Computer Science and Information Engineering
National Chi Nan University

Chapter 6
Tree

§ 6.1 Max. Matching of Trees

(c) Fall 2023, Justie Su-Tzu Juan




6.1 Max. Matching of Trees

e Def:
@® A connected graph 7= (V, E) is called a Tree if |E| =|V] - 1.
@ A vertex x of a tree is called a leaf iff deg(x) = 1.

e Thm:

® T=(V,E)isatreeand |E|>1 (or|V]=2)
—=> 1 at least one leaf x, 7 — x is a tree.
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6.1 Max. Matching of Trees

* Algorithm: Max. Matching for Trees 7= (V, E)
M «— O
C « J;
while (V] > 2)
choose a leaf x adjacent to y
if {x, y} N C=( then
M — MU {xy};
C—CuPl;
V&V-—x;
E < E-{xy};

end

* Time Complexity: O(|}V))
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6.1 Max. Matching of Trees
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6.1 Max. Matching of Trees

e <justify Max. Matching Algorithm of Tree>
Assume M is the final output M, and C" is the final output C.
Claim @: M" is a matching.
Claim @): C" is a vertex cover.
Claim ®): |M*| =|C").
Then |[M’| < max,, |M| < min. |C| <L |C’| = |M"|
- all “<” are “=",
= @' M"is a max. matching.
(2’ C* is a min. vertex cover.
3 max,,|M| = min,|C|.
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6.1 Max. Matching of Trees

* Proof of Claim.
@ In any iteration, M is matching
(0.W. 3 {xyy1, X2} © M s.t. {x1p1} N x5} # D)
= M is matching.
@V xy € E, either {x, )} " C=Jor {x, ) N C=

i.e. C" is a vertex cover.
@ In any iteration, [M| = |C|. (- if then)
oM =Y.
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6.2 Dynamic Programming for Max. C-

Matching on Trees

Def: T= (V, E) is a tree, given C V. A C-matching of T'is a
matching M of T s.t. not exist xy € M with {x, y} N C= .
(i.e. Vxye M, {x,y} nC=Q)

Remark: J-matching is the usual matching.

Def: o '(7, C) = max{|M|: M is a C-matching of T}.
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6.2 Dynamic Programming for Max. C-
Matching on Trees

e Thm: Tis a tree and x is a leaf adjacent to y.
O e, ypNnCx= a'(T,C)=a'(T-x, C—i{x}).
@ x,yiNnC=F0=a'(l,O)=a'(T-x,Cu {y}) +1.
Proof. (1/3)
(D Choose a max. C-matching M of 7, i.e. M| = a'(T, C) .
i NC=0, ixyt e M
. Mis a (C — {x})-matching in 7 — x.
>a'(T,O=M<a'(T-x,C—-{x}) ...(1)
On the other hand,
suppose M is a max. (C — {x})-matching in 7T — x.
It is easy to see that M is a C-matching of T. (*~ {xy} ¢ M")
La'(T,O)2M|=a'(T-x,C-4{x}) ...(2)
=By (1)(2), (T, O)=a'(T—x, C— {x}).
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6.2 Dynamic Programming for Max. C-
Matching on Trees

« Thm: 7is a tree and x is a leaf adjacent to y.

O e, ypnNnCx3= a'(T,C)=a'(T-x, C—i{x}).

@ x,ypNnC=F=a'(lT,O)=a'(T-x,Cu {y}) +1.
Proof. (2/3)
(2 Choose a max. C-matching M of 7, i.e. M| = a'(T, C) .

LetM' =M - {yz: yz € M}.
(such yz exists, otherwise M U {xy} is a C-matching of size
greater then |M|. >« (~ {x,y} N C= D))

It is easy to see that M ' is a (C U {y})-matching in 7 — x.
S MN <L a'(T—x, CU ).
“M'|=M-1=a'(T, C)—1.
La'(hLOLa'(T-x,Cu Py +1. ...(1)
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6.2 Dynamic Programming for Max. C-
Matching on Trees

« Thm: 7is a tree and x is a leaf adjacent to y.

O e, ypnNnCx3= a'(T,C)=a'(T-x, C—i{x}).

@ x,ypNnC=F=a'(lT,O)=a'(T-x,Cu {y}) +1.
Proof. (3/3)
(2 On the other hand,

suppose M is a max. (C U {y})-matching in 7T — x.

Let M = M" L {xy}.

It is easy to see that M is a C-matching of 7. (~ {x, y} N C = D)
s a'(T,0) = M| = M| +1=a'(T-x,CU M) +1...(2)

- By ()(2), a'(T,C)=a'(T-x,CU ) + 1.
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6.2 Dynamic Programming for Max. C-
Matching on Trees

Algorithm: Dynamic Programming for Max. C-Matching on Trees

T=W,E)
M « O; a'(T, O);

Procedure (7, O)
if (V] > 1) then
choose a leaf x adjacent to y
if ({x,y} N C= @) then
return (T — x, C — {x});
else
M — MU {xy};
return a'(T—-x, CuU {y}) +1;

else
return 0;
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6.2 Dynamic Programming for Max. C-
Matching on Trees
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6.2 Dynamic Programming for Max. C-
Matching on Trees
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6.3 Dynamic Programming for

Matching on Trees

e Thm:

@ A tree can be constructed by a sequence of “composition”
operation from K, where “composition” operation denoted by ©,
Ti(r) @ Ty(ry) = (V(T7) v V(T), E(Ty) Y E(T) Y {ryr,}) and root
of T, @ T, is r;, where r; is the rootof T;,i =1, 2.

-
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6.3 Dynamic Programming for

Matching on Trees
Def: T: rooted at r, o '(7, r) = max{|M|: M is a matching of 7},
o, (T, r) = max{|M|: M is a matching of 7 — r}.

Thm: T(r) = T,(r) @ T,(r') then
® a'(Ta I’) 1 max{a’(Tla l’) + a’(T29 r ')9 a()’(Tla l") + a()’(Tb r ') t 1}9

@ oI, r)=a)(T,r)+a'(Ty,r').

(c) Fall 2023, Justie Su-Tzu Juan




6.3 Dynamic Programming for

Matching on Trees
* Thm: T=T7,(r)® T,(r")
> a'(l,r)=a'(T,,n)+a'(Tr,r')+
1-[(a' (T, r)— &' (T, 1)+ a'(To, 1') — &' (Ty, ")) / 21

e Ex:

WM ) T ) s 1-Ta+1)/2

O _ -
IfTI:f,TZ: S = 1-[1+0)/2

O _ :
If7;: ¢ f 0+1)/2
7T O~O=>1—'(0+0)/2'
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6.3 Dynamic Programming for

Matching on Trees

Algorithm: Dynamic Programming for Max. Matching on Trees 7

=V, E)
a'(T, r);

T=T,(r) ® T,(r');

b=a'(Ty,r'); else

Procedure a'(7, r) Procedure a; (7, r)
if (V] > 1) then if (V] > 1) then
find 7,(r), T,(r"') s.t. find 7,(r), T,(r"') s.t.

T=T,@r) D T,(r');

a=a '(Tlﬂ r); return aﬂ’(Tl, I’) +a '(T29 r ’);

c=ay (T, r); return 0;

d= oy (T, r');
returna+b+1-[(@a-c+b-dy/2];

else
return 0;

Time Complexity: O(|V])
19




a'(l,N=a+b+1-la—c+b-d)/2] a)(T,r) = a' (T, 1)+ &' (T, 1)
6.3 Dynamic Programming for

Matching on Trees




