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S 9.6 Dinic Algorithm

Def:

@® In N=(V, E), eis useful from u to v w.r.t. (with respect to) f'if
(i) e=uv A fle) < Cap(e) or
(ii) e = vu A f(e) > 0.

(c) Fall 2023, Justie Su-Tzu Juan




S 9.6 Dinic Algorithm

+ Def:

@ layered network N'=(V,E")of N=(V, E) w.r.t f

where

(V'=Vv,uV,uU..UV,
E'=E,UE,U...UE, Ift € V,for some a, then V', < {1}

V, = is} else f'is optimal (not exist V")
V.= e Vyu..uUV_;:dx e V,_;s.t xyis useful /
(xy € E with f(x, y) < Cap(x, y) or yx € E with f(y, x) > 0)}
E={xy:xeV,_ A y(l% V; A xy is useful (i)
(xy € E with f(x, y) < Cap(x, y) or yx € E with f(y, x) > 0)}

L Cap™(x, y) = | Cap(x, y) — fix, ), ifxy € E
fy, x), ifyx e E
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S 9.6 Dinic Algorithm

e

Vo=1{s};1 < 0;

W)V =ppelVyu...ulV:dxe Vst
(xy € E with f(x, y) < Cap(x, y) or yx € E with f(y, x) > 0)};

if V;,; = then STOP; /* fis optimal*/

¥
ift € V;,, then V,; = {#}; xy is useful
else {i=i+1; go to (¥)};
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S 9.6 Dinic Algorithm

 Thm: If f is a flow of V',
then £ is a flow of NV with value(f’) = value(f) + value(f"),
when £(e) =[ fle) + f(e), if ¢ €« ENE) & (i) holds;
{fle)—f(e),if (e € E, ¢! € E") & (ii) holds;
| f(e), 0.W.

(Notation: = f @ f°)

* Cor: value of max. flow of N
= max{value(f) + value of max. flow of N'}.

(c) Fall 2023, Justie Su-Tzu Juan
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b”, 3

= value of max. flow of N=7 + 7 =14.
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S 9.6 Dinic Algorithm

o HEHR N & maximum flow — X NV % maximum flow

» Def: f is a maximal flow in V" if

@ f'isaflowin V.

. e, e e
@ ‘v’pathm]\’*:xo—ln{cnl i”{ﬁz—) DX S X,
| m I

Jie{l,2,...,k s.t f(e)=Cap*(e).
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S 9.6 Dinic Algorithm

Dinic Algorithm:
(1) f < 0;
(2) Construct NV (if not exist N*, STOP)
(3) Find a maximal flow f* of NV';

Df<fOf; IVIIE]
(5) Go to (2);
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S 9.6 Dinic Algorithm

Lemma 1: Dinic’s Algorithm runs at most |V] iterations.

Proof. (1/4)
Suppose N'(k) is the kth layered network whose length is r,,
say V() =V5gU V5 U... UV ..
Claim: r, <r<..<r<rng<..<[V-1
Proof of Claim.

Let P: s = vyvv, ... v, , =tbe an st dipath in V'(k + 1)
Jd max. indexas.t.v,;e V' ;Vi=0,1,...,a
if a =r,,,, then P is also an s-¢ dipath in N'(k)
= Je=v_v;s.t f(e) = Cap'i(e)
= f(e) =[ fle) + f'(e) = Cap(e), if (i) holds

{ fle)—f(e) =0, if (ii) holds

(c) Fall 2023, Justie Su-Tzu Juan



S 9.6 Dinic Algorithm

Lemma 1: Dinic’s Algorithm runs at most |V] iterations.
Proof. (2/4)

Claim: ri<n<..<r<rmn,;<..<|V-1

Proof of Claim.
if a = r,,,, then P is also an s-¢ dipath in N'(k)
= de=v,_v;s.t f(e) = Cap'i(e)
= f(e) = | fle) + f (e) = Cap(e), if (i) holds

{ fle)—f(e) =0, if (ii) holds

= e is not useful when we construct N'(k + 1)
=eg E'(k+1) >«
Y - R
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S 9.6 Dinic Algorithm

Lemma 1: Dinic’s Algorithm runs at most |V] iterations.

Proof. (3/4)
Claim: r, <rn<..<rn<rng<..<[V-1
Proof of Claim.e
P: vy, ... va‘i; Var1 = eee >V T E(WVert € Vigrr)
e,.1 = V,V,., is useful when we construct N'(k + 1)
= e, is useful when we construct N'(k)

(" 0.w. e, isn’t useful when we construct N'(k)

= we didn’t change f(e,.)

\ = €1 € E'(k+1) >«
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= it is still not useful when we construct N'(k + 1)
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 Lemma 1: Dinic’s Algorithm runs at most |V iterations.
Proof. (4/4)

Claim: ri <rn<..<r<rmn,<..<|V-1

Proof of Claim.
ea+1

Py ooV, 2V > eei v, =tV € Vierr)
By the construction of N'(k): r,<a+1—Q
But Var1 € Vk,a+1

=V E VY

Fk+1

=t,i.e.a+1¢l"k+1

by © @, r,<a+1<r,
= ¥ < Fiiqe
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S 9.6 Dinic Algorithm

* Question: How to find a maximal flow f* of V".
Sol.
— @4 DFS, — @ #X s-f aug. path R update f*.
1% “blocked edge” (f*(e) = Cap*(e))
4£ DFS &4 7, & A blocked edges.
Z3# O(E) R, BRE% O(V)
= O(V|E)).
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* Note: Dinic’s Algorithm need O(|V]?|E|) time.
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« Compare:

Ford & Fulkerson T ft 7 4% £ & 1%
Edmons & Karp O(|VP|E))

Dinic O(|V|*|E))

MPM o(")
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§ 9.7 MPM Algorithm

Def:
IP(v) = 2., c k6" Cap'(xv) (initial)

T vaeE(G*) and xv unsaturated (Cap*(xv) _f (XV)) (O'W')
OP(v) = 2.,,crG* Cap”(vy) (initial)

= ZvyeE(G*) and vy unsaturated (C ap*(vy ) _f (Vy )) (O°W°)

P(v) = min{IP(v), OP(v)}: called Potential of v.
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§ 9.7 MPM Algorithm

«  MPM Algorithm: (X3 Dinic Algorithm (3))
(3.1) Computer P(v*) V v* € V7;

(3.2) Find v’ s.t. P(v’) = min +_,* P(v");
(3.3) Pull and Push flow;

(3.4) Recomputer P(v) Vv e V;

(3.5) if P(s) or P(¢) = 0 STOP;

else goto (3.2);
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§ 9.7 MPM Algorithm

* Note: Time of MPM = O(|V)?)

@ N': O(|V)) iteration

@ Pull v Push $1F & % $47 |V] X,
%R Pull #v Push £ % & ¥ |E| zé (#AT |E| B35 4),
12 & time R & O(V] - |E|), @& O(E|+ V%)= O0(V])

-

Why? Exercise 9 (12/19)

Hint:
AEfT — 18 3% R € 4% saturated — R B8k £’V saturated 218 %

satuzated /\ saturated

s ES—&
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