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§ 4.1 Shortest Path

(c) Fall 2023, Justie Su-Tzu Juan




4.1 Shortest Path

Def:

A digraph (directed graph) is an ordered pair G = (V, E), where V
Is a finite set of elements, called vertices, and E is a set of ordered
pairs of distinct vertices, called edges (arcs).

A weighted digraph (or network) is a digraph G = (V, E) with real
valued weights (or lengths) assigned to each edge, i.e. 3 w: E > R.

The length of a path Q in a weighed digraph is the sum of the
weights (lengths) of the edges on the path, denoted by (X, ),

1.e. lo(X, y) = ZecoW(E).
A shortest path between a pair of vertices x and y in a weighted
digraph is a path Q from x to y of least length, i.e. (X, y) =

min{ly(x, y) : Q"is a x-y path}.
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4.1 Shortest Path

* Def:

® The distance from x to y in a weighted digraph is denoted by
d(x, y) = min{ly(x, y): Q is a x-y path}. (the length of a shortest
path from x to y)

* Question:

Let G = (V, E) be a weighted digraph that Ve € E, w(e) > 0, and let
X,y € V, find the shortest path from x toy in G and its length, or
show there is none.

Note: If e = (X, y), write w((X, y)) as w(X, y).
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4.1 Shortest Path

« Algorithm: Dijkstra Algorithm

f(x) = 0; father(x) = 0;

VZ#X: {f(z) = w(X, 2)
father(z) = x;

S = {x};
do while (S # V)
choose z* € V \ S with min f(z");
S« Su {z};
VzeV\S:
if f(z) > f(z") + w(z", z) then
{f(z) =f(z") + w(Z", 2);

father(z) « z;

end
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4.1 Shortest Path

* Note: If (x,y) € E(G), letw(X,y) =, V X,y € V(G).

' = F(4) =
F)=1 S 18 2
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= o0 NJ
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4.1 Shortest Path

 Note: O P: X=Xyg—>X; = ... X, =Y,
Zeep W(E) = Zisg"™t W(X;, Xj41)-

@ Define g: V—> R* s.t. {g(x) =0,

we E = g(w)—g(z) <w(z, w).
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4.1 Shortest Path

Y M(Wdl) d(X, y) = min x-y path P (ZeePW(e)) 2 max g sat. & g(y)
Proof.
V X,y path P, V g satisfy &.
LetP : X, =X X; > ... > X, =Y.
ZeepW(E) = Zisp ™ W(Xj, Xis1)

> 2o (9(Xis1) — 9(X3))
= g(X1) —9(Xp) + 9(X5) —g(Xy) + ... +9(X) —9(X_4)
= g(X;) — 9(Xo)
=9g(y) —9(x)
=g(y)
minx-y path P (ZeeP W(E)) 2 man sat & g(y)
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4.1 Shortest Path

« <justify Dijkstra Algorithm>
Assume f * is the final output f, F * is the final output father, then
from F 7, we can find an x - y path P: X = X, X;, ..., X, =Y, such that
Zeep W(E) = Zicy HW(X;, Xipq) = F7(Y).
claim: f * satisfies &

Then, Z,p W(e) 2 d(X, y) = MaXg g, (Y) 2 T *(y) = Zp W(e).
sal”="are"=",

= @ f(y) = d(x, y).
@ P is the shortest path from x to y — solve the Question.

« Note: If f“(y) = o0 means there is none path from x to y.
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4.1 Shortest Path

Proof of claim (f * satisfies #)
We prove: at any iteration:
@ f(z)<f(Z),VzeS, 7 ¢S.
@V IweE, {z, w} n S # ¢= f(w) — f(z) <w(z, w)
Proof. (1/6) S
prove by induction on |S|:
@O |S| = , O.K. Since w(e) >0, Ve € E.
Suppose it’s hold for |S| < |P|.
Now, when S =P U {z'}.
Let f means the f-function before S = P U {z"} be executed.
Let f * means the f-function after S =P U {z'} be executed.

") —
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4.1 Shortest Path

Proof of claim (f * satisfies &)

We prove: at any iteration:

@ f(z)<f(Z),VzeS, 7 ¢S.

@VIWe E, {z, W} NS # ¢g= f(w) — f(z) <w(z, w)

Proof. (2/6)
OVzeS,7¢S=>7¢P;zePorz=17".

casel:ze P.(Z ¢ P) = f*(2) = 1(2).
By the induction hypothesis: f(z) < f(z).
If[iflholds: f*(2) = f(Z") + w(z'Z)
= 17(2) 21(2") 2 1(z) =1 "(2);

w=>0 U IH.for®,zx¢P,zeP

else (@) =1(2) 2 1(2) =1 7(2).
= 7 (2) < 175(2).
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4.1 Shortest Path

Proof of claim (f * satisfies #)

We prove: at any iteration:

@ f(z)<f(Z),VzeS, 7 ¢S.

@V We E, {z, W} S = ¢g= f(w) — f(2) <w(z, w)
Proof. (3/6)

OVzeS,7¢S=>7¢P;zePorz=17".
case2:z2=27(z ¢ P)
= T (2SR R
If iflholds: f *(z) = f(z") + w(z", Z) > f(z");
else : £7(2) =1(2) > f(z"). (z° with min. fin V\ P)
=7 (2) < 17°(2).
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4.1 Shortest Path

« Proof of claim (f " satisfies &)
We prove: at any iteration:
@ f(z)<f(Z),VzeS, 7 ¢S.
@V We E, {z, W} S = ¢g= f(w) — f(2) <w(z, w)
Proof. (4/6)

@ VZIWeE, {z, W} NS # ¢.
case 1: {z,w}c S

f"(w) —f7(2) = f(w) - f(2) <w(z, w).
by LH.®

case2:z¢ Sandw € S (z ¢ P)
By @: f*(w) < “(2).
ST (w) =172 £0<w(z, w).
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4.1 Shortest Path

« Proof of claim (f " satisfies &)
We prove: at any iteration:
@ f(z)<f(Z),VzeS, 7 ¢S.
@V We E, {z, W} S = ¢g= f(w) — f(2) <w(z, w)
Proof. (5/6)

@ VZIWeE, {z, w} NS # ¢,
case3:ze S,andw ¢ S
case 3.1:z# 7"
R (w) < f(w); F7(2) = 1(2).

oo (w) = F7(2) < f(w) = 1(2) S w(z, w).
by LH® ("." {w, 2} n (S—-2*) # ¢)
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4.1 Shortest Path

« Proof of claim (f " satisfies &)
We prove: at any iteration:
@ f(z)<f(Z),VzeS, 7 ¢S.
@V Iwe E, {z, W} NS # ¢g= f(w) — f(z) <w(z, w)
Proof. (6/6)
@ VIWeE, {z,w} S #¢.

case3:ze S,andw g S
case 3.2:z2=7":
f7(w) <1f(27) + w(z", w)
=1(z) + w(z, w);
- 4(2) = 1(2).
oo (w) = F7(2) =7 (w) - 1(2)
<w(z, w).
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5.1 Knapsack Problem

» Def: Knapsack Problem

f(n, b) = max v X; + VX, + ... + V X,
S.t. C;X; + CX, + ... + C X, <D,
where each X; = non-negative integer; v; € R*;

c;e R*,beZ.
Sol.
f(k, @) = max{f(k — 1, a), f(k, a—c,) + v, },
forO<k<n,0<a<h.

(c) Fall 2023, Justie Su-Tzu Juan




Computer Science and Information Engineering
National Chi Nan University

Chapter 5
Dynamic Programming

§ 5.2 Max. Consecutive Sum Problem

(c) Fall 2023, Justie Su-Tzu Juan




5.2 Max. Consecutive Sum Problem

» Def: Max. Consecutive Sum Problem
GiVen Xy, X,y «.es X, € R, sum(i, ) = Z, L X,..
Find max; . .j <, SUM(l, J).

- Ex:1,-1,3,4,-8,-2,3,7,-4,3,5

Sol 1.
forl<i<n
fori<j=n MaX; << <n (Ziei X))
sum(i, j) = 0;
fori<k<j
sum(i, J) = sum(i, J) + X,;
B~ sum(i, j)emax. 1<i<j<n
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5.2 Max. Consecutive Sum Problem

Sol 2.

SUM(i, ) =X, VIZi<n
ford=1ton-1
forl<i<n-d
sum(i, 1 +d) =sum(i, i +d — 1) + X;,4
B~ sum(i, j)emax. 1<iLj<n

Sol 3.
O(n)

« Exercise 4 (10/17):
Design an O(n)-algorithm for the Max. Consecutive Sum Problem.
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5.3 Matrix Multiplication Problem

» Def: Matrix Multiplication Problem
FM - M, - M F Bb 3kE S i
where M; has size a;_; x a;.

Ao = {an a12] Bous = { by by, blﬂ
Dy By byg
AB = [allbll-l-aleZl ay1b151a1,05, a11b13+a12b23}
891001+ 8051 851015+8%05, 01318505
=>need 12=2x2x3
("' (AB), = Sy, Vi=1, 2 =1, 2, 3)

Ay Ay
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5.3 Matrix Multiplication Problem

A105 * B105x1010 * C10104
= (AB)C = A(BC)
1x10°%1010 10°x1010x1
1x1019%1 1x10°x1
= 1015+ 1010 =101+ 10°
Sol.
Let f(l, ]) = M;... M; B " A 3k =k ¥k
f,N=0,V1<i<n.
ford=1ton-1
fori=1ton-d
f(I, 1+d) = miniggq 4 {FQ, K) + f(k + 1, 1+d) +a;_; - 8- aj.q};

end
end — O(n°)
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