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1. Introduction and notations
Def: Let G=(V, E) beagraph,letDcV
@ D is a independent dominating set of G iff
(1) D is a dominating set of G.
{ (2) D is a independent set. (V Xx#Yyin D = xy ¢ E)
%(G) = min{|D|: D is a independent dominating set of G} (= (G))
@D is a connected dominating set of G iff
(1) D is a dominating set of G.
{ (2) G[D], the subgraph induced by D is connected.
7.(G) = min{|D|: D is a connected dominating set of G}
® D is a total dominating set of G iff
(1) D isadominating set of G. _ _
{ (2) degep () #0, VX €D. U NO) =V
(=VxeD=3y#xandy e Dsuchthatxy € E)
%(G) = min{|D|: D is a total dominating set of G}
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Def: Given graph G = (V, E), and V vertex v, 3 real number w(v)
@ (G, w) =min{w(D) = D W() : D is a dominating set of G}.

veD

@ (G, w) =min{w(D) = > w(v) : D is an independent dom. set of G}.
veD

® #.(G, w) =min {w(D) = Zw(v) : D Is a connected dom. set of G}.
veD

@ %(G, w) =min {w(D) = > w(v) : D Is a total dom. set of G}.

veD

Remark: The problems of finding a minimum-cardinality
(independent, connected, total) dominating set and finding a
minimum-weight (independent, connected, total) dominating set of a
graph are NP-complete. [Garey and Johnson, 1979]
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Def: Given an interval graph G = (V, E) and the interval ordering of
Gis {1, 2, ..., n}. Define
OV.={1,2,...,i},V,= ¢
@ G, = the subgraph of G induced by V;
® low(i) = min{x | x € N[i]}
@ maxlow(i) = max{low(j) | low(i) £j <L i}
® L(i? = {rpa?dO\_/v(i), I‘T]?.X|OV§/(i)+1, e 1} L@)=1{2.3.4)
® M(i)={j|j>1andjis adjacent to i}
M(4) = {5, 8}

ow@d 1 2 2 1 3 6 6 4 9 8
maxlow@ 1 2 2 2 3 6 66 9 9

L(3) = {2, 3} I\;Eg; 3 g,o;, 8}
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Note: @ Ng(i) = {low(i), low(i)+1, ..., i-1}
@ G[L(i)] form a maximal clique in G;.
® Letj e Vs.t. low(i) £j <iand maxlow(i) = low(j)
Then, (1) low(i) < low(])
(2)] =1
(3) NI = L(1) v M(1)
(4) Ng;() < L(1)

Def: Min X = the element D* in X, such that
w(D*) = min{w(D) | D € X}.
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2. Domination
Def: @ Let D, =subset of V(G) s.t. Vx € V;, 3y € D; with x ~ .
@ Let MD; = the minimum-weight D;.

Thm: (a) MD, = ¢
(b) For 1<i<n, MD; = min{{]} U MD,y,,5,1 | ] € L(i) U M(i)}
Proof. (b) (1/2)
@ *." 3 e L(i) s.t. N(j) < L(i) v M(i)
s dke Dy (L()) uM())s.t.kj e E
= D, ={k} u D for some k € L(i) U M(i),
where D = D, — {k}, for any D..

(c) Spring 2022, Justie Su-Tzu Juan



4.3 Domination Problems

= Thm: (b) For 1<i<n, MD; = min{{j} U MID,, 1 | ] € L(i) W M(i)}
Proof. (b) (2/2)
@ °.” The definition of low function,
. k. dominates no vertex in V,,,4 1
= D Is a dominating set of G,y,4_1
By @, @, asetisaD; < D; ={k} U D,y -1 for some k e L(i) U M(i)
". MD; = Min{D,; | for all possible D;}
= Min{{k} U Dyp,sg.1 | k € L(i) L M(i)}
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Algorithm 4.3:

Given the interval ordering {1, 2, ..., n} and low, maxlow functions
for every vertex of a interval graph G.

MD, = ¢;
w(MD,) := 0;
~fori=1tondo

-

\

min ;= oo;
for j € L[1JUM[i] do
If (J 2 maxlow(i) and w(j) + wW(MD,,,5-1) < min) then
min := W(J) + W(MDIow(j)—l);
minj := |
MD; := {minj} U MDqminj)-1;

. W(MD;) :=min

Time Complexity = O(|V|+|E|)
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1 4.3 Domination Problems

IQ:
i) @ ol e e e’ 6 98’0 n®

low(i) 1 2 2 1 3 6 6 4 9 8
maxlow(i) 1 2 2 2 3 6 6 6 9 9
L(i) {1} {2} {2,3}{2,3,4}{3,4,5} {6} {6,7}{6,7,8} {9} {9,10}
M(@) {4} {34} {45} {58} {8} {78} {8} {10} {10} ¢
MD,;
w(MD;)
min
minj

min := oo;
forj e L[i]JuM[i] do
iIf (J = maxlow(i) and w(j) + w(MD,q,,;,-1) < min) then
min :=w(j) + W(MD,g,6)-1);
minj := |
I\/IDi = {mlnj_} o |\/lDIow(minj)—l;
w(MD;) := min
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3. Independent domination
= Def: @ Let ID, = an independent dominating set of G;.
@ Let MID; = the minimum-weight ID;.

