~ Chapter 1
BaS|c Concepts of Graphs
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1.8 Eulerian Graph

o Def:
— Euler (directed) trail: traversed every edge
— Euler (directed) circuit
— eulerian; noneulerian

« History: Konigsberg seven bridges problem: (1736), Euler(1707~1783)
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1.8 Eulerian Graph

« Thm 1.7: Adigraph is eulerian < it is connected and balanced
Proof. (1/2)
(=) Suppose G is an Euler digraph.
Let C be an Euler directed circuit of G.

@ By definition, G is connected.

@ V x € V(C), 3 2 edges are incident with x:

one out-going and one in-coming edge

Codgt(X) = dg(x), V x € V(G)
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1.8 Eulerian Graph

« Thm 1.7: Adigraph is eulerian < it is connected and balanced
Proof. (2/2)
(<) Suppose G is a connected and balanced digraph is not eulerian,
and the number of edges of G are as few as possible.
By exercise 1.7.3, *." 6*#0, - #0, .". 3 directed cycle in G.
Let C be a maximum directed circuit in G.
".* Gisnoteulerian. .. G-E(C) # ¢.
Let G”be a connected component of G — E(C) with &G”) # 0.
"." G, C are balanced. .". G’is balanced.
(" VxeV(G’), dg(x) = dg*(X) — dc*(x) = dg™(x) — dc7(X) = dg (X))
"." G’Is a connected and balanced digraph with gG”) < &G)
.. G’Is eulerian, say C”’is a directed circuit of G’
"." Gisconnected, .". V(C) nV(C) # ¢.
l.e. C @ C’is a directed circuit of G with length > gC), -« to choice of C.
(c) Fall 2019, Justie Su-Tzu Juan 5




) 1.8

Eulerian Graph

Thm 1.7: Adigraph is eulerian < it is connected and balanced

Corollary 1.7.1: A connected digraph G contains an Euler directed trail from x to y

< dg*(x) —dg(x) =1 =dg™(y) — dg*(y); and

de*(u) = dg=(u), V u e V\{x, y} (%)

Proof. Let G’= G + {(y, X)}
(=) Let T be an Euler directed trail from xtoy in G.
The T + (y, X) is an Euler directed circuit of G”.
By Thm 1.7, G’is balanced.

=
4

¢

dg*(u) =dgH(u) =dg(u) =ds(u), Vu e V\{x,y)
dg*(X) = dg(X) = dg(X) = dg~(x) + 1, = (k)

\dg(y) = dgr(y) = ds (y) = dg*(y) + 1.

(<) Suppose G saticfies (%)
Then G’is balanced.
By Thm 1.7, G’is eulerian, let C be an Euler directed circuit of G”.

= C — (Y, X) is an Euler directed trail from xtoy in G.
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AN .]9 1.8 Eulerian Graph

Example 1.7.3: G: an undirected graph,
G has a balanced oriented graph <> G contains no vertex of odd degree.
» Corollary 1.7.2: An undirected graph G is eulerian <
G 1s connected and has no vertex of odd degree.

Proof. Thm 1.7: Adigraph is eulerian < it is connected and balanced ‘
(=) Let C be an Euler circuit of G.

Let D be an oriented graph of G by assigning every edge of G
a direction in order of C. .°. D is eulerian.
By Thm 1.7, D is connected and balanced.
= V x € V(G) = V(D), dg(x) = dp*(x) + d5(X) = 2d5*(X) Is even.
I.e. G contains no odd vertex.
(<) By Example 1.7.3, 3 a balanced oriented graph D of G.
By Thm 1.7, D is eulerian.
Let C be an Euler directed circuit of D.
.". the underlying graph of C is an Euler circuit of G.
I.e. G is eulerian.
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):) 1.8 Eulerian Graph

Corollary 1.7.2: An undirected graph G is eulerian &
G is connected an has no vertex of odd degree.

« Corollary 1.7.3: G: an undirected graph,
G contains an Euler trail < G is connected and the number of odd vertices < 2
Proof. (2/2)
(<) If G contains no odd vertex, then by Corollary 1.7.2,
G contains an Euler circuit = G contains an Euler trail
If G contains odd vertex, then G contains exactly 2 odd vertices.
(By Corollary 1.1.2)

Let X, y be two odd vertices of G.

Let G + xy = G, then G’is connected and no odd vertex.
.. By Corollary 1.7.2, G’contains an Euler circuit C.

= C —xy is an Euler trail of G.
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| /’ 1.8 Eulerian Graph

« Example 1.8.1: N-dimensional d-ary de Bruijn digraph B(d, n) = (V, E),
wheren>1,d > 2.

