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7.1 Linear Arboricity of a Tree

*  Def:

@ /2 (G)=min{|n|: E(G) = u,,., E; and each E; induces a subgraph
whose components are path of length at most k}.

@ /Z(G) =min{|n|: E(G) = U, E; and each E; induces a subgraph
whose components are path}.

« Note: £(G) = ’(G): min. edge chromatic number.
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7.1 Linear Arboricity of a Tree

* Vizing Theorem: A(G) £ ’(G) £ A(G) + 1 if G is a simple graph
where A(G) = max, ., deg(v).

« Extk=2,G=Kg
= 3 <la,(K;6) <3
6633” °.°3

(11 S 3”
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7.1 Linear Arboricity of a Tree

Property:
@ lg2[AG)/2]
@ l(G) 2 ta,(G) 2 ... 2 la (G) 2 la(G).

Conjecture: 4#(G) <[ (AG) + 1) / 2]
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7.1 Linear Arboricity of a Tree

*  Theorem: For any tree T, 4a(T) <[ (A(T) + 1) / 2].
(. ta(T) <[ (A(T) + 1) 1 2])
Proof. (1/3)
Prove by induction on |V|:
@ |V| = 1, trivial.
@ Suppose |V| < n, it’s true.
When |V| = n:
Find a “supper leaf” s,
I.e. all neighbors of s, except at most one,
are leaves {v;, Vo, ... , V. } S.t. deg(s) = r + 1 < A(T).
Let 77« T\ {vy, Vpy o0, V,}
T’ is a tree, too.

r+ 1< A(T)
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7.1 Linear Arboricity of a Tree

« Theorem: For any tree T, ,(T) <[ (A(T) + 1) / 2]
(. la(T) <[ (A(T) + 1) 1 2])
Proof. (2/3)
@ When |V| = n:
By the strong induction hypothesis,

la(T°) <[ (A(T?)+1) 1 21 <[ (A(T)+1) / 2]
Sincer + 1 < A(T)

< AT = r+1<A)
=s[r/21<lam -1 /2]=lm+1)/2]-1
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7.1 Linear Arboricity of a Tree

« Theorem: For any tree T, ,(T) <[ (A(T) + 1) / 2]
(. la(T) <[ (A(T) + 1) 1 2])
Proof. (3/3)
@ When |V| = n:
Among [ (A(T) + 1) / 2] -1 colors,
3 at least | r / 2| colors can be used
to color v;Sv,, V5SV,, ...

to get a proper r+1< A=)
linear arboricity coloring of T

ie. la(T) <[ (AT) + 1)/ 2]
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7.1 Linear Arboricity of a Tree

« Corollary: Tis a tree. If A(T) is odd, then €a,(T) =[ A(T) / 2] for k > 2.
=(AT)+1)/2

Proof.
Since A(T) is odd,
A 121=[(A(T) + 1) /2] (upper bound = lower bound)

- ex:[(6-1)/21=4/2=2=[3/2]=[(5-2)/2]
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7.1 Linear Arboricity of a Tree

« Theorem: For any tree T, €a,(T) =[ A(T) / 2]
iIf 3 supper leaf s s.t. deg(s) < 4 in any iteration until T = K, , (star).

Proof. .
see the proof of above theorem and @k@ = %

~lay(Ky ) =[412]
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7.1 Linear Arboricity of a Tree

o ex: Ty OTO0—0 AT /2=1,tayT,) 22,
A(T,) 12 =2, tay(T,) 23,
AT3)12=2,ba)Ts) =2,
[A(T,) /1 2]=2, tay(T,) = 2,

ATo) 12 =2, tay(Ts) = 2.
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7.1 Linear Arboricity of a Tree

Question: For even A(T), decide €a,(T) = A(T) / 2 or (A(T) /2) + 1,

Theorem: For any tree T, if A(T) is even, 3 path Xg, Xq5 «.., X, IN T S.1.
k> 1, deg(x,) = deg(x,) = A(T), deg(x;)) 2 A(T) —1for1<i<k-1

= la,(T) = (A(T)/2) + 1.

