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Coloring Problems

§ 7.4 Vertex Ranking on Trees
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7.4 Vertex Ranking on Trees

o Def:
@® fisavertex rankingof Giff: V(G) - {1, 2, ...} s.t.
V xzy, f(x) =1(y), V x-y path P, 3 z € V(P) with f(z) > f(x).
@ Notation: value(f) = maX,.yg) f(X),
r(G) = min{value(f): f is a vertex ranking of G}.
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EXxercise 6 (11/7):
Find r(P,) for all path P, (with n vertices).
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7.4 Vertex Ranking on Trees

* Note: r(G) <[V(G)|
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7.4 Vertex Ranking on Trees

« Note: Inatree, let f* be a optimal vertex ranking,
then V leaf x, W.L.O.G., we can say f *(x) = 1.
Proof. (1/2)

Case 1: f *(x) = 1.
Case 2: f“(x) > 2: Lety € V(G) s.t. xy € E(G).
Case 2.1: f*(y) > 2
= change f “(x) to 1.
I.e. define f” Is a vertex ranking
st. (@) =(f"(2),ifz#x
{L ifz=x
then value(f”) < value(f ).
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7.4 Vertex Ranking on Trees

« Note: Inatree, let f*is a optimal vertex ranking,
then V leaf x, W.L.O.G., we can say f *(x) = 1.

Proof. (2/2)

Case 2: f*(x) > 2: Lety € V(G) s.t.

Case 2.2: f*(y)=1
= interchange value
l.e. define f": f"(z2) =
:

xy € E(G)

of f *(x) and f “(y)
(f7°(2),ifz£X, 22y
f*(x),ifz=y

F7(y), ifz=x

a—>1

then f” is still a vertex ranking (need be proved)
and value(f ") = value(f ).
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7.4 Vertex Ranking on Trees

New version: For any tree T. Given |: V(G) > N={1, 2, ...},
L: V(G) > 2N, and V j € L(X), I(X) <], V x € V(G).

Def:
® An (L, I)-ranking of G is a function f from V(G) to N

s.t. () f(x) 2 1(x), V x € V(G)
(i1) f(x) ¢ L(x), V x € V(G)
(i) V X #y, V x-y path P:
If] e (L(x) L {f()}) N (L(y) v {f(y)})
then f(z) > for some z € P.
@ value(L; I; f) = max, .y {max{L(x) v {f(x)}}}.
® r(G; L; ) =min{value(L; I; f): fis a (L, I)-ranking of G}.
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7.4 Vertex Ranking on Trees
1(y)

« Remark:VxeV, LX) =9,I(x)=1:
(L, I)-ranking = vertex ranking;
value(L, I, f) = value(f); r(G, L, ) = r(G).

« Theorem: G has a leaf x adjacent to y.
Let G’ =G -,

a=max{a: a e ((L(y) v {l(y)}) n (L(x) v {l(x)})) v {0}},
P=min{k € N: k> a, k ¢ L(x) U L(y) U {l(X)}},

1°(v) = [I(v), if v e V(G) - {y},

(max{B, I(y)}, ifv=y,

L’(v) = L(v), ifve V(G’) — {y},

4

{r:reL(x) U Ly)u{lXx)}andr>1’(y)} ifv=y.
Thenr(G; L; ) =r(G’; L’; 1°).
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7.4 Vertex Ranking on Trees

a=max{a: a € ((L(y) v {l(y)}) n (L(x) U {l(x)})) U {0}},
B=min{k e N: k> o,k ¢ L(x) U L(y) U {Ix)}},

1°(y) = max{g, I(y)},

L°(y) = {r: r e L(x) U L(y) U {I(x)} and r > 1 °(y)}.
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7.4 Vertex Ranking on Trees

* Another version:
Given G = (V, BE),
define G™ = (V*, E") where V" =V U {X" : X € V},
E"=Eu{Xxx":x eV}
Given any (L, I)-ranking f of G,
define L™ : V > 2N with L*(X) = {I(X)}, V x € V,
L*(x") = L(x), V X € V.
Then fisa (L, )-ranking of G & f: V —> N s.t.
@D f(x) 2 I(x), V x € V(G)
@@ Y u=#vinV", Y u-vpath P,
ifj e L"(u) nL7(V)
then3z e P\{u, v}s.t.1(z) > .
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7.4 Vertex Ranking on Trees

e EX:

L(X) = * = {2
% e
) = 1 (2)=1 * *
L) =2 ) HORSES

L) =2 L'(2) =2
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7.4 Vertex Ranking on Trees
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Chapter 8
Other Problems on Trees

§ 8.1 Domination on Tree
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8.1 Domination on Tree

Def: A domination set of a graph G = (V, E) is a subset D of V
st.VxeV\D,3y e Dwithxy € E.

@ @ Let D; = {y, Yo}
@ D, = {X1, Y2, X4},

then D,, D, are

@ @ domination set of C,.
C

6

Notation: 7(G) - minv domination set D |D|
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E. J. Cockayne, S. E. Goodman and S. T. Hedetniemi, “A linear algorithm for the domination
number of a tree”, Inform. Process. Lett. 4 (1975), 41-44.

