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7.3 The independent set on chordal
graphs (Primal-Dual)

Def: Given a graph G,
® S c V(G) is called an independent set if V x#y in S, xy ¢ E(G).
@¢e ={C,C,,...,C}iscalled aclique cover of G if

a.VvV1<i<t C cV(G),G(C)isaclique and

b. UCi =V

1<i<t

® o(G) = max{|S|: S is an independent set of G}.
@ Kk(G) = min{|€C|: €is a clique cover of G}.

Ex
O—@ G,
G,)=2
o(Gy) = 3 f((G )) _3
K(G,) =3 :
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7.3 The independent set on chordal
graphs (Primal-Dual)

= Thm: a(G) <k(G). (W.D. 1)
Proof.
For any independent set S and any clique cover € = {C,, C,, ..., C,}.
Letf: S— Cwhere f(u) =C, ifu € C,.
Note that fisa 1 - 1 function:
VYu=zve S, iff(u)=f(v) =C, forsome 1<i<t,
then u € C; and v € C, by definition of f.
" C,isaclique .. uv e E(G).
Butu, v € S, Sis an independent set
= uv ¢ E(G) >«
- f(u) # f(v).
~oSI L€
= max|S|<minj€] = 4(G) <k(G).
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7.3 The independent set on chordal
graphs (Primal-Dual)

Remark: [v, V,, ..., V] ISa PEO.
<i<j<kvyeE vveE=vv ek
i< i<k i~} i~k=]~k
< Ci={vj:J~1,J2Ii}isaclique.
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7.3 The independent set on chordal
graphs (Primal-Dual)

Algorithm:

Given a chordal graph G with PEO [v,, V,, ..., V]
S* « ¢
C* « ¢
t<« O;
fori=1tondo
If N[v;] N S* = @ then

S*« S*u{v}

te—t+1;

Coe—{vij~i,j2i};

C* <« C*uUC;

Time Complexity = O(|V|+|E]).

(c) Spring 2022, Justie Su-Tzu Juan



fori=1tondo

7.3 The Independent set ¢ ¢y s+ = gthen
graphs (Primal-Dual) 5« S uu
Coe—{vij~i, j>i};
C* « C*UC;;

S* ={vy, Vs, Vg }

e* - { C]_! C21 C3}

Cs = {Vg, V7, Vg}

= Theorem: @ S* is an independent set of G.
@ C* is a clique cover of G.
@ |S*| = |e*|.

= Proof. (%)
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7.3 The independent set on chordal
q graphs (Primal-Dual)

Note: @ S* is a maximum independent set of G, i.e. |S*| = a(G).
@ € * is a minimum clique cover of G, i.e. |C*| = k(G).
® a(G) = k(G).

. IS*| £ a(G) LKk(G) L |C*F| L |S*
s All “<” are “=",
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7.4 Weighted Iindependent set on
chordal graphs (L. P. Duality)

Def: G is a weighted graph with each v; be assigned a
real weightw; >0,
@ (G, w) = max{ ZWi | S is an independent set of G}.

V;eS

@ k(G, w) = min{ Z y(C;)|e ={C,, C,, ..., C}is aclique cover of G,
C;eC
Vv, > y(C;)=w; , ally(C)=>0}.

ViECj

Method 1: Primal-Dual(%)

Method 2: Linear Programming

Notation: @ i~j<i=jorij e E(G).
Qizjeixzjandi~].
@isjeiLjandi~j.
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7.4 Weighted Iindependent set on
chordal graphs (L. P. Duality)

Def: © Let P(G) is the following linear program:

Maximize ZWiXi
i=1
D X; <LVi
Subject to =i
X; 20,Vi

@ Let P,(G) is the linear program P(G) with x; € {0, 1}, V i.

® The dual problem D(G) of P(G) is the linear program:
Minimize Z Y,
i=1
y, 20, Vi
Dy, zw,Vi

isi

Subject to {
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7.4 Weighted Iindependent set on
chordal graphs (L. P. Duality)

Thm: (Weakly duality inequality)
V Feasible solutions <xXi, Xy, .oy X>, <Y1, Vs .05 Y= fOr P(G), D(G),

Zn:Wi X; < i Yi
i=1 i—1

Remark:

® 3 1 - 1 correspondence between feasible solutions to P,(G) and
Independent sets in G.

® An optimal solution to P,(G) corresponds to a maximum
weighted independent set in G.

