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8.1 Domination on Tree

Def: A domination set of a graph G = (V) E) is a subset D of V'
s.t. Vxe V\D,dy e Dwithxy € E.

@ @ Let Dy = {y1, y2},

@ D, = {x1, y3, X4},

then D, D, are

@ @ domination set of C.
Ce

Notation: 7(G) . min‘v’ domination set D |D|
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E. J. Cockayne, S. E. Goodman and S. T. Hedetniemi, “A linear algorithm for the domination
number of a tree”, Inform. Process. Lett. 4 (1975), 41-44.

8.1 Domination on Tree

 Linear-time algorithm for trees:
Cockayne, Goodman, Hedetniemi, IPL, 1975
8iE: (172)
Suppose D is an optimal domination set,

V x: a leaf adjacent to y:
@yeD=>x¢D.
(0.w. D\ {x} is also a dominating set with |D \ {x}| <|D|)
@yeD=>xeD
= letD’=(D\ {x}) U {}
be also a dominating set as N[x] < N[y].
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8.1 Domination on Tree

Linear-time algorithm for trees:
Cockayne, Goodmen, Hedeteriemi, IPL, 1975
8iE: 22)

So, always 3 an optimal dominating set D

s.t. y € D and x ¢ D for any leaf x adj. to y.
= Step 1: it 5 “bound” vertex N[y] B
Step 2: & “free” vertex x F

Step 3: BEXE “required” vertexy R /

==
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8.1 Domination on Tree

e Def: G=(V,E)isagraph,L:V — {B, R, F}, (i.e., each vertex x
has a label L(x) € {B, R, F}.)
An L-dominating (mixed dominating) set of G is a subset D c V(G)
st.0 Lx)=R=>x¢€ D
0 Lk)=B=>N|x]nD=#¢

 Notation: (G, L) = min{|D| : D is a L-dominating set of G?}.

* Ex: G,
< :0
“ L E @ G

KGD 1) 1 7'(G29 LZ) 1 7(G39 L3) 1 7(G49 L4)_
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8.1 Domination on Tree

Note: If L(v) =B,V v € V(G),
an L-dominating set = dominating set and AG) = AG, L).

Theorem: T has a leaf x adjacent to y, T’ < T — x then
() Lx)=F= y(T,L)=nT", L)
RQLXxX)=B=> AT, L)y=AT’,L"):
L w)=(LW»),Vv=y
{R, y=y
BLX)=L)=R=> AT, L)=AT’,L)+1
@WLx)=RbutL(p)#R=> AT, L)=AT",L")+1:
L’(v)={L(v),V VEY
F, v=y
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8.1 Domination on Tree

 Thm: A tree T has a leaf x adjacent to vertex y, let 7’= T — x then
MWD Lx)=F=>AUT,L)=AT", L)
Proof. (1/2)
Choose a L-dominating set D of 7 — x such that |D| = «T", L),
then D is also a L-dominating set of 7.
Hence {7, L) < |D|= AT’ L).
Choose a L-dominating set D of 7 such that |D|= AT, L),
Case 1: x ¢ D = D is also a L-dominating set of 7 —x
= AT, L)=|D| = AT’ L).
Case 2: x € D, consider D' = (D-{x})U{y}
D' is a L-dominating set of T — x
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8.1 Domination on Tree

 Thm: A tree T has a leaf x adjacent to vertex y, let 7’= T — x then
M Lx)=F=> UT,L)=AT" L)
Proof. (2/2)
Case 2: x € D, consider D' = (D-{x})U{y}
D' is a L-dominating set of T — x
Mve (T-x):1.v2y, L(v)=B:3u e D-{x} cD',s.t.uv € E(T).
2.v#py, L(v)=R:~vveD=veD =D-{x}H)uil
J.v=y:~wyeD,. . NylnD #¢.
Also, |D'| L |D|, (T, L) =|D| =2 |D'| = AT, L).
So, (T, L) = AT, L).
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8.1 Domination on Tree

« Thm: A tree T has a leaf x adjacent to vertex y, let 7= T — x then
4) L(x)=R,but L) #R = AT, L) = AT’ L')+1 where L(v),V v=
L'(v)= {F, V=

Proof.
Let D be a minimum L'-dominating set of 7 — x.
D Uix} is a L-dominating set of 7,
AT, L)L |D|+1=AT, L") +1.
Let D is a minimum L-dominating set of 7. By definition, x € D.
“L'(y) =F= .. nomattery e Dory ¢ D,
D' =D — {x} is a L'-dominating set of T — x.
NT,L)YL|D'|=|D|-1=nAT,L)-1.
Hence (T, L)= AT, L") + 1.
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8.1 Domination on Tree

e Algorithm:

Given tree ordering [x;, X5, ..., X,|] of T
D « ¢;
fori=1 to n do L(x;) = B.
rfori=1ton-1do
choose j (17 such that xx; € E;
if (L(x;) = B) then L(x;) < R;
if (L(x;) = R) then
if (L(x;) = B) then L(x;) < F;
| D« DU {x;};
if (L(x,)# F)then D « DU {x,};

* Time complexity = O(n).
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8.1 Domination on Tree

« Ex:
(1)

RR 3
g X
BR |+

B
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8.1 Domination on Tree
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8.1 Domination on Tree

F

1, B
R
g \
B
- RO

=Y. =3 = 3
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S 8.2 Total Interval Number

Thomas M. Kratzke and Douglas B. West,
The Total Interval Number of a Graph II: Trees and Complexity
SIAM J. Dis. Math. 9 (1996) p.p. 339-348
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8.2 Total Interval Number

 Def:
® A graph G =(V, E) is called an interval graph
if 3 intervals {{,: x e Vist.xzyeV,xye EsSI. NI # 2.