EX:

1P ta(T)>3=[AT)/2]
O

.G)TI:OC&CE . R
S B B b

if exist 3¢ #% ;&
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7.1 Linear Arboricity of a Tree

ex:

@ T,

X7 “such” path,

Ty %5 %34 B4
e lay(T,)=4=[AT,)/2]+1
R
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7.1 Linear Arboricity of a Tree

 Theorem: T: tree, s: supper leaf adj. to non-leaf t and leaves
Vi, Vg eeey V. T7 =T\ {vy, ..., V,.}. FIX a: positive integer,
la,(T)<a <
{ (i) r<2(a—1)and la,(T’) < a, Or

(i)r=2a—-1andla,(T") L
where 77 = (V, E) isa tree s.t. V(T”) = V(T) \ {v, Voy ..., V,_1 },
E(T”) =E(T)\{svi: 1<i<r}u{tv}.
. T”:
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7.2 L-Linear Arboricity of a Tree

« Def:Tisatree, L: E(T) > {1,2,...},
la(T, L) =min#ns.t. E(T) = v, E; and each component of the
subgraph induced by E; is a path P of length at most mine€Ei L(e).
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7.2 L-Linear Arboricity of a Tree

« Remark:L(e)=k,VeeE(T)=>(T,L) =Lla T).

Theorem:
T: tree, s: supper leaf adj. to leaves v;, v,, ..., vV, and non-leaf t.
p = # of neighbor u of ss.t. L(su) =1. Then fix ¢ € N,
la(T,L)<aer+1+p<L2a and (i) or (i) holds.
(i) r<2(a—1) and la,(T°, L) < o, Or
(i)r=2a—-1and la,(T”, L)L
where T” = (V, E) is a tree s.t.
V(T”) =V(T)\{vy, Vps eees V,_1 },
E(T”) =E(T)\{svi: 1<i<r}u{tv}.
W (r+1-p<2(a-p)
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7.3 L(2, 1)-labeling on Trees

Def:
@® AKk-L(2, 1)-labeling of a graph G is a function
f:V(G) > {0, 1, ..., k}s.t. (i) d5(X, y) = 1 = |f(X) — f(y)| = 2,
(1) dg(x, y) = 2 = [f(x) — f(y)| =2 1.
@ A(G) = min{k: 3 k-L(2, 1)-labeling of G}.

Q) take (5)

complement

BRONOROEENORORONO)

AK;) <4 AMKy4) <5
In fact, A(K;) =4
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7.3 L(2, 1)-labeling on Trees

« Lemma: G is a graph with max. degree A(G). Then A(G) > A(G) + 1.
Moreover, if A(G) = A(G) + 1, then f(x) =0 or A(G) + 1 for any
optimal L(2, 1)-labeling f of G and any vertex x with degree A(G).

« Lemma: If T isatree, then A(T) < A(T) + 2.
Proof. (1/2)
Prove by induction on |V|
@D |V| =1, ok
@ Consider |V| > 2:
choose aleaf xof Tand 7’ =T — x.
By LH.: A(T°) S A(T’) + 2< A(T) + 2
s 3fisa (A(T) + 2)-L(2, 1)-labeling of 7.
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7.3 L(2, 1)-labeling on Trees

« Lemma: If Tisatree, then A(T) < A(T) + 2.
Proof. (2/2)
Prove by induction on |V|
@) Consider |V| > 2:
Suppose x isadj. toy in T, and N(y) = {X, V4, Voy ««es V, }.

r=deg-(y)—1<A(T) - 1.

.. 3 at most r + 3 coloring can’t be used to color X in T.