Note: value(P,(G)) <\value(P(G)) < value(D(G)).
"." P,(G) is a special problem of P(G)
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7.4 Weighted Iindependent set on
chordal graphs (L. P. Duality)

Algorithm:

Input: A chordal graph G with PEO [v,, V,, ..., V] and positive
vertex weights Wy, Wy, ..., W,,.

Output: Optimal solutions to P(G) and D(G).
Initially: V i, X, « 0; V |, y; < 0.
Stage One: fori=1tondo
y; < max{0, W, = ). y;}.
Stage Two: fori=ntolby-1 (Jjgl
if >y, =w,andAj=ziwithx =1
J= then x, = 1.

Time Complexity = O(|V|+|E]).
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fori=1tondo 1ted in fori=ntolby-1do

yi  max{0, W, = y}. Zyj—w andAij = iwithx, =1
jsi raphs ( J=1 then x; = 1.
e
= EX
Wy = W, = Wg =6
X1 = Xy = Xg =
Y1 = Yo = Yg =

Check: © S ={v,, v,, Vg}, W(S) = 18 = value(P,(G))
@ Vi, ZyJ w,; and Zy ~18

jsi
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|

7.4 Weighted Iindependent set on
chordal graphs (L. P. Duality)

@ Prove the weakly duality inequality for P(G) and D(G).
@ State the condition of complementary slackness ((CS1), (CS2))
® Prove that the algorithm works.
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§ 7.5 Recognizing Chordal Graphs by
Lexicographic BFS

« Def:. An undirected graph G is a triangulated graph (chordal graph) if
every cycle of length > 3 possesses a chord.

« Def: x is simplicial if Adj(x) is a clique (# & = maximal)
(FF 1 ,Adj(x) u{x}isalsoaclique (& +))
- EX: (D——O

a, d E_simplicial
b,c * &_

Q) e

o Def: Let o= [vy, V,, ..., V,] be an ordering of the vertices of G. ois a perfect
vertex elimination scheme (g% perfect scheme)

Iff v; Is a simplicial vertex of Gy, .., .,
(i.e. X;={v; € Adj(v)) | j > i} is complete) (i.e. ¥ |4 nga 3 v E_simplicial)
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§ 7.5 Recognizing Chordal Graphs by
Lexicographic BFS

« Algorithm: Lexicographic breadth-first search
Input: The adjacency sets of an undirected graph G = (V, E)
Output: An ordering o of the vertices (called Lex. BFS ordering)
Method:

(" begin
£ & g vertex ¢ label 35 % the empty set J;
(fori< ntolstep-1do
d & K Z ordering e vertex ® i — B v with largest label;
o(i)=v; (& ordering ® 2 % i B % V)
[ for every w e Adj(v) s.t. w & & £t Z_ordering do
\

label(w) « label(w) U {i};

\. end

(c) Spring 2009, Justie Su-Tzu Juan 17



§ 7.5 Recognizing Chordal Graphs by
Lexicographic BFS

EX:

label(a) = &

label(b) = & label(b) = {5}

label(c) = & label(c) = {4} label(c) = {4, 2}
label(d) = & label(d) = {4} label(d) = {4, 3}

label(e) = & label(e) = {5} label(e) = {4, 5}

o(5) =a o(4)=b o(3)=e o(2)=d o(l)=c

= orderingo=cdeba
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§ 7.5 Recognizing Chordal Graphs by
Lexicographic BFS

« Property: § %3] i B#, let L,(x) denote the label of x.
ex: L,(X) =&, V x
L,_,(X) ={n} iff x € Adj(o(n))
(LY L) <Lx) ifj<i
(Hk-ga3,49d nn-1,..,3 1@ 4 label X ¢ T)
(Ly) Li(x) < Li(y) = Li(x) < Ly(y) ifj <1
(7 Fengbx,ym 3,9 ni#i 1p*, label - Lbbﬁi*,ffﬁﬁ—

A
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§ 7.5 Recognizing Chordal Graphs by
Lexicographic BFS

« Property: § %3] i p¥, let L;(X) denote the label of x.
(Ls) [o74(a) < o7*(b) < o7 (c)] A [c € Adj(a) — Adj(b)]
= 3 d e Adj(b) — Adj(a) with o7(c) < o71(d)
col@<olb)<ol(c), FLECE b £ a
" ceAdj(@)—Adjb), Face E,bc g E
= 3| ¥, L1(a) § 3 {o(0)}, L1(b) 7 € 7,
FE Db atiy &7 Lyi1g(@) > Lrg(b),
o 3d, %5 ol(d)>0(c) F bdeE,dagE
i.e 3d e Adj(b) — Adj(a) with o7(c) < o71(d)
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§ 7.5 Recognizing Chordal Graphs by
Lexicographic BFS

Thm 4.3: Gisatri. graph < The Lex. BFS ordering ois a perfect
scheme.

