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* 5.1 Method 1: maximum flow

Def: Given a graph G, the domatic number, denoted by d(G) =
maximum number k such that V = L-J D, , where D; is a dominating
setforall1<i<k. L<i<k

EX:

d(Cy) =2

Note 1: d(G) = maximum number k such that 3 k disjoint dominating
sets in G.
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q 5.1 Method 1: maximum flow
|

Def: Given an interval graph G = (V, E) where V={1, 2, ..., n} and
{l; | I, = [a;, b;]} is an interval representation of G with b; < b, < ... <
b, (HenceV i, j,keV,i<j<kandik e E= jk € E)
@ Define a graph G’=(V/, E) where V’={0, 1, ..., n, n+1}, and
lo = [ag, bol, by < @; V 15 143 = [8541, bpsgl, By < @pag
@ Define a digraph H’= (V’, A’) where
A={(,j)| Wa<a<b<bor@@hstb<a,<b,<a}
(1) & b, (2) a, b; | a. b

o o '
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5.1 Method 1: maximum flow

= Note2:V(i,j) e Ai<jandi<h< = (ih e Eor hj € E).

= Lemmab5.1: VO-(n+l)dipathPinH' =>D={v|ve V(P)}isa
dominating set in G'.

= EX:

H >?
0 o 0@ G5 9B ®
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5.1 Method 1: maximum flow

= Lemmab5.1: VO-(n+l)dipathPinH' =>D={v|ve V(P)}isa
dominating set in G,
Proof.

LetP=i,(F0) > 1, >, —> ...>I1 I, (Fn+l)
then D = {iy, Iy, Iyy ceuy Iy I fWhere iy <y <y < ovo <Ip <y
V h e D:
“"h=0,n+l . wecanfindi; i, e Ds.t.;<h<lj,
By Note 2, .’ (ij, ij+1) e A/ .. ijh eE or ij+1h e E
= either i; or I;,; dominate h.
. D is a dominating set in G”.
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5.1 Method 1: maximum flow

Lemma 5.2: For any minimal dominating set D' of G’
= { x| x eD’} forms a 0-(n+1) dipath in H'.

= EX:

o 0@ G B0 ®
H’ >?
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5.1 Method 1: maximum flow

Lemma 5.2: For any minimal (proper) dominating set D' of G’
= { x| x eD’} forms a 0-(n+1) dipath in H'.

Proof. (1/2)
Let D' = {0=K,, Ky, Ky, ...y K, Ko,y=N+1}
where k; < k; <k, <... <K, <K,

Claim: (k, k;,;) € A’
<pf>forany0<j<s: ly;

S0 <by,, oA, <bg e ",

If all\T+1 <a,, then l S Ly
= N[k;] = N[k;,,]
= D\{k;} is still a dominating set -«
("." D is a “minimal” dominating set of G’)
S By <8y, < bkj < bkj+1
Hence (k;, kj,;) € A"
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5.1 Method 1: maximum flow

Lemma 5.2: For any minimal dominating set D' of G’
= { x| x eD’} forms a 0-(n+1) dipath in H'.

Proof. (2/2)
Case 2: ij N ij+1 =@:
Suppose 3y € V such that bkj <a,<h < o
l o N "." D is a dominating set of G”
® ® @ 0@ @
- 31, eDsuchthatl, NIl #¢
VAl eDstj<x<j+l
SoKe>y = X >_j+1 = ij_+l c L
= D\{kj.} Is still a dominating set -«
(*." D is a “minimal” dominating set of G’)
s Bystb<a<b <ay,
Hence (k;, kj,;) € A"
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5.1 Method 1: maximum flow

= Thm 5.1: d(G) = maximum number of internally vertex-disjoint
0-(n+1) path in H”,

Proof.

By Note 1 | d(G) = maximum number of disjoint dominating set in G.

= maximum number of minimal dominating set in G’such
that V proper dominating set Dy’ # D", D; n D}’ = {0, n+1}.

By lemma 5.1 (> maximum number of internally disjoint 0-(n+1) path in H”.

By lemma 5.2 > maximum number of dominating set in G’such that Vv
dominating set D # D), D/ n D;' = {0, n+1}.

= maximum number of disjoint dominating set in G.

ByNotel | =d(G).

Hence d(G) = maximum number of internally vertex-disjoint 0-(n+1)
path in H”.
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5.1 Method 1: maximum flow

» Remark: Since maximum flow = minimum cut, the best method to
find the maximum flow need ¢(n%°).  (?)

e

~d(G)=2

H G
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5.2 Method 2: Dynamic

= Thm5.2: (Weakly duality inequality)
d(G) £ AG)+1, where &(G) = min{deg(x) | x € V(G)}.
Proof.

Suppose D,, Dy, ..., Dy are disjoint dominating set.