W eHE < A(T) + 2

Hence,

3 at least one color in {0, 1, ..., A(T) + 2} can be used to color x.
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7.3 L(2, 1)-labeling on Trees

*  Def:
® A k-L(d, 1)-labeling of a graph G is a function
f:V(G) > {0, 1, ..., k} s.t. (i) d5(X, y) = 1 = |f(x) — f(y)| = d,
(1) dg(x, y) = 2 = [f(x) — f(y)| =2 1.
@ A,(G) =min{k: 3 k-L(d, 1)-labeling of G}.

« EXercise5 (11/6):
Find an upper bound and lower bound of A,(T) for all tree T.
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7.3 L(2, 1)-labeling on Trees

« Note: 2F % AT =AT) +1
@ max. degree

deg=A(T) -2

—ef2,3, .., AT) -1}

«—=0,4T)+1
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7.3 L(2, 1)-labeling on Trees

« Conjecture: [YG](1992)
It is NP-hard to determine if A(T) = A(T) + 1.
Sol.
No! (By G. J. Chang and David Kuo, 1996)

Question: Given T and k, test if A(T) <Kk.

. Def: S(v) = {(a, b): Ik-L(2, 1)-labeling f s.t. f(v*) = &, f(v) = b}.
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7.3 L(2, 1)-labeling on Trees

« Remark: A(T)<k<&< S(v)zJ

F e ™SV, .oy S(V,), * 22 2 S(V)
where S(v;) = {(b, a;): 3 k-L(2, 1)-labeling f;
s.t. fi(v’) = b, fi(v;)) = a}
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7.3 L(2, 1)-labeling on Trees

 Theorem: S(v) ={(a,b):0<a<k,0<b<k,|a-b|=>2and
3 SDR for (A, ..., A) where A, = {a;: 8, # a, (b, a;) € S(v;)}}

. Ex:
~ (0, 3)?
2 (130
~ (5, 3)?
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7.3 L(2, 1)-labeling on Trees

« Algorithm:
Initial condition:

Vieafvof T: S(v) ={(a,b): 0<a<k, 0<b <k, |[a-Db| =2}
From leaves and works toward root:

For any vertex v with children v, v,, ..., v,

By Theorem, calculate S(v) use S(vy), ..., S(v,) O(Kk?)
Construct bipartite graph G = (X, Y, E) for any (a, b),
0<a<k,0<b<k, |a—b|=2with X ={X}, X5y ey X, },
Y={0,1,...,k}, E={(x;, c): c#aand (b, c) € S(v;)}.

Then use algorithm for Max. Matching of Bipartite graph
Then (a, b) e S(v) & G has a matching of size [X| = S. O((2K)°)

= 0¥ (ST Sl o(@kF9

(c) Fall 2023, Justie Su-Tzu Juan

26




7.3 L(2, 1)-labeling on Trees

« Extk=4=3
Sol.
S(1) = S(2) = S(3)
={(0,2), (0,3), (1,3),(2,0), (3,0), (3, 1)}

For S(4): (9:7): ,cer%) LE3):

2 ¢ 28

%

% =S(4)=J

© = AUT) >k
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7.3 L(2, 1)-labeling on Trees

« Ex:k=A4+1=4
Sol.
S(1) = S(2) = S(3) = {(0, 2), (0, 3),(0, (1, 3).
@, 2. X2 NG, )3, 1), (4, 0), (4, 1), 4, 2)}
~7). ). U . ~D).

T2




7.3 L(2, 1)-labeling on Trees

« Exxk=4+1=4
Sol.

S(1) =S(2) = S(3) ={(0, 2), (0, (1 3),
mmmmw(s 1), m)<4 1), (4, 2)}
For S(4): @» M M

N N

=>S(4) {0, 4),(1,4),(2,0),(2,4),3,0), (4,00}

:>/1(T) <k
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7.3 L(2, 1)-labeling on Trees

- Exercise 2 (11/28): L (2, 1)-labeling on Trees T = (V, E)YBfE %K -
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