Proof. (1/4)
(<) ok
(=) [V| =1, true
VI<n &3 E
V| =n:
claim: x = o(1) is simplicial.
#Ris, . G=xistri.,
2G* 2 o02),...,0Nn) % £ G-x2 Lex. BFS ordering
~. By I.H., #* ordering is perfect scheme of G — x
.e. o(i) E_Gyy) ofin....omy © 2 Simplicial (2<i<n)
=4t 1=17% &, .. oisaperfect scheme of G.
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§ 7.5 Recognizing Chordal Graphs by
Lexicographic BFS

« Thm4.3: Gisatri. graph < The Lex. BFS ordering ois a perfect
scheme.
Proof. (2/4)
(=) [V| = n: claim: x = o(1) is simplicial.
Proof of claim.
Prove by 4 5 i
# X 2k simplicial, choose x,, X, € Adj(x) with x;, X, ¢ E
so that x, is as large as possible (w.r.t o)
Let X = X,: Kol
d (L), Ix;ax X3 € E, & XX, ¢ E
Fipflix ¥ B F (wrt o)
XXy & E, XX; ¢ Eand Gis tri.:
S XoXq & E.
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§ 7.5 Recognizing Chordal Graphs by
Lexicographic BFS

« Thm4.3: Gisatri. graph < The Lex. BFS ordering ois a perfect
scheme.
Proof. (3/4)
(=) [V| = n: claim: x = o(1) is simplicial.
Proof of claim.
Prove by 4 5 i
Consider X;, X5, X5; & (Lj),
X, 9% %, € E, & XX, g E, Eigfd x, ¥ &% F (Wrt o)
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§ 7.5 Recognizing Chordal Graphs by
Lexicographic BFS

« Thm4.3: Gisatri. graph < The Lex. BFS ordering ois a perfect
scheme.
Proof. (4/4)
(=) [V| = n: claim: x = o(1) is simplicial.
Proof of claim.
Prove by 4 5 i
XX, & E, & B m FE X, P E I e
sLod A Glistri, FAae XX, ¢ E
Consider x,, X3, X4, 9 (L5),
I X3 X3Xs € E, 2 XX ¢ E.

= % Infinite 5>«
- X % simplicial.
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§ 7.5 Recognizing Chordal Graphs by

Lexicographic BFS

Note:

Bl NP F 2 Lex. BFS £ & 4 an ordering o, (O(|V| + |E|), Thm 4.4)
#EH 3 o& 72 & perfect scheme. (O(|V| + |E|), Thm 4.5)

4o% & B| Gistri.; E B], Gisnot tri.

Corollary 4.6: Tri. graphs can be recognized in O(|V| + |E|) time.
(linear)
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§ 7.5 Recognizing Chordal Graphs by
Lexicographic BFS

« Remark: Tarjan [1976]:
* ¥ — i = ;& called maximum cardinality search (MCS)

« Note: MCS ordering # Lex. BFS ordering # #13 £ perfect scheme
le.do,0eMAo¢gL;
dooelLAocg M;
doocePArocegMAaAoeg L.
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7.5 Recognizing Chordal Graphs by
Lexicographic BFS

|

Input: A graph G with PEO and positive vertex weights w, W,, ...,
W,
Output: 1. Whether G is a chordal graph and what’s its PEQ?

2. Optimal solutions to P(G) and D(G). (S and y;)

W - WA OskEn s FEmM S FRE - F - BEOEL W
ﬁl RO %;—flj‘ﬁ?ﬁ] » @35 %_%F 3 Chordal Graph (Triangulated
graph) » & &_> 3 ﬁ]ﬂ!;ﬂPEO s B E 03 ﬁ]:':%“r-‘aﬂ”‘ o
@ %’ﬁ.j » enfl A3k R % Chordal Graph » 3w § 7.4 & ef® 48
(Find (G, w) and k(G, w).)
e F R TR R ARPARE o

(c) Spring 2022, Justie Su-Tzu Juan

o

27



