(G) = max. number of pairwise
disjoint dominating sets in G.

® The domatic partition problem is to partition V(G) into d(G)
disjoint dominating sets.

Note: d(G) £ &G) +1
Def:

® G is domatically full if d(G) = &G) + 1.

S

S, ={b}
S, ={c} d(G) =3
S;={a, d}
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8.1 Strongly Chordal Graphs

Remark:

@ K., K., C,,, Trees, maximal outer planar graphs, interval graph

are domatically full.

@

The domatic partition problem |V|=n, |[E| =m

General Graphs 1979 |Garey and Johnson |NP-hard
1988 | Bertossi O(n?°)
1989 |Rao and Rangan
Interval Graphs 1990 |Lu, Ho, and Chang O(m+n)
1991 (Peng and Chang O(n) with sorted intervals
Proper Interval Graphs 1988 |Bertossi O(nlogn)
Proper Circular-arc Graphs | 1985 |Bonuccell ¢(n%logn)
Circular-arc Graphs NP-hard

® 1989, Farber showed that strongly chordal graphs are
domatically full; following the proof, it can design a polynomial
time algorithm, but not simple and efficient.
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q 8.1 Strongly Chordal Graphs
|

Remark:
@ There exist an ¢(nlogn) algorithm to recognize strongly chordal

graphs and determines a strong elimination ordering.

Recall:

@ Graph G is called a strongly chordal gaphs if 3 ordering of V(G):
[Vi, Vo ess V] SALISTY 1 <, k<L i~K, i~] J~k=]~]|(SEO)

@ ((10) i<j<k i~k=j~k o)
{(PEQ)i<j<K, i~ji~k=j~k i ] K
(SEO)i<j k<l i~k inmljak=j~] i‘CJf-’lk’

T AN
(10) = (PEO) () PEO %I
S % {(b)i<j<k<|,i~k,i~|,j~k:>j~|

(SEO)
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* 8.1 Strongly Chordal Graphs
|

Def:
@ A vertex v is dominated by set Sif3u e Ss.t. u e N[v].

@ A vertex v is completely dominated if v is dominated by 6+ 1
dominating sets.

Algorithm 8:

S« gforl<i<o+1.
fori=ntolby-1do
find the largest k with v, € N[v;] and v, is not completely dominated;
Let S, be the set does not dominated v,;
If no such set exists then select any S;;
S S uivil
end

Time Complexity = O(|V|+|E]).
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find the largest k with v, e N[v;] and v, is not completely dominated;
Let S, be the set does not dominated v,;
If no such set exists then select any S;;

S, « S, v {vi};

[ Q: S1:{
S, ={
S;=A{ }
| 1 2 3 4 5 6
k
|
S;={
» =1
S;={ }
[ 1 2 3 4 5 6
k
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q 8.1 Strongly Chordal Graphs
|

Def: During execution of Algorithm 8
® RO(v) = |{ x € N[v]: x not in any of S, }| in iteration i = j executed.
@ ndomU(v) = number of S, does not dominate v in iteration i = j
executed.

Note: @ RM™D(v) =deg(v) +1, V v € V(G).
@ ndom™D(v) = &G) +1, Vv € V(G).
® RM() =0,V v e V(G).

Goal: ndomW(v) =0, V v € V(G).
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8.1 Strongly Chordal Graphs

= Thm: At any time, RO(v) > ndom®(v) for any vertex v.
Proof. (1/3)
By induction on i:
When i =n + 1 (initial): °." deg(v) = &G), V v € V(G).
- RMD(v) > ndom®™(v), V v e V(G).
Suppose RO(v) = ndom@(v), Vv e V(G), Vi<j<n+l.
When iteration i:

(@ select v, € N[v;] not completely dominated,
and k is maximum;

Algorithm will 1@ select S, does not dominate v,;
® S« S u{v}

Note:

§ J~i4 7 i < #ROW), ndomfiy)2 & -
EFFG

% {R(‘)(vj) = RO (v;) - 1.
ndom®(v;) = ndom™1(v;) or ndom(*I(v;) — 1.
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8.1 Strongly Chordal Graphs