V= {XX5...X i X € {0, 1, ...,d -1}, i=1,2,...,n}
E = {(X X500 X1y YYoeo V) Vi = Xinp, 1= 1,2, 000,n=1;y. € {0, 1, ...,d - 1}}

« Note: B(d, n) = L"(K ")

oo eX.
01 001 011
01 y
10
B(2, 1) 1 100 110
B(2, 2) B(2, 3)
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« Example 1.8.2: V x#Yy € V(B(d, n)), 3d -1 internally disjoint (X, y)-paths
of length at most n + 1.

Proof. (1/5)

Proof by induction on n > 1. X1 X X,
@ °." B(d, 1) = K, .". the theorem is true forn =1 y é _______ E> y

@ Suppose n > 2 and the theorem holds for n —1. i Yo Y

Assume x =y € V(B(d, n)): 21 I I,

case 1 (x,y) ¢ E(B(d, n)):
. B(d, n) =L(B(d, n—1)). .". X, y correspond to 2 edge in B(d, n —1).
let such 2 edge be x = (u, u’), y = (v, V')
(X y) ¢ E(B(d,n)) ...u"#vinB(d,n-1)
By I.H., 3 d — 1 internally disjoint (u’, v)-paths of length at most n in B(d, n—1)
= 3 d - 1 internally disjoint (X, y)-paths of length at most n + 1 in B(d, n)

(c) Fall 2019, Justie Su-Tzu Juan 11



1.8 Eulerian Graph

« Example 1.8.2: V x#Yy € V(B(d, n)), 3d -1 internally disjoint (X, y)-paths

of length at most n + 1.
Proof. (2/5)
Proof by induction on n > 1.
@ °." B(d, 1) = K, .". the theorem is true forn =1
@ Suppose n > 2 and the theorem holds for n —1.
Assume x Yy € V(B(d, n)):
case 2 (x,y) € E(B(d, n)):
SaY X = X X5eee X 1 Xp Y = XoXgee XY,
Construct d — 1 (X, y)-walks Py, P,, ..., P4_; as:
case 2.1: X; £V, P; = (X X0 e X 1X1) — (XoX3e 0 X Yr)
P; = (XXg.+-Xp) = (XpXge 0  XpUj) = (X3Xge 0 UiXp) = (XgX5. .. UiXpX3) —
(UjXg e Xn_1Xn) = (XoXge+ XYy,
where u,, ..., Uy_; are d — 2 distinct elements in {0, 1, 2,
(c) Fall 2019, Justie Su-Tzu Juan
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1.8 Eulerian Graph

« Example 1.8.2: V x#Yy € V(B(d, n)), 3d -1 internally disjoint (X, y)-paths
of length at most n + 1.

Proof. (3/5)
case 2.1: X; £V, Py = (XX e X 1X1) — (XoX3e 0 X Y1)
P; = (XXg.+-Xp) = (XpXge  XpUj) = (X3Xge 0 UiXp) = (XgX5. .. UiXpX3) —
(UiXgee e X 1Xp) = (XoX34+. X Yp),
where u,, ..., Uy ; are d — 2 distinct elements in {0, 1, 2, ..., d — 1}\{X,, y,.}
Note that length(P,) =1, length(P;)) =n+1,V|=2,3,...,d-1
Claim 1: P,, P, ..., P,_; are internally disjoint.
<Proof> If 3 XgXge+ XnUj = Xau1Xgupe+ XnUXpXge - Xq
then U+ X, = Uj + 2 X = Uy = U; —<
same to §fi_>2<b+1xb+2...l>_<i,uix2x3...xb = Xar1Xarpe e XpUiXoXze . Xg
"." (X, y)-walk contains a (X, y)-path as its subgraph.

J.3P) P, ..., Py are internally disjoint (X, y)-paths.
(c) Fall 2019, Justie Su-Tzu Juan 13




1.8 Eulerian Graph

Example 1.8.2: V x#y € V(B(d, n)), 3 d — 1 internally disjoint (x, y)-paths

of length at most n + 1.
Proof. (4/5)
case 2.1: X; £V, Py = (XX e X 1X1) — (XoX3e 0 X Y1)
P; = (XXg.+-Xp) = (XpXge  XpUj) = (X3Xge 0 UiXp) = (XgX5. .. UiXpX3) —
(UiXgee e X 1Xp) = (XoX34+. X Yp),

Claim 2: Pj’;ePl,VZSde—l

<Proof>if32<j<d-1st. P/=P,
then 3 2 consecutive vertices on P; s.t.
{xcxcﬂ...xnusz...xc_l = X = X Xg.0 X,

Xea1Xeape e XnUiXoe e Xo = Y = XoXge0 XY,

DX =X TY, O

(c) Fall 2019, Justie Su-Tzu Juan
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| ? 1.8 Eulerian Graph

« Example 1.8.2: V x#Yy € V(B(d, n)), 3d -1 internally disjoint (X, y)-paths
of length at most n + 1.

Proof. (5/5)

Claim 1: P,, P, ..., P4, are internally disjoint.

case 2.2: X; =y,: let
P = (X Xp.-Xp) = (XpXge 0 XUj) = (X3 XpUiXp) — (UXpee o X)) = (XpX30+. XY )
where uy, U,, ..., Uy ; are d — 1 distinct elements in
{0,1,2,....,d—-1}\{x;}
Then length(Py) =n+1,Vj=1,2,d-1
By Claim 1, we know Py, P,, ..., P4_; are internally disjoint
S 3AP/P...P, " are internally disjoint (X, y)-paths

(c) Fall 2019, Justie Su-Tzu Juan 15



1.8 Eulerian Graph

« Example 1.8.3: n-dimensional d-ary Kautz digraph K(d, n) = (V, E),
wheren=>1,d>n.
V={XX5..X;: X € {0, 1, ..., d}, Xy £ X, 1=1,2,...,n =1}
E = {(XXpee Xy YYoeoVn): Vi = Xizy, VI=1,2,..0,n=1y, € {0, 1, ..., d}\{X.}}

« Note: K(d, n) = L"(K,,)

210

* €ex

K(2, 1)

02 021
K(2, 2)
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1.8 Eulerian Graph

Remark: © B(d, n) and K(d, n) are d-regular and have diameter n, eulerian
@ «B(d, n)) =d", UK(d, n)) = (d + L)d"L =d" + d-?

exercise: 1.8.3,1.8.9

4v:1.8.5,1.8.7

(c) Fall 2019, Justie Su-Tzu Juan

17



Chapter 1
BaS|c Concepts of Graphs

g
(
-

gooooof

100000C
Ja0o0ogooog

0000goc

11

|

1
L Jag
oooo
10000
10000

= 111

§ﬂ1’9 Hamiltonian Graphs (1)

Juiuuoude

muiml ‘! 170 u":‘.x [ .x 1 p’::'-"' 1

(c) Fall 2019, Justie Su-Tzu Juan 18



.\

) 1.9 Hamiltonian Graphs

/i

o Def:
@ A Hamilton (directed) cycle = a (di)cycle that contains every vertex of a
(di)graph.
@ A (di)graph is called hamiltonian if it contains a Hamilton cycle,
otherwise it is called non-hamiltonian
® Hamilton problem

« History: 1857, Hamilton (1805 — 1865): “The Traveler’s Dodecahedron”
“A Voyage Round the World”

= 1855, Kirkman
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« Example 1.9.1: The Petersen graph is non-hamiltonian. 2 v.vq

el
Proof. A
Let G is a Petersen graph at the Figure 3 _ 4
Fig 1.24

Let T = {16, 27, 38, 49, 50}.
If G contains a Hamilton cycle C, then |E(C) n T|iseven, and |[E(C) N T| # 2.
S JE(C) N T =4,
W.L.O.G. LetE(C) n' T = {27, 38, 49, 50}
= E(C) o {12, 15, 86, 96}. ('." 16 ¢ E(C))
" {12,27} c E(C) = 23 ¢ E(C)
".* {15, 50} c E(C) = 45 ¢ E(C)
.". G is non-hamiltonian.

} = {34} € E(C) >«

(c) Fall 2019, Justie Su-Tzu Juan 20



):) 1.9 Hamiltonian Graphs

 Note:

G is Eulerian < L(G) is hamiltonian (1.9.8(a))

No notririal necessary and sufficient condition for a graph to be hamiltonian is
known!!

G is hamiltonian digraph = G is strongly connected }
G iIs hamiltonian undirected graph = G contains no cut-vertex J (1.9.1)

 Theorem 1.8: If G is hamiltonian, then (G -S)<|S|,VSc V.

Proof.

Let C be a Hamilton cycle of G.

Then o(C-S) LS|, VS < V(C) =V(G)

.* C—=Sisaspanning subgraph of G - S.
L oG-5)<Lw(C-5)L|S|,VScV(G).
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? 1.9 Hamiltonian Graphs

AN

« Example 1.9.2: o(G —-S)<|S|V S <V = G is hamiltonian ? 2 vv"vq

Proof. A
Let G be Petersen graph. 3 _ 4
(=1<|S]|, for|S| <2 Fig 1.24
a)(G—S)<32< S|, for|S|=3 VