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S 9.1 Introduction

Def: G = (V, E) is a graph.
vertex connectivity of G between x and y: (xy ¢ E(G))

VC(G, x, y) = min # of vertices whose removal separate x, y.
vertex connectivity of G: (G # K, or let VC(K,))=n—1)
VC(G) = miny,,, g VC(G, X, p).

edge connectivity of G between x and y:
EC(G, x, y) = min # of edges whose removal separate x, y.
edge connectivity of G:

EC(G) = miny, .y EC(G, x, ).
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S 9.1 Introduction

e Menger’s Theorem:

® VC(G, x, y) = max # vertex disjoint x-y paths. (xy ¢ E)
@ EC(G, x, y) = max # edge disjoint x-y paths.

@
O

(Y) EC(G,x,y)=3
@(
(D
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VC(G, x,y)=2




S 9.1 Introduction

VC(G, s, f) = M*
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S 9.2 Network

e Def:
@® A network N is a digraph with two special vertices s and ¢,

and each edge e has a capacity, Cap(e) = 0.
@ A flow of N is a function f: E(N) > R"U{0}, such that

(i) V e € E(N), fle) < Cap(e).

(i) V x & {s, 1}, 2y O X) = Zvrzcean fIX, 2)
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S 9.2 Network

Notation:

@ value(f) = 2. £ S5, 2) — 25 £ S5 5)
® Ac V(N), Bc V(N).

(A,By={ab € EIN):ac A,b € B}. (Note: A" B A—7E = Q)
® For any function g: E(V) > R.

We use g(4, B) to denote 2., 4 5 g(e).

So, we can use f{V(N), {x}) to denote 2., . fy, X).

value(f) = 2
fl4, B) =2
Cap(4, B) =15




9 9.2 Network

* Def: For any network N = (V, E) with s, # and Cap. function on E.
An s-f cut B is edge set (X, X¢) where s € X, t € XC.

e Note:
) Cap(X9 XC) o Zee(X,XC) Cap(e)'

€ (X, X9 R
~ @

¢ (X, X9 xC
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9 9.2 Network

« Ex: In bipartite graph

=: ¥ max, value(f) = miny Cap(X, X°).
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9 9.2 Network

- B1R: ¥ max, value(f) = miny Cap(X, X°). (1/3)
Step 1:
iE Weakly Duality Inequality: value(f) < Cap(X, X°), V f, X.
(.. max, value(f) < miny Cap(X, X))
@ Lemma: value(f) = f{X, X¢) — fAX%, X)

Proof.
value(f) = f(s, V) — f(V, s)
=fls, V) = fV, 9) + Zyex—1y (fv, V) = AV, v))
=X, V) - AV, X)
= fIX, X) + fiX, X) - (X, X) + fAX, X))
= flX, X9) - X, X).
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9 9.2 Network

- B1R: ¥ max, value(f) = miny Cap(X, X°). (2/3)
Step 1:
iE Weakly Duality Inequality: value(f) < Cap(X, X°), V f, X.
(.. max, value(f) < miny Cap(X, X))
@ Proof of W.D.I.

value(f) — Cap(X, X°)

7 (f(Xa XC) —f(XC, X)) - Cap(Xa XC)
1% (f(Xa XC) i Cap(Xa XC)) —f(XC, X)

<0 <0

<0.
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9 9.2 Network

- B1R: # max, value(f) = miny Cap(X, X°). (3/3)
Step 2:
B1&: 42— algorithm, ¥F 7 & (X*, X*9),
{15 value(f*) = Cap(X", X ™).

= Cap(X', X°©) = value(f') < max, value(f) < miny Cap(X, X°)
(*s Step 2) (*+ Step 2) (+ Step 1)

< Cap(X', X°°).

(*+ Step 2)

= all “<” are “=".

=+ =4
v e af .

@ #Z max. flow f.
@ % min. cut (X*, X*°).
® max; value(f) = miny Cap(X, X°).
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9 9.2 Network

Define: Suppose f'is an s-7 flow in N = (V, E).