= Thm: At any time, RO(v) > ndom®(v) for any vertex v.
Proof. (2/3)
=> Only need to see the cases of: (a) RW(v;)) = Rt*D(v)) — 1
(b) ndom®(v;) = ndom{*1)(v;)
(c) R(i+1)(v) = ndom{*1(v;)
. (b), that means3p>1i,v, € S, p~]...(d)
Case 1: > k:
" @, kis maximum, .. ndom(*1(v;) = 0.
= ndom®(v;) = 0 < RO(v)).
Case21<k © Case 2 @
|<p J<kand|~1 | ~K, p~J
. (d) ." Note . (d)

= by (SEO), p~k
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8.1 Strongly Chordal Graphs

= Thm: At any time, RO(v) > ndom®(v) for any vertex v.

Proof. (3/3)
Case 2:J<k:  -:case?2 @
cipj<kandi~j, i~k p~]
- (d) ‘. * Note (@)
= by (SEO), p ~k
"V, € S (before iteration i)
but by @, S, does not dominate v, >«
~. RO(v) > ndom®(v), ¥V v e V(G) at any time.

= Corollary: Algorithm 8 is true.

. ndom®(v) =0

Vv e V(G), RD(v) 2 ndom®(v) = 0 > ndom®(v).
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q 8.2 Graph Union and Join
|

Def: G, = (V,, Ey), G, = (V,, E,) are two graphs with V, "V, = ¢:
® The unionof G;and G,, G, U G, =(V, UV, E;UE)).
@ The joinof G;and G,, G, + G, = (G, UG, +{xy:x e V,,y € V,}
=(V,UV,,EiUE,U{xy:xeV,yeV,})
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q 8.2 Graph Union and Join
|

Proposition 2.1: d(G; u G,) = min{d(G,), d(G,)} for any two graphs
G, and G,.

OI @I

Def: v e V(G) is called dominating vertex if {v} is a dominating set of
G, i.e. N[v] = V(G).

Note: If X is a dominating vertex of G, then G = (G — x) + K,.

X G-—X
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8.2 Graph Union and Join

= Proposition 9.2: If x is a dominating vertex of G, then d(G) = d(G - x)
+ 1.

Proof.

® Let D,, D,, ..., D, be a domatic partition of G — x, where k = d(G—x)
= Dy, D,, ..., D, {x} form a domatic partition of G.
- d(G) 2d(G-x) + 1.

@ Let D, D,, ..., D, be a domatic partition of G, where k = d(G)
Assume x € D,, note that D, U D, — {x}, D,, ..., D, Is a domatic
partition of G — x
- d(G) £d(G-x) + 1.

- d(G) =d(G-x) + 1.
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* 8.2 Graph Union and Join

Note: Letre Nandr>2. If G, G,, ..., G, are graph without a
dominating vertex, the G, + G, + ... + G, also has no dominating
vertex.

Thm 2.3: Suppose r =2 2 and [V(G;)| = n;, and G; has no dominating
vertex, V1<i<r. If1<n;<n,<...<n;andn;+n,+...+n_,2n,
then d(G,+ G, +...+G) =L(n,+ n, + ... + n)/2]

Proof. (1/4)

@ . G+ G, +... + G, has no dominating vertex
. each dominating set contains > 2 vertices
=d(G,+G,+...+G) <L (n,+n,+...+n)/2].
@ Claim: G, + G, +... + G, has a domatic partition D, D,, ..., D, s.t.
ID|=20r3,|D;| =2V 2<i<k, wherek=
L(n,+ n,+...+n)/2].
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8.2 Graph Union and Join

s Claim of proof @ in Thm 2.3:

G, + G, +... + G, has a domatic partition D,, D,, ..., D, s.t. |D,| =2 or
3,|Dj|=2V2<i<k wherek=|(n,+n,+... +n)2].

