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§ 10.3 Some NP-Complete Problems

• Def: 

Clique Problem:

input: Graph G and k  N.

output:   “yes”, if G has a clique of size k;

“no”,   o.w.. 

• Def: C is a clique of G = (V, E) 

if C  V and for any x  C and y  C, xy  E.

• Theorem: SAT  Clique (i.e. Clique is NP-complete)



(c) Fall 2023 Justie Su-Tzu Juan
3

§ 10.3 Some NP-Complete Problems

• Def:

Vertex-cover Problem:

input: Graph G’ and k’  N.

output:   “yes”, if G’ has a vertex cover of size k’;

“no”,   o.w.. 

Recall

• Def: C is a vertex-cover of G = (V, E) 

if C  V and every edge xy  E either x  C or y  C.



(c) Fall 2023 Justie Su-Tzu Juan
4

§ 10.3 Some NP-Complete Problems

• Theorem: Clique  Vertex-cover

Proof. (1/3)

Given G and k

Let G’ = GC and k’ = |V(G)|  k

Claim: G has a clique of size k  G’ has a vertex-cover size k’.

Ex:

Gk = 3 G’ = GCk’ = 4
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§ 10.3 Some NP-Complete Problems

• Theorem: Clique  Vertex-cover

Proof. (2/3)

Claim: G has a clique of size k  G’ has a vertex-cover size k’.

Proof.

() Suppose C is a clique of G with |C| = k.

Let C’ = V(G)  C

Then |C’| = k’.

 xy  E(G’) = E(GC)

Assume x C’, y  C’, then x  C, y  C.

 xy  E(G) (since C is a clique) (xy  E(GC))

Hence x  C’ or y  C’

 C’ is a vertex cover.
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§ 10.3 Some NP-Complete Problems

• Theorem: Clique  Vertex-cover

Proof. (3/3)

Claim: G has a clique of size k  G’ has a vertex-cover size k’.

Proof.

() Suppose C’ is a vertex cover of G’ with |C’| = k’.

Let C = V(G’)  C’ = V(G)  C’.

Then |C| = |V(G)|  k’ = k.

 x  C, y  C, then x C’, y  C’.

Assume xy E(G), then xy  E(GC) = E(G’).

 xy  E(G’), but x C’, y  C’.

Hence xy  E(G)

Hence C is a clique of size k.
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§ 10.3 Some NP-Complete Problems

• Def: 

Domination Problem:

input: Graph G and k  N.

output:   “yes”, if  D  V(G), |D| = k

and N[x]  D  ,  x  V(G);

“no”,   o.w. . 

Recall

• Def: A domination set of a graph G = (V, E) is a subset D of V

s.t. x  V \ D,  y  D with xy  E.



(c) Fall 2023 Justie Su-Tzu Juan
9

§ 10.3 Some NP-Complete Problems

• Theorem: 3 SAT  Domination.

Proof. (1/5)

Given f = i=1
r(xi1 + xi2 + xi3) over {x1, x2, …, xn}.

Consider G = (V, E) as 

V = {xj, xj, yj: 1  j  n}  {(i, j): 1  i  r, 1  j  4}

E = {xj(xj), (xj)yj, xjyj: 1  j  n} 

{(i, 1)(i, 2), (i, 2)(i, 4), (i, 3)(i, 4), (i, 3)(i, 1): 1  i  r} 

{xj(i, k): xj = xik}  {xj(i, k): (xj) = xik}.

Let k = n + r.

claim: f is satisfiable  G has a dominating set of size k.
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§ 10.3 Some NP-Complete Problems

• Theorem: 3 SAT  Domination.

Proof. (2/5)

Ex: f = (x1 + x2 + (x3))((x1) + x2 + (x3))

x1

y1

x1

x2

y2

x2

x3

y3

x3

(1, 1)

(1, 2)

(1, 3)

(1, 4)

(2, 1)

(2, 2)

(2, 3)

(2, 4)

G:

k = 3 + 2

= 5

x1 = 1,      

x2 = 1,   

x3 = 1
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§ 10.3 Some NP-Complete Problems

• Theorem: 3 SAT  Domination.

Proof. (3/5)

Claim: f is satisfiable  G has a dominating set of size k.

Proof.

() If we can assign x1, …, xn s.t. f is true,

(∵ f is true,   1  i  r,  ki  {1, 2, 3} xiki
is true.)

then let D = {xj: xj is assign true} 

{xj: xj is assign false} 

{(i, 5 ki): 1  i  r}.

