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Shortest Paths

§ 4.1 Shortest Path
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4.1 Shortest Path

• Def: 

 A digraph (directed graph) is an ordered pair G = (V, E), where V

is a finite set of elements, called vertices, and E is a set of ordered

pairs of distinct vertices, called edges (arcs).

 A weighted digraph (or network) is a digraph G = (V, E) with real

valued weights (or lengths) assigned to each edge, i.e.  w: E  R.

 The length of a path Q in a weighed digraph is the sum of the 
weights (lengths) of the edges on the path, denoted by lQ(x, y), 

i.e.  lQ(x, y) = eQ w(e).

 A shortest path between a pair of vertices x and y in a weighted

digraph is a path Q from x to y of least length, i.e. lQ(x, y) =

minlQ(x, y) : Q is a x-y path.
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4.1 Shortest Path

• Def:

 The distance from x to y in a weighted digraph is denoted by 

d(x, y) = minlQ(x, y): Q is a x-y path. (the length of a shortest

path from x to y)

• Question: 

Let G = (V, E) be a weighted digraph that e  E, w(e) > 0, and let 
x, y  V, find the shortest path from x to y in G and its length, or 
show there is none.

Note: If e = (x, y), write w((x, y)) as w(x, y).
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4.1 Shortest Path

• Algorithm: Dijkstra Algorithm

f(x) = 0; father(x) = 0; 

z  x :   f(z) = w(x, z);

father(z) = x;

S = x; 

do while (S  V)

choose z*  V \ S with min f(z*);

S  S  z*;

 z  V \ S: 

if f(z) > f(z*) + w(z*, z) then

f(z) = f(z*) + w(z*, z);

father(z)  z*;

end
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4.1 Shortest Path

• Note: If (x, y)  E(G), let w(x, y) = ,  x, y  V(G).

• Ex:
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• Note:  P: x = x0  x1  … xr = y,

eP w(e) = i=0
r-1 w(xi, xi+1).

 Define   g: V  R+ s.t.   g(x) = 0,

zw  E  g(w) – g(z)  w(z, w).

4.1 Shortest Path
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4.1 Shortest Path

• Thm(w.d.i): d(x, y) = min x-y path P (eP w(e))  max g sat.  g(y).

Proof. 

 x, y path P,  g satisfy .

Let P : x0 = x  x1  …  xr = y.

eP w(e) = i=0 
r1 w(xi, xi+1)

 i=0 
r1 (g(xi+1)  g(xi))

= g(x1) – g(x0) + g(x2) – g(x1) + … + g(xr) – g(xr – 1)

= g(xr)  g(x0)

= g(y)  g(x)

= g(y).

 minx-y path P (eP w(e))  maxg sat  g(y).
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• <justify Dijkstra Algorithm>

Assume f * is the final output f, F * is the final output father, then

from F *, we can find an x - y path P: x = x0, x1, …, xr = y , such that 

eP w(e) = i=1
r1 w(xi, xi+1) = f *(y).

claim: f * satisfies 

Then, eP w(e)  d(x, y)  maxg sat  g(y)  f *(y) = eP w(e).

 all   are  = .

 f *(y) = d(x, y).

 P is the shortest path from x to y  solve the Question.

• Note: If f *(y) =  means there is none path from x to y.

4.1 Shortest Path
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• Proof of claim (f * satisfies )

We prove: at any iteration: 

 f(z)  f(z),  z  S, z  S.

  zw  E, {z, w}  S    f(w) – f(z)  w(z, w)

Proof. (1/6)

prove by induction on |S|:

 |S| = 1, O.K. Since w(e) > 0, e  E.

Suppose it’s hold for |S|  |P|.

Now, when S = P  {z*}. 

Let f means the f-function before S = P  {z*} be executed.

Let f * means the f-function after S = P  {z*} be executed.

4.1 Shortest Path

S

P

z*
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4.1 Shortest Path

• Proof of claim (f * satisfies )

We prove: at any iteration: 

 f(z)  f(z),  z  S, z  S.

  zw  E, {z, w}  S    f(w) – f(z)  w(z, w)

Proof. (2/6)

  z  S, z  S  z  P; z  P or z = z*.

case1: z  P. (z  P)  f *(z) = f(z).

By the induction hypothesis: f(z)  f(z).

If if holds: f *(z) = f(z*) + w(z*z)

 f *(z)  f(z*)  f(z) = f *(z);
∵ w  0 ∵ I.H. for , z*  P, z  P

else          : f *(z) = f(z)  f(z) = f *(z).

 f *(z)  f *(z).

S

P

z*
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4.1 Shortest Path

• Proof of claim (f * satisfies )

We prove: at any iteration: 

 f(z)  f(z),  z  S, z  S.

  zw  E, {z, w}  S    f(w) – f(z)  w(z, w)

Proof. (3/6)

  z  S, z  S  z  P; z  P or z = z*.

case2: z = z* (z  P)

 f *(z) = f *(z*) = f(z*).