An f-augmenting path is a (not necessary directed) s-# path P s.t.
(a) if v; 4 S, v, ¢; € F(P) = f(e;) < Cap(e)).

(b)ifv,_, & v, €; € B(P) = f(e;) > 0.

F(P) F(P) B(P) F(P) F(P
forward backward
edge edge
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S 9.2 Network

 Lemma: Let f'(e) =

1

[ fle) + &, if e € F(P)
fle) — g, if e € B(P)

fle), o.w.

where €= min{min, . (Cap(e) — f(e)), min, g, fle)} > 0.
Then (i) f* is still a flow of V.

(ii) value(f’) =
Proof. (1/2)

value(f) + &€ (> value(f))

(i) Vee EN): f(e) =0, f(e) < Cap(e): easy to check.
Vvel- {s, t}:f(va V) =f(V9 v):
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9 9.2 Network

 Lemma: Let f'(e) =

1

[ fle) + &, if e € F(P)
fle) — g, if e € B(P)

fle), o.w.

where €= min{min,_rp, (Cap(e) — f(e)), min, g, fle)} > 0.
Then (i) f* is still a flow of V.

(ii) value(f’) =
Proof. (2/2)

(ii) value(f*) = £ (s,

value(f) + &€ (> value(f))

V) _f(Va S)

= fis, V) + £=fiV, 5) (or fis, V) = (fV; 5) — &)

= value(f) + &.

.. d f~augmenting path = 3 new flow f* of larger value.
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S 9.2 Network

Algorithm: (Ford and Fulkerson)

(0) V e € E, fle) < 0; all vertices are unscanned, no mark;
(1) mark s with “@; ©”
( (2) do while (3 marked vertex unscanned)

)

4

)

choose a marked vertex x whose mark is “v,; &.’;

if x = £ then

backtrace from 7 to get P ; update fto increase valule(f);
“ erase all mark; go to (1);

V xy € E(N) with y unmarked, and f{xy) < Cap(xy) do

(4.1)( mark y with “x; min{g,, Cap(xy) — fixy)}”;

V zx € E(V) with z unmarked, and f{zx) > 0 do

(5.1) mark z with “x; min{¢,, f(zx)}”;

end do;
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S 9.2 Network

e Claim: When the algorithm STOP,
f" is the final £, X" is the set of all marked vertices,
then value(f’) = Cap(X', X©).
Proof.

~ when STOP, 3) R E#17

LseX,te X
VxeX,yeg X,e=xye E):
v A.D)AHAT . fixy) < Cap(xy) ABX1L, i.e. fle) = Cap(e).
Vx’eX,z¢ X',e=zx € E(N):
w B.D)AREAT . flzx) > 0 AR, i.e. flzx) = 0.
Hence, value(f") = (X', X'¢) — AX'C, X)
= Cap(X', X'¢) - 0= Cap(X', X°).
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9 9.2 Network

55 12,1000 %,
15 10 “g’ 15” 12, 7 “a, 12”
; 2 12,0 ©

“b, 7”
“d’ 4”
“d, 3”
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S 9.2 Network

Remark:

If V e € E(N), Cap(e) are all in Q, then the algorithm will STOP.

3 example in which some Cap(e) are irrational and algorithm will
not stop.

The algorithm may be not efficient even if the capacities are
integers.
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9 9.2 Network

° E_X:
IfM=100

s, 100” M “d, 100”

100, 100
1

“a, 1 00”
“b, 1 00”

100,100 |

13 99 M 13 D) ’
s, 100 ¢, 100 STOP.

Another: “5, 997 b, 1", 997
N “d, 100”

(11 99
b, 1
“a, 1”

“s, 1007 “a,1”
“S, 099» “C, 100”

= 1200 XA STOP. 2MX)
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9 9.2 Network

 Remark:
@ Karp & Edmmonds: Use BFS(FIFO) #EHY x,
Bl O(|VP|E|) A Ford & Fulkerson algorithm E{S1E.

100709, 9“4, 100” 199, 0

“tl, 100”

o
»

“S, 100” 1009 0 “c, 100”
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9 9.2 Network

100, 100
1,0

100, 0 100, 100
100, 100 ;ob T
| e

“s, 10 “c, 100”

100, 1004100, 100

“@, o00” 1, 0
100, 100,100, 100
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§ 9.3 Matching and Networks

* Given an bipartite graph G = (X, Y, E).
Let N=(XU YU {s, £}, E*) and Cap(e) = {oo, ifee E

1, o.w.

where E'= {xy: x e X,ye Y,xy e E} U {sx:x e X} U {y1: y € Y}.
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§ 9.3 Matching and Networks

Exercise 8 (11/21): FIA maxggqy tor v Value(f) = ming _ y Cap(sS, S€) il
In bipartite graph: maXM:matching for G |M = minC:vertex cover for G |C|°

\
max,, :matching for G |M

= MAaX;q0w for v Value(f) (by @)
= minsgN Cap(S9 SC) (EI'%[I)

\ = minC:vertex cover for G |C| (by @) /
(You need to prove @, 2)

Hint of 0.
“<”: ¥ M'% max. matching — & —{E flow s.t. value(f*) = | M|
Al max,, |M| = |M’| = value(f*) < max, value(f").
“>”: Z %5 max. flow — i& i —{B matching M s.t. M| = value(f")
Al max, value(f) = value(f") = |[M'| < max,, |M|.
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S 9.4 s-t Directed Paths

 Def: N=(V, E) is a network with s,  and V e, 3 Cap(e) = 0.
Let @ = {P: P is an s-t directed path}.
Assign every P in ® a non-negative real number ((,

s.t. V € € Ea Cap(e) 2 Z‘v’Pe(P s.t. eeP aP'
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S 9.4 s-t Directed Paths

* Lemma: maxg; 2p . (p < maxg g,y ror yValue(f).
Proof.
For {U,}p. o S.t. 2 p. o Apis maximum.
Define flow /by fle) = 2pcp ccp Up.
D fis a flow: (i) 0L L0
(ii) f(e) < Cap(e)

@ ZPe@aP n Value(f): ZPe@aP = ZPGG’ s.t. sxeP aP _ ZPGG’ s.t. yseP aP

= zserf(sx) _ zyseEf(.VS)
= value(f).
. max 2p o, Up = value(f) < maxg g,y ror yvalue(s).
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S 9.4 s-t Directed Paths

* Theorem: max; 2 p o (Lp = Max, g,y ror yValue(f).
Proof. (1/3)
When apply Ford and Fulkerson Algorithm;
Define {U,},_, as:
Initial: d,=0,V P € @

iteration 1: P, € ®: Up, < &;

8 €
E—O—On

iteration J: P g @

kA E—EERFER
I P,AH &> ¢
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S 9.4 s-t Directed Paths

Proof. (2/3) &

iteration j: P; ¢ ®
Pe@e\& g

o )
TN\

vedge € Pi o Pj:ﬂe) = ZPeQ’,eeP aP = Ve € E:ﬂe) = ZPe@’,eeP aP
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S 9.4 s-t Directed Paths

* Theorem: max; 2 p o (Lp = Max, g,y ror yValue(f).
Proof. (3/3)
Initial: ,=0,V P € @
iteration 1: P, € ®: Up, < &;;

iteration J: P g ®

Vedge € P;U P fle) = Xpcp ccpAp
= Ve € E: fle) = 2pcp ccr Up
“. When STOP, we find a {({;"} p. 5.t fle) = 2pce ccp Ap”
max > p ., Up > 2. Uy" = value(f)
= MAaXy.q0y for yValue(f) = maxg 2p. Lp
s all “>” are “=”,

= maxg 2.pcp Up = MaXpq,, 1or yValue(f).
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S 9.4 s-t Directed Paths

 Remark: V flow f, 3 {Up} pcp S-t. 2 pcp Up = value(f).
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