= Thm: (a) MID, = ¢
(b) For 1<i<n, MID; = Min{{j} U MID,45,_1 | ] € L(i)}
Proof. (b) (1/3) (2)
Let MID; = D U {j}, where j = max{x | x € MID;}, D = MID; \ {j}.
@ D is an independent set.
@ D is a dominating set of G,y 1
V X € Vigyj-1, Y € MID; s.t. X~y
But "." X <low(j) .. By the definition of low function, we have y #]j.
Theny e D. .. D is a dominating set of G,y ;-
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« Thm: (b) For1<i<n, MID; = Min{{j} U MID,,,5,_1 | ] € L()}
Proof. (b) (2/3) (2)
® j e L():
Suppose k* € V s.t. low(i) £ k* <1 and maxlow(i) = low(k*)
= maxlow(i) = max{low(k) | low(i) £ k < i} > low(])
("." Ng,(i) = {low(i), low(i)+1, ..., i-1}, .. low(i) <j <i)
If j & L(I), then ] < maxlow(i) = low(k*) < k*
By definition of independent dominating set,

U x*<max{x|x e MID;} =j<k*and x*k* € E
- By (k), jk* € E =5« ("." j < low(k™))
By @, @, ® = w(D) 2 w(j) + W(MID,,,_,) for some j e L(i).
= MID; 2 Min{{j} U MID,,,sy 1 | ] € L(1)}.
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= Thm: (b) For 1<i<n, MID; = Min{{j} U MID,,,1 | ] € L(i)}
Proof. (b) (3/3) () V] e L(i):
@ “." Ng,(j) ={x e V| x = low(j)}
- JIs not adjacent to any vertex in Gy, 1
= {j} U MID,,,41 Is an independent set of G;.
@ (1) V x € {low()), low()+1, ..., j}:
" low(]) £ X<
.. By the definition of low function and (%), x ~ j.
(2) VXxe{j+1, j+2, ..., 1}: N
" j € L(i) and low(i) £ maxlow(i) £ j < x < i
. low(x) < maxlow(i) < j < x ‘
. By the definition of low function and (), jx € E |
= {j} U MID,y,5_1 Is an indp. dom. set of G; orsay

By ®, @, MID, < Min{{j} U MID,o) 1 | € L()}. * 'V-()'() ;S f(f)“?(“fj
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= Algorithm 4.2:

Given the interval ordering {1, 2, ..., n} and low, maxlow functions
for every vertex of a interval graph G.

MID, := ¢;
w(MID,) :=0;
~fori=1tondo
min := oo;
- for maxlow(i) <j<ido
If (w(j) + W(MID,,,,5,-1) < min) then
min :=w(j) + W(MID,g6)1);
minj := |
MID; := {minj} U MID,qminj)-1;
. W(MID;) :=min

\

= Time Complexity = O(|V|+|E|)
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IQ:
i) v @ L@ e’ 6 0 8° 0 ®°

low(i) 1 2 2 1 3 6 6 4 9 8
maxlow(i) 1 2 2 2 3 6 6 6 9 9

LG) {1} {2} {2.3}{2.3.4}3.4,5} {6} {6,7}{6,7,8} {9} {9,10}
MID,

w(MID))
min
minj

min := oo;
for maxlow(i)<j<ido
If (w(j) + w(MID,,,5y-1) < min) then
min :=w(j) + W(MID,y6 1)
min!'[::j \
MID; := {minj} U MID,,,mini)_1:
w(MID) := min on(min)-1
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Note:
@® The method can be used to solve the “maximum-weight” version.

@ For the other 3 domination problems, we can consider
nonnegative weights only.
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4. Total domination and connected domination
: Develop a dynamic programming algorithm
for total domination or connected domination; or show there exist an
counterexample.

(c) Spring 2022, Justie Su-Tzu Juan 16



q 4.3 Domination Problems

5. Related works

Interval Graphs Circular-arc Graphs
TD WTD WD, WCD D WD WTD WID,
WID WCD
Open[84] O(nm)[85]
¢(n?)[86] O(n3)[89]
¢(n+m) O(n)[91]
[88]
O(nlogn) ¢(n%logn)
[88] [91]
O(n+m)[88]
O(n+m)[98] O(nloglogn) [98] O(n+m)[98]

Where n = [V| and m = |E|
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