(b)

(4)
(D2} 3
4

1 2 3

interval graph
not interval graph
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8.2 Total Interval Number

e Def:
@ A multiple-interval representation of G = (V, E) is a function
fi V> {uintervals} s.t. x 2y € V,xy € E & f(x) N fly) # D.
® total interval number (or TIN) of G:
I(G) = min, 2., (# of intervals in f{x)) = min, 2.y |[f(x)|.

Remark: G is an interval graph < I(G) = |V].

I(G)=|V]+2
=V +[deg(v) /21— 1.
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8.2 Total Interval Number

Note: In a tree G, x is a leaf.
If fis an optimal solution (multiple-interval representation) of
G = (V, E) then |[f(x)| = 1.
Sol.
~ deg(x) = 1.

e Def: Given a graph G=(V, E). Let L: V- {NC, FP, FB} s.t.
VxelV,Lix)= (NC: (non-constrained)

1 FP: (free portion)

| FB: (free boundary)
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8.2 Total Interval Number

+ Def:

® An L-multiple-interval representation of G is a multiple- interval
representation fwith L: V— {NC, FP, FB} s.t.

(i) L(x) = FP = f(x) has an interval having a free portion.
(ii) L(x) = FB = f(x) has an interval having a free boundary.

@ I(G,L)=min, 2y |f(x)| (L-total interval number)

Note: If L(x) = NC for all vertex x of G,

(1) an L-multiple-interval representation = multiple-interval
representation.

(2) [(G) = I(G, L).
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8.2 Total Interval Number

Theorem: G has a leaf x adj. to y, G’ < G —x and
define L’ on G’ by L’: {L(z), ifzy
(), ifz=y

Case 1: L(x)=L(y) =NC:
(a)=FPand I(G, L) =1(G’, L’) + 1.
Proof. (1/2)
(=) If f'is an optimal solution for I(G, L);
) B—EBXR n fx).
Letf(v) =f(v), Vv e V(&)
= () hasa FP and I(G, L) =2 _, |f(v)|
= 2Zerx [fV)] + )]
>I1(G’, L) +1.
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8.2 Total Interval Number

Theorem: G has a leaf x adj. to y, G’ < G —x and
define L’ on G’ by L’: {L(z), ifz#y
(»), ifz=y
Case 1: L(x)=L(y) =NC:
(a)=FPand I(G, L) =1(G’, L’) + 1.
Proof. (2/2)
(<) If £ is an optimal solution for /(G’, L’);
) BE—EFP: J,
Let f(v) = [ £ (v), ifv#x
{an interval c J, if v =x
= I1(G,L)<I(G, L)+ 1.
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8.2 Total Interval Number

e Theorem: G has a leaf x adj. to y, G’ < G —x and
define L’ on G’ by L’: {L(z), ifz#y
(»), ifz=y

Case 1: L(x) = L(y) = NC

< (a)=FPand I(G,L)=1I(G’, L) + 1.
Case 2: L(x)=FP, L(y) =NC

< (@M)=FBand I(G,L)=I1(G’,L’) +1.
Case 3: L(x)=FB, L(y) =NC

< (@W)=FBand I(G,L)=I1I(G’,L’) +1.
Case 4: L(x)=NC, L(y) =FP

< (a)=FPand I(G,L)=I(G’, L) + 1.
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8.2 Total Interval Number

e Theorem: G has a leaf x adj. to y, G’ < G —x and
define L’ on G’ by L’: |L(2),ifz#y
{(A), ifz=y
Case 5: L(x) =FP, L(y) =FP
< (a)=FBand I(G,L)=1I(G’, L’) + 1.
Case 6: L(x) =FB, L(y) =FP
& (a)=FBand I(G,L)=I1I(G’, L’) + 1.
Case 7: L(x)=NC, L(y)=FB
< (a)=FBand I(G,L)=I1(G’, L’) + 1.
Case 8: L(x)=FP,L(y)=FB
< (4)=NCand I(G, L)=I(G’, L’) + 2.
Case 9: L(x) =FB, L(y) =FB
< (#)=NCand I(G, L)=I(G’, L’) + 2.
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8.2 Total Interval Number

 Algorithm:

Given tree ordering [x;, X5, ..., X,|] of T

I(G, L) < n;

fori=1 to n do L(x;) = NC;
(fori=1ton-1do

choose j [1i such that xx; € E;
r if (L(x;) = FB) then

if (L(x;) # NC) then
[L(xj) <« NC;
I(G, L)< I(G,L) +1;

else if (L(x;) = NC) then L(x;) < FP;
\ else L(x;) < FB;

Time complexity = O(n).
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8.2 Total Interval Number

Ex:

(a) @ il(’:

L @ @

NC NC NC
I(G,L)=4

4
1 2 3

Lx)y Ly L I
NC NC FP
FP NC FB
FB NC FB
NC FP FP
FP FP FB
NC FB FP FB
FB FB
FB NC 1
(b) FB NC 1
7
4 - 5
1 2 3
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Lx) Ly Ly 1
NC NC FP
FP NC FB
FB NC FB
8.2 Total Interval Number xC oo
FB FP FB
Ex: NC FB FB
(c) k5 FB NG 1
22 N

(7 @ © 60 8) e

NC NC NC NC

T R R

NC/\ NC NCANC

OROROIOROIOIGIOION )

NC n¢ NC NC NC NC  I@G,L)=?
NC NC NC NC

Exercise 7 (11/14): R B4R BEIEAY Tree T+ 22K - B I(T,L)=7?
;?Z!II] 1—_[“2 Eﬁz ,ﬁ’ézi ? (c) Fall 2023, Justie Su-Tzu Juan
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