Then it’s easy to see that D is a dominating set of G

and |D| = n + r = k.
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§ 10.3 Some NP-Complete Problems

• Theorem: 3 SAT  Domination.

Proof. (4/5)

claim: f is satisfiable  G has a dominating set of size k.

Proof.

() Suppose G has a dominating set D of size n + r.

Then |D {yj, xj, (xj)}| = 1  1  j  n and

|D  {(i, k)}: 2  k  4| = 1  1  i  r

(∵  yj,  (i, 4)  1  j  n, 1  i  r)

Assign xj =   true, if xj D;

false, if xj  D or yj  D.

check: xi1 + xi2 + xi3 is true,  1  i  r.
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§ 10.3 Some NP-Complete Problems

• Theorem: 3 SAT  Domination.

Proof. (5/5)

claim: f is satisfiable  G has a dominating set of size k.

Proof.

() check: xi1 + xi2 + xi3 is true,  1  i  r.

let D  {(i, k): 2  k  4} = (i, ki)

Note that (i, ki) can’t dominate (i, 5  ki) with 1 5  ki  3.

i.e. (i, 5  ki) adjacent to some xj or (xj) in D

 xi5  ki
is true for all 1  i  r, for some 1  5  ki  3

 xi1 + xi2 + xi3 is true,  1  i  r.
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§ 10.3 Some NP-Complete Problems

• Corollary:

 Clique Problem is NP-complete.

 Vertex-cover Problem is NP-complete.

 Domination Problem is NP-complete.

• Note: Need to prove

 Clique Problem  NP.

 Vertex-cover Problem  NP.

 Domination Problem  NP.
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§ 10.3 Some NP-Complete Problems

• Thm: vertex-cover problem  domination problem on bipartite 

graph.

Proof. (1/5)

Given graph G = (V, E) and k  N for vertex-cover problem.

Consider bipartite graph G’ = (X, Y, E’) as:

X = {}  V

Y = {}  E

E’ = {, x: x  V}  {xe: x  V , e  E, x  e}

Let k’ = k + 1

Claim: G has a vertex-cover C of size k, k  |V|

 G’ has a dominating set D of size k’ = k + 1, k’  |X|.
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§ 10.3 Some NP-Complete Problems

• Thm: vertex-cover problem  domination problem on bipartite 

graph.

Proof. (2/5)

Ex:
1 2

3

4

5

1

2

3

4

5



12

13

23

34

45

51
Gk = 3

G’

X Y

X Y

k’ = k + 1

= 4
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§ 10.3 Some NP-Complete Problems

• Thm: vertex-cover problem  domination problem on bipartite 

graph.

Proof. (3/5)

Claim: G has a vertex-cover C of size k, k  |V|

 G’ has a dominating set D of size k’ = k + 1, k’  |X|.

Proof.

() Given C, let D = {}  C

It’s easy to see that D is a dominating set of G’ with size k’.

() Suppose |D| = k’ = k + 1, D is a dominating set of G’.

① If   D, then   D.

Let D’ = (D  {})  {} be also a dominating set of G’ 

with size k’.

We may assume   D.
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§ 10.3 Some NP-Complete Problems

• Thm: vertex-cover problem  domination problem on bipartite 

graph.

Proof. (4/5)

Claim: G has a vertex-cover C of size k, k  |V|

 G’ has a dominating set D of size k’ = k + 1, k’  |X|.

Proof.

() Suppose |D| = k’ = k + 1, D is a dominating set of G’.

② If  e = xy  D, x  X, y  X,

then let D’ = (D  {e})  {x} is also a dominating set of

G’ with size k’ (or k’  1, if x  D. If so, since k’  |X|,

then let D’ = (D  {e})  {z}, for some z  V  D.)

We may assume D E = .



(c) Fall 2023 Justie Su-Tzu Juan
21

§ 10.3 Some NP-Complete Problems

• Thm: vertex-cover problem  domination problem on bipartite 

graph.

Proof. (5/5)

Claim: G has a vertex-cover C of size k, k  |V|

 G’ has a dominating set D of size k’ = k + 1, k’  |X|.

Proof.

() Suppose |D| = k’ = k + 1, D is a dominating set of G’.

 Set C = D V .

Then C is clearly a vertex cover of G with |C| = k.

• Corollary: Domination Problem for bipartite graph is NP-complete. 

(Need to prove Domination Problem for bipartite graph  NP.)