Proof. (2/4)
Prove by inductiononn=n;+n,+...+n
(i) n £3:it’s clearly. (let D, = V)
r=2:=n;=n,,it’s true.
(if) Suppose n > 4, r > 3 and the assertion is true for n’=n - 2:
Choose x € V(G, ),y € V(G,)
Consider G’=G;+ G, +... +G,, + (G, ; —X) + (G, —-Y).
Casel:n._,<n,
n<n,<...<n.,<n-1,n_,-1<n-1
{ n+n,+...+n_,+(n_-1)=>2n-1

r
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8.2 Graph Union and Join

s Claim of proof @ in Thm 2.3:

G, + G, +... + G, has a domatic partition D,, D,, ..., D, s.t. |D,| =2 or
3,|Dj|=2V2<i<k wherek=|(n,+n,+... +n)2].
Proof. (3/4)

() Case2:n,,=n._,=n,
n<nN,<...<n_;<n.,n_;-l=n-1<n.,
Case2.1l:n,=n,_,=n,_,22

n+n,+...+n+(N_-1)+(n-1)2n=n.,

Case2.2:n,=n._,=n_,=1

nz4 ~r=nz4
=>n+mt..+ng+(n-)+(-1)2n_3=1=n
By I.H., G”has a domatic partition of
L(n, + ...+ (n_,—1) + (n,-1))/2] = k — 1 dominating sets; say
Dy, Dyy eeey D,y With Dy =20r 3,|D;| =2V 2<Li Lk
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* 8.2 Graph Union and Join
|

Claim of proof @ in Thm 2.3:

G, + G, + ... + G, has a domatic partition D,, D,, ..., D, s.t. |D,| =2 or
3,|Dj|=2V2<i<k wherek=|(n,+n,+... +n)2].

Proof. (4/4)

= Dy, Dy, ..oy D4, {X, Y} = D, form the desired domatic
partitionof G, + G, + ... + G..

Def:

@ Let m € IN U {0}, an m-domatic partition of a graph G = (V, E) is
{Dy, Dy, ..., Dy}, where D; is a dominating set of G and D; " D; = ¢
Vi<i<j<kand|D,uD,u...uD,/<m.

® The m-domatic number d(G|m) of G is the maximum k s.t. 3 an
m-domatic partition of k dominating sets.
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8.2 Graph Union and Join

Note: For any graph G of n vertices, d(G) = d(G|n).

Proposition 2.4: For any graph G and any nonnegative integers
m < m’, d(G|m) £ d(G|m?.

Thm 2.5: Suppose G, = (V,, E,), G, = (V,, E,) are two graphs which
both has no dominating vertex and |V,| = n; <n,=|V,|. Then

_ [Lm/2], if 0<m<2n,.
A(G1+GIm) = {n1 + d(G,|m-2n,), if 2n, < m < n;+n,.
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8.2 Graph Union and Join

= Thm 2.5: Suppose G, = (V, Ey), G, = (V,, E,) are two graphs which
both has no a dominating vertex and |V,| =n; £n,=|V,|. Then

| Lmr2], if0<m<2n,.
A(Gy#GIm) = {n1 + d(G,Jm-2n,), if 2n, < m < n;+n,.

Proof. (1/5)
Let V; = {X{, Xpy «ves X”1}’ V, ={Y1, Yoy ees ynz}.
(1)0<m<2n, :
@ Let D; = {x;, yi}, 1 <i<|m/2], D;is a dominating set of G,+G,
= d(G,+G,|m) = m/2]
@ °." G; has no dominating vertex, ... neither does G,+G,
. VY dominating set D of G,+G,, |D| = 2.
= d(G,+G,m) <[ m/2]
= d(G,+G,|m) = m/2]
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8.2 Graph Union and Join

= Thm 2.5: Suppose G, = (V, Ey), G, = (V,, E,) are two graphs which
both has no a dominating vertex and |V,| =n; £n,=|V,|. Then

| Lmr2], ifo<m< 2n1.
A(Gy#GIm) = {n1 + d(G,Jm-2n,), if 2n, < m < n;+n,.

Proof. (2/5)
(2) 2n;<m < ng+n,
® Let D,, D,, ..., D, be an (m-2n,)-domatic partition of G,
where k = d(G,|m-2n,).
Note D; is also a dominating set of G,;+G,, V1<i<k
—(m-2n,) 2 n,

W.L.O.G. say{yl,yz,. e Yn }m{D uUD,U...UD} = ¢
Let D% ={x;, Vi}, 1<i<ny, D’ IS a dominating set of G,+G,
= d(G;+G,jm) =2 n, + d(GZ|m—2n1).
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8.2 Graph Union and Join

= Thm 2.5: Suppose G, = (V, Ey), G, = (V,, E,) are two graphs which
both has no a dominating vertex and |V,| =n; £n,=|V,|. Then

m/2 If0<m<2n,.
A(Gy#GIm) = {rL11 i gl,(GZ|m—2n1), if gnlfm inr%ﬁnz.
Proof. (3/5)
(2) 2n;<m < ng+n,
@ A dominating set D of G;+G, is called standard if D = {x, y} for
some X € V;,y € V,,.
Claim: 3 an m-domatic partition of G,+G,, D,, D, ..., D, where
r = d(G;+G,|m), s.t. among these r dominating sets, 3 n,
standard ones, and the other r — n, sets are all subsets of V..
Proof. Let D, D,, ..., D, is an m-domatic partition of G;+G,,
r =d(G,;+G,|m), s.t.
standard dominating sets as many as possible.
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Claim: 3 an m-domatic partition of G;+G,, D,, D,, ..., D, where r = d(G,+G,|m),
s.t. among these r dominating sets, 3 n, standard ones, and the other r —n,
sets are all subsets of V,,.

—_——————p—————————————————————————————————————————————

= Thm 2.5: Suppose G, = (V, Ey), G, = (V,, E,) are two graphs which
both has no a dominating vertex and |V,| =n; £n,=|V,|. Then

| Lmr2], ifo<m< 2n1.
A(Gy#GIm) = {n1 + d(G,Jm-2n,), if 2n, < m < n;+n,.

Proof. (4/5)
(2) 2n;<m < ng+n,:
Proof of Claim.
Case 1: If A D; s.t. {X, y} < D, for some x € V,, y € V,, then replace
Di by {X! y}
Case 2: I1f 3 D;, D; s.t. {x,, X,} < D; and {y,, y4} < D; for some x,, X,
€ V1, Yo Yg € V,, then replace Dy, D; by {x,, Y}, {Xp, Ya}-
Case 3: If all nonstandard dominating set D are subsets of V,,
. n<n,
.. we can replace each nonstandard dominating set D by
{x,y},wherexe D,ye V,-{D;uD,u...uD,}
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Claim: 3 an m-domatic partition of G;+G,, D,, D,, ..., D, where r = d(G,+G,|m),
s.t. among these r dominating sets, 3 n, standard ones, and the other r —n,

sets are all subsets of V,.
S

= Thm 2.5: Suppose G, = (V, Ey), G, = (V,, E,) are two graphs which
both has no a dominating vertex and |V,| =n; £n,=|V,|. Then

| Lmr2], if0<m<2n,.
A(Gy#GIm) = {n1 + d(G,Jm-2n,), if 2n, < m < n;+n,.

Proof. (5/5)
(2) 2n;<m < ng+n,
Proof of Claim.
Case4:IfixeV,-{D,uD,uU...uUD,}then
lety € D, for some D, cV, (ory e V,-{D, uD,U...uD})
= replace D; (or any D; < V,) by {Xx, y}.
. By Claim, 3 r — n; nonstandard dominating set of G;+G,
= d an (m - 2n,)-domatic partition of G, with size r — n,
= d(G,)m-2n;) 2r - n, = d(G;+G,|m) — n;
= d(G,;+ G,|m) < n; + d(G,|m - 2n,).
- By @, @, d(G; + G,Jm) = n, + d(G,|/m - 2n,).
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* 8.2 Graph Union and Join

Corollary 2.6: Suppose r 2 2, G; is a graph with n; vertices and
without a dominating vertex, V1<i<r.Ifn;+n,+...+n_, <n,
thend(G,+G,+...+G,)=n;+n,+... +n_; +d(G,|n—n—...—n ).
Proof.
Follows from Thm25by (G, =G,;+ G, +... +G, 4,
G,=G,.
m=n,+n,+...+n

re

Corollary 2.7: If r>2and n,+ n, + ... + n_; <n,, then d(K, +Wn2
oK) =N Fn+ L0 '

Proof.
Follows from Corollary 2.6 and d(K_|b) = 0 for a > b.

Note: Complete k-partite graph K”1’”2’ n = K_nl + an + ...+Wnr
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