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§ 9.5 Application
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§ 9.5 Application

Technique 1: N = (V, E): digraph: M = (&)« St
Incidence matrix a;; = (1, if € = ViVjy

=1, if g, = Vv
| 0, o.w.

(c) Fall 2023, Justie Su-Tzu Juan




§ 9.5 Application

» Fact: M is totally unimodular
=V square submatrix A of M, det(A) =0 or 1 or -1.
Proof.
By induction.

Technique 2: s-t path-edge matrix: A = (by), ,xg S-t.
1,ife e P;
0, o.w.

ij

« [Fact: A is totally unimodular.

(c) Fall 2023, Justie Su-Tzu Juan




§ 9.5 Application

- Technique 3: Let [@| =1, 2o, ccp Ao = (Ap,, Up s .., Ay )A,,
e

Plf )

,Where A, = P, means the e column vector of A.

Pr\

 Note:
@ 2pcp eer @ < Cap(e)
= (@, Apy ..., A )A < (Cap(ey), ..., Cap(eg)).
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§ 9.5 Application

« Note:
@ F maxg(2pc, Ap)

= F maxg(dp,, ..., Ap ) = maxgl- (dp,, ..., dp )°.

(1)

@ Let(dp,...,dp )= X, (Cap(e,), ..., Cap(e,)) = C.

F max,1- X¢

© &r: X - A< C|: Linear Programming Problem # #
C >0 F&F Algorithm f%.

CX-ASC=X-A+Y - I=C.
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§ 9.5 Application

Note:

@ Select suitable Y s.t.:

F max1- XC

2 4 (X,Y)- [A] =C
I
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§ 9.5 Application

* Problem 1: # max. # of edge-disjoint s-t directed paths
In G = (V, E): directed graph.

Sol.

Let Cap(e) =1, Ve.

= d F&F Algo. &4 f. (value(f) = #7 &)

=>d fH N {A}p.,: A=00r1 (4 F&F 2, f(e)=00r1)
" b ecp Ap < Cap(e) = 1.
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§ 9.5 Application

* Problem 2: # max. # of vertex-disjoint s-t directed paths
In G = (V, E): directed graph.

e Note: # st * |} &
ex:

27— 2,
but not exist 2 vertex-disjoint s-t directed paths. >«
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§ 9.5 Application

« Sol. (1/2)
£E3- B

Step 1: Define G’ = (V’, E’) for given G = (V, E) as:
V' ={s, tfu{v,v:ves vt v e V(G)}

E’={sv’:sve E(G)}u{vitvte E(G)}uU
{v,"v,’:v,v, e E(G) Ve’ e B, {v,V,} n{s, t} = G}u
{vVv":veV-{st}}.
Step 2: Let Cap(e’)=1,V e’e E’.
Step 3: Solve Problem 1 of G°.
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§ 9.5 Application

« Sol. (2/2)
Step 3: Solve Problem 1 of G’.
"." solve max. flow of G’
< Solve max. # edge-disjoint s-t di-paths in G’. (*." Problem 1)
< Solve max. # vertex-disjoint s-t di-paths in G. (¢)
Proof of (¢)
If 3 2 di-pathsis G S.t. P; =S, 1y, Iy eeey Vy eeuy I,
Py =S, J1s Jos eees Vo eees Jryy

then in G’,
32 di-paths s.t. P> =5, i,%, i,", i, i, ooy V2 V") veny 2,07,
PZ, =3, jl,a j1”’ j2,9 j2"9 °H9Ma ceey jm’a jm"1 t

e
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§ 9.5 Application

 Homework 3: (Due day: 12/19)

#Ford and Fulkerson Algorithm B{EH2K » 3 FH2Kfi#EProblem 2
Problem 2: # max. # of vertex-disjoint s-t directed paths

In G = (V, E): directed graph.
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§ 9.5 Application

* Problem 3: # max. # of edge-disjoint s-t path
In G = (V, E): undirected graph.

Sol.
Step 1: Define G’ = (V, E’): directed graph by:

E’ = {xy, yx: {xy} € E(G)}.
Step 2: Solve Problem 1 of G’.
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§ 9.5 Application

 Note: Denote {{X,y} € E: xy e P} =E(P), VP in G’.
P,, P, are 2 edge-disjoint di-paths in G’
s.t. E(P) N EP,) # D.
= 3 2 edge-disjoint paths in G s.t.
{E(Pl’) NEP,) =0

E(Pl,) U E(Pz’) c E(Pl) o E(Pz)
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§ 9.5 Application

Problem 4: 3 max. # of vertex-disjoint s-t path
In G = (V, E): undirected graph.