Choose x € V(G) such that deg(x) = &G)
"." D; is a dominating set, V 1 <1< d(G)
- DN N[x] # ¢, V1<i<d(G)
V1<i<)<d(G):

"." D;, D; are disjoint

S (DN N[X]) N (D; " N[X]) = ¢
= d(G) L IN[X]| = {G)+1
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5.2 Method 2: Dynamic

Algorithm:

—

-

\

Given an interval graph G = (V, E), where V = {1, 2, ..., n} in interval
ordering.

for0<i< §G)
D « ¢,
forj=ntolstep-1
choose a maximum k e N[j] that is not dominated by all D;;
say k is not dominated by D.., If 8 such k then choose any D; as D..
D.. « D;. U {J}.

Time Complexity = O(|V|+|E|)
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forj=ntolstep-1
choose a maximum k e N[j] that is not dominated by all D;;
say k is not dominated by D;., If # such k then choose any D; as D;«

5 . Dj. < D U {j}.

4

& &5 9-® s

k 1 ¢ 2 5 5
" {1} ¢ {0} {1} {0} (or{1})

= Goal: When the algorithm stops, if Dy, ..., D 46, are dominating sets,
then {G)+1 <[d(G) < {G)+1l| (=d(G)=&G)+1)
need prove W.d.I.
= Notation:
® ndom;(h) = number of D; s.t. h is not dominated by D; at iteration j.
@ R;(h) = number of vertices in N[h] not yet assigned at iteration j.

D, ={4,1 }
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* 5.2 Method 2: Dynamic
|

Note:
® ndom, (h)= &G)+1,V1<h<n
@ R, (h) =deg(h)+1> &G)+1,V1<h<n
®Ryh)=0,V1<h<n
@ ndom;(h) 2 ndom;(h), V1<h<n,nzi>j20.

Lemma 5.3: V 1 <h<n, Ri(h) 2 ndom;(h) in any iteration j.

Thm 5.3: Dy, ..., Dgg) are dominating sets.
Proof.
By Lemma 5.3, when j = 0: 0 = Ry(h) = ndom,(h)
= ndomy(h) =0 for all h
l.e. V h, hiisdominated by D;, V 1 <1 < §G)
= Dy, ..., Dgg) are dominating sets.
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5.2 Method 2: Dynamic

= Lemmas.3: V 1<h<n,Ry(h)2ndom;(h) in any iteration j.
Proof. (1/3)
Prove by induction on j (back induction)
When j = n: R,(h) = deg(h)+1 > §G)+1=ndom_(h),V1<h<n
Suppose R;,;(h) 2 ndom;,,(h) forsome2<j<n,V1<h<n
For thecaseof j, V1<h<n:
® h ¢ N[j+1]: Ri(h) = R;,,(h) = ndom,,,(h) = ndom;(h)
I.H.
@ h e N[j+1]: Ri(h) = R;;;(h) = 1 2 ndom;,,(h) - 1
I.H.
R JOBE I ¢ Y R WA hS K
Case 1: k< hor#suchk
Case 2: h<k: (kx #D,. dominate)
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5.2 Method 2: Dynamic

= Lemmas.3: V 1<h<n,Ry(h)2ndom;(h) in any iteration j.
Proof. (2/3)
@ h e N[j+1]: Ri(h) = R;;;(h) = 1 2 ndom;,,(h) - 1
Case 1: k< hor # such k
By the algorithm, ndom;(h) = 0 = ndom,,,(h)
= R;(h) 2 0 = ndom;(h)
Case 2: h <k: (kx #.D,. dominate)
Claim: & #-j+1% » D..2_ %, D,. does not dominate h.
Ll r D2 18 o Di*?tdominate h
~. ndom;(h) = ndom;,, (h) - 1.
= R;(h) 2 ndom;,,(h) — 1 = ndom;(h).

Case2 Casel
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I<j<kandvyv,e E= vy, eE

5.2 Method 2: Dynamic

= Lemmas.3: V 1<h<n,Ry(h)2ndom;(h) in any iteration j.
Proof. (3/3)
Case 2: h <k: (kx#.D;. dominate)
""""""" ®- Claim: & #++13% » D;.2_ #¢, D;. does not dominate h.

<pf> Suppose not,
\‘ l.e. 3 x € D;,, x dominate h where x € {j+2, ..., n}

SR KE X2 AR R
() Ifh<k<x: (. h<k) ® W

By (k),hxe E=>kx e E

(2) else j+1 < x < k: (*." j+1 < X) m

By (), j+1)ke E=>xk € E
. In any case, k was dominated by D,. -«
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5.2 Method 2: Dynamic
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q 5.2 Method 2: Dynamic

: Develop a primal-dual algorithm for the vertex
cover problem in tree. Or find an counterexample. (The dual
problem is the maximum matching problem which is to find a
matching of maximum size. A matching of a graph is a subset of
edge set in which no two distinct edges have a common vertex.)
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