8.1 Domination on Tree

* Linear-time algorithm for trees:
Cockayne, Goodman, Hedetniemi, IPL, 1975
Bz (1/2)
Suppose D is an optimal domination set, T
V X: a leaf adjacent to y:
@DyeD=xgD.
(o.w. D\ {x} is also a dominating set with |D \ {x}| < |D|)
@ygD=>xeD
= letD’= (D \ {x}) U {y}
be also a dominating set as N[X] < NJy].
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8.1 Domination on Tree

Linear-time algorithm for trees:
Cockayne, Goodmen, Hedeteriemi, IPL, 1975
Bix:(22)
So, always 3 an optimal dominating set D
s.t.y e D and x ¢ D for any leaf x adj. toy.
= Step 1: i & “bound” vertex N[y] B
Step 2: 2 4 “free” vertex X F

Step3: £ 22 “required” vertexy R/
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8.1 Domination on Tree

« Def: G=(V,E)isagraph,L:V —> {B, R, F}, (i.e., each vertex x
has a label L(x) € {B, R, F}.)
An L-dominating (mixed dominating) set of G is a subset D c V(G)
St OL(x)=R=>xeD
@LX)=B=>N[x]nD=¢

« Notation: ©G, L) = min{|D| : D is a L-dominating set of G}.

£\ Cuall @) G, ® G, ® G, ®
&) @) B) ©
® & & & ® & ®
NG, Ly) =1

NGy, L) =1 AGs Lg) =1 NGy Ly) =2
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8.1 Domination on Tree

Note: If L(v) =B, Vv € V(G),
an L-dominating set = dominating set and #{G) = {G, L).

Theorem: T has a leaf x adjacenttoy, T” «~ T — X then
(1) LX) =F= y(T,L) = fT’, L)
(2) L(X) =B = AT, L) = T’, L):
L/(v) = [L(v), V V=Y
{R, V=y
B) LX) =L(y)=R= AT, L)=H«T’, L)+1
4 LX)=RbutL(y)#R={T,L)=#«T’, L")+ 1:
L'(V):{L(V),Vv;ey
F, v=y
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8.1 Domination on Tree

« Thm: Atree T has a leaf x adjacent to vertex y, let T’=T — x then
(DLX)=F=>HAT,L)=H«T" L)
Proof. (1/2)
Choose a L-dominating set D of T — x such that [D| = T L),
then D is also a L-dominating set of T.
Hence (T, L) <|D|= AT/ L).
Choose a L-dominating set D of T such that |D| = /T, L),
Case 1: x ¢ D = D is also a L-dominating set of T — x
= AT,L)=|D|= AT L).
Case 2: x € D, consider D' = (D{x})u{y}
D’ is a L-dominating set of T — X
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8.1 Domination on Tree

« Thm: Atree T has a leaf x adjacent to vertex y, let T’=T — x then
(DLX)=F=>HAT,L)=H«T" L)
Proof. (2/2)
Case 2: x € D, consider D’ = (D-{x})U{y}
D’ is a L-dominating set of T — X
(WeV(T-x):1vzy LV)=B:3ueD-{x}c D s.t uveE().
2.V#£Yy,L(V)=R:."ve D=V e D = (D{x}){y}
.v=y:.yeD', .. Nly|nD" # 4.
Also, ID'| £ |D|, (T, L) =|D| = |D'| 2 AT/ L).
So, (T, L) = AT’ L).
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8.1 Domination on Tree

« Thm: Atree T has a leaf x adjacent to vertex y, let T’=T — x then
(4)L(x) =R, butL(y) #R= AT, L) = AT/ L")+1 where L(v), V v #
L'(v) = {F, =
Proof.
Let D be a minimum L'-dominating set of T — x.
D U{x} is a L-dominating set of T,
AT, L) LDl +1=H(T% L") + 1.
Let D is a minimum L-dominating set of T. By definition, x € D.
L'(y)=F= ..nomattery e Dory ¢ D,
D' =D —{x} is a L'-dominating set of T — x.
AT, L) L|D'|=|D|-1=H«(T,L)-1.
Hence (T,L) =H«T/, L’ + 1.
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8.1 Domination on Tree

« Algorithm:
Given tree ordering [X;, Xoy ...y X] Of T
D « ¢;
fori=1tondoL(x)=B
fori=1ton-1do
choose J > I such that x;x; € E;
If (L(x;) = B) then L(x;) < R;
If (L(X;) =R) then
If (L(x;) = B) then L(x;) < F;
D« D U {Xi};
if (L(x,) # F) then D « D U {X.};

e Time complexity = O(n).

(c) Fall 2023, Justie Su-Tzu Juan



8.1 Domination on Tree

o EX:
(1)

RR =
g B 4
BR =
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8.1 Domination on Tree

. Ex:
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8.1 Domination on Tree
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