Sol.
% & Problem2 & 3:

i%

Step 1: Deflne G’ =(V’, E’): directed graph by:
={s, ttu{v,v:veV-{st}}
E’={sv’,Vv's:sve E(G)}u {Vv't,tv’:tv € E(G)} U
{v,"v,’, v,"v,’: v, v, € E(G)} U {v’V":v e V —{s, t}}.
Step 2: Solve Problem 1 of G’.
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Chapter 10 NP-completeness

* Book:
© Graph Algorithms
Shimon Even © 1979

© Introduction to the Theory of Computation
Michael Sipser © 1997
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§ 10.1 P, NP-problem

» Def: nondeterministic Turing machine (NDT M)
deterministic Turing machine (DTM)

* Def:
@ decision problem

ex: input: G = (V, E) graph, k € N.
output: “yes”, if 3 dominating set of size < k.
“no”, if not.
@ optimal problem
ex: Input: G = (V, E) graph.
output: r(G) = ?
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§ 10.1 P, NP-problem

o Ex:S={iy, Iy ..., I} given.
Does there 35 =5, U S, s.t. Xics, | = 2jes, J?
Sol.

NDTM: @ guessing stage: “J5° —{EZE S,
@ checking stage: “Bg58" 2ics, 1= 2, |

DTM: ? (2¢) %!
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§ 10.1 P, NP-problem

« Def:
P problem: I"'problem 75 DTM H polynomial time f2= =] ##,
Ri[#® "< P. (I" is P problem)
NP problem: I"problem 7 NDTM H polynomial time f2= B ##,
HIf& 7" NP. (" is NP problem)

(NP is the class of languages that have poly. time verifiers)

(p)
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Chapter 10
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§ 10.2 NP-complete
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§ 10.2 NP-complete

» Def: polynomial-time reducible:
problem I «c problem I,: I; 7 polynomial-time Z NAZ45 I,

« Def: I'is NP-complete=® I"e NP.
@ VI’ eNP, I’ oI (I'is NP-hard)

@) - Gy
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§ 10.2 NP-complete

« Def: SAT problem (Satisfiability problem)
input: A boolean expression f(X;, X,y «.. 5 X,) = 1.
output: Yes, if we can given X, Xy, «.. 5 X, S.L. f(Xq, X5y «ov 5 X ) = 1.
No, o.w..

. Ex:

@ f(X,y,2)=(XVvYy) = (ZAX)
f(x,y,2)=>1f(1,1,1) = 1. = Yes!

@ f(X,yY)=XA(=X)AY
f(1,y)=1A0Ay=0
f(0,y)=0AlAy=0

} always =0 = No!
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§ 10.2 NP-complete

* Theorem (Cook):
SAT is NP-complete.

* Property: I ocl'andI" e P=> 1" € P.

« Cor: I'""is NP-complete, '€ P= P = NP.
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§ 10.2 NP-complete

« Property: I"" is NP-complete, and " e NP, and I oc I”
= I'i1s NP-complete.

Proof.
VI’eNP, I'’ocI” (by def. of I"" is NP-complete)
I (EXD)
=1l ("." “oc” is transitive)
~By@reNPand@VI’eNP, Il
= I'i1s NP-complete.

« Theorem (Cook): iR BRLE:
SAT € P Iff P = NP.
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§ 10.2 NP-complete

« Def: A boolean-expression f(x,, X, ..., X,,) INn CNF(conjunctive

normal form): literals and or

f(Xl’ X2, XY Xn) - [Xll + X12 + oo + Xln1®X2@X22 + coe + X2n2) * eee
(Xpg + Xpp F oo+ X ) WNETE Xjj € {Xq, Xpp ey Xy, —1Xg, T1Xgy oee 5 =Xy ]

\clause
Note:

P—>q <-pvq
P<>Q < (=pva)A(=qvp)
pv(@as)=p+(@-s)ePvaapvs)=(P+aq)-(p+s)
—=(p A Q) < -pv—Q

S F(Xg Xy eees X)) = T (21" X))
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§ 10.2 NP-complete

o Def:
SAT Problem:
input: Given a CNF f = [T, (2" X;),
where X;; € {X;, Xpy «205 X, =Xg, —1Xp5 000y =X}
output: | “yes”, if f Is satisfiable or

* (3 assignment of Xy, Xy ..., X, S.L. TS true)

“no”, o.w..
3 SAT Problem:
input: Given T’ =1, (Xi; + Xi, + Xi3) OVer {Xy, ..., X,}.
O_Utp_ut:{ “yes”, if f ’ is satisfiable
“no”, o.w..
(3 SAT =if all the clauses have three literals.)
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§ 10.2 NP-complete

Note: BTAHY boolean formula BB 5 ik 3 CNF-formula.
Proof.

1.X=X+X+X.

2.X+tYy=X+y+X=X+y+y.

3.p+qg=(p+x)-(q+ (—x)), x: new variable.

EX:

(Xiz + Xip + Xi3 + Xia) = (Xig + Xiz + Y1) + (Xig + Xig + (2Y1))
P g y,: new variable

(Xig + Xig * Xig + Xig + Xis)

= (Xip + X +27) - (Xig + Xig + X5 + (=2;))

= (Xig * Xip + Xi3) - (Xiz + Xig + 25)) - (Xis + (=24) + (=2))

where z,, z,: new variables.
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§ 10.2 NP-complete

« Note: variable 371 poly. £Z.

 Theorem: 3 SAT is NP-complete.
Proof.

@ 3 SAT € NP

@ SAT o« 3 SAT:
Given SAT with f = [T,.,"(X=;" X;;) over {Xy, X,y «vvs X}
Consider 3 SAT with f’> = Product of some z,; + 7, + 7,4

over {Xg, ..., X } U {new variables}

claim: f is satisfiable < f ’ is satisfiable

(i) *.* variable ¥4 poly. £, ... & poly. time reduce.
(ii) f > sat. = f sat. FB&5.
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§ 10.2 NP-complete

» Note: 2 SAT is polynomially solvable. (2 SAT € P)
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§ 10.3 Some NP-Complete Problems
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§ 10.3 Some NP-Complete Problems

o Def:
Clique Problem:
input: Graph G and k € N.
output: | “yes”, if G has a clique of size k;
“no”, o.w..
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§ 10.3 Some NP-Complete Problems

Theorem: SAT o Clique (i.e. Clique is NP-complete)

Proof. (1/4)
Given f = IT,.,"(X=," X;;) over {Xy,..., X}
Consider Gas: V(G) ={(i,j):1<i<rand 1<j<n}
E(G) ={(1, D(°, ): 1% P and X;; # (—X;:p)}
Letk=r
Claim: f is satisfiable < G has a clique of size k.
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§ 10.3 Some NP-Complete Problems

« Theorem: SAT oc Clique (i.e. Cligue is NP-complete)
Proof. (2/4)
EX: (X + y)(X + Z)(=X + =y)(X + —2)
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§ 10.3 Some NP-Complete Problems

« Theorem: SAT oc Clique (i.e. Cligue is NP-complete)
Proof. (2/4)
EX: (X + y)(X + Z)(=X + =y)(X + —2)
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§ 10.3 Some NP-Complete Problems

« Theorem: SAT oc Clique (i.e. Cligue is NP-complete)
Proof. (2/4)
EX: (X + y)(X + Z)(=X + =y)(X + —2)
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§ 10.3 Some NP-Complete Problems

Theorem: SAT o Clique (i.e. Clique is NP-complete)
Proof. (3/4)

Claim: f is satisfiable < G has a clique of size k.
Proof.

(=) fis sat. = we can assign Xy, Xy, ..., X, S.t. T is true.

BERY 1,3 ); s.t. X, = 1.

Let C={(i,});): 1<i<r}. Then|C|=r=k.
It is impossible that 3 1 1°, X;;, = =X
So Cis acligue (size=k=r)

I’Ji’

(c) Fall 2023, Justie Su-Tzu Juan




§ 10.3 Some NP-Complete Problems

Theorem: SAT o Clique (i.e. Clique is NP-complete)
Proof. (4/4)
Claim: f is satisfiable < G has a clique of size k.
Proof.
(<) Suppose G has a clique D of sizek =r.
Then D ={(i, p;): 1L <1<r} for some py, Pys «-«5 Pr-
We can assign Xy, X, ..., X,, property
S.t. Xjp, = 1 V 1 <1<r(Since X, # —Xp., V 1#1°)
= fis sat.
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