If if holds: f *(z) = f(z*) + w(z*, z)  f(z*);                          

else          : f *(z) = f(z)  f(z*). (z* with min. f in V \ P)                                             

 f *(z)  f *(z).

S

P

z*
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4.1 Shortest Path

• Proof of claim (f * satisfies )

We prove: at any iteration: 

 f(z)  f(z),  z  S, z  S.

  zw  E, {z, w}  S    f(w) – f(z)  w(z, w)

Proof. (4/6)

  zw E, {z, w}  S  .

case 1: {z, w}  S

f *(w) – f *(z) = f(w) – f(z)  w(z, w).

by I.H.

case2: z  S and w  S (z  P)

By : f *(w)  f *(z).

 f *(w) – f *(z)  0  w(z, w).

S

P

z*
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4.1 Shortest Path

• Proof of claim (f * satisfies )

We prove: at any iteration: 

 f(z)  f(z),  z  S, z  S.

  zw  E, {z, w}  S    f(w) – f(z)  w(z, w)

Proof. (5/6)

  zw E, {z, w}  S  .

case 3: z  S, and w  S

case 3.1: z  z*

∵ f *(w)  f(w); f *(z) = f(z).

 f *(w) – f *(z)  f(w) – f(z)  w(z, w).

by I.H  (∵ {w, z}  (S – z*)  )

S

P

z*
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4.1 Shortest Path

• Proof of claim (f * satisfies )

We prove: at any iteration: 

 f(z)  f(z),  z  S, z  S.

  zw  E, {z, w}  S    f(w) – f(z)  w(z, w)

Proof. (6/6)

  zw E, {z, w}  S  .

case 3: z  S, and w  S

case 3.2: z = z*:

f *(w)  f(z*) + w(z*, w)

= f(z) + w(z, w); 
∵ f*(z) = f(z).

 f *(w) – f *(z) = f *(w) – f(z)

 w(z, w).

S

P

z*
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Computer Science and Information Engineering

National Chi Nan University

Chapter 5 

Dynamic Programming

§ 5.1 Knapsack Problem
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5.1 Knapsack Problem

• Def: Knapsack Problem

f(n, b) = max v1x1 + v2x2 + … + vnxn

s.t. c1x1 + c2x2 + … + cnxn  b,

where each xi = non-negative integer; vi  R+;

ci  R+, b  Z+.

Sol.

f(k, a) = max{f(k  1, a), f(k, a ck) + vk}, 

for 0  k  n, 0  a  b.
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Computer Science and Information Engineering

National Chi Nan University

Chapter 5 

Dynamic Programming

§ 5.2 Max. Consecutive Sum Problem
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5.2 Max. Consecutive Sum Problem

• Def: Max. Consecutive Sum Problem

Given x1, x2, …, xn  R, sum(i, j) = k =
j

i xk.

Find max1  i  j  n sum(i, j).

• Ex: 1, – 1, 3, 4, – 8, – 2, 3, 7, – 4, 3, 5

Sol 1. 

for 1  i  n

for i  j  n

sum(i, j) = 0;

for i  k  j

sum(i, j) = sum(i, j) + xk;

取 sum(i, j)的max.    1  i  j  n

max1  i  j  n (k=i
j xk ))

O(n3)
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5.2 Max. Consecutive Sum Problem

Sol 2.

sum(i, i) = xi,  1  i  n

for d = 1 to n  1

for 1  i  n  d

sum(i, i + d) = sum(i, i + d  1) + xi+d

取 sum(i, j)的max.    1  i  j  n

Sol 3.

O(n)

• Exercise 4 (10/17): 

Design an O(n)-algorithm for the Max. Consecutive Sum Problem.

O(n2)
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Computer Science and Information Engineering

National Chi Nan University

Chapter 5 

Dynamic Programming

§ 5.3 Matrix Multiplication Problem
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5.3 Matrix Multiplication Problem

• Def: Matrix Multiplication Problem

求M1  M2  …  Mn用最少乘法次數之法, 

where Mi has size ai1  ai.

• Ex 1:

A22 =   a11 a12   , B23 =   b11 b12 b13 

a21 a22                         b21 b22 b23

AB =  a11b11+a12b21 a11b12+a12b22 a11b13+a12b23

a21b11+a22b21 a21b12+a22b22 a21b13+a22b23

 need 12 = 2  2  3

(∵(AB)ij =k=1
2aikbkj, i = 1, 2; j = 1, 2, 3) 
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5.3 Matrix Multiplication Problem

• Ex 2:

A1105 B1051010  C10101

= (AB)C = A(BC)

11051010 10510101

110101 11051

 1015 + 1010 1015 + 105

Sol.

Let f(i, j) = Mi… Mj最少相乘次數.

f(i, i) = 0,  1 i  n.

for d = 1 to n 1

for i = 1 to n d

f(i, i + d) = miniki+d1 {f(i, k) + f(k + 1, i + d) + ai1  ak  ai+d};

end

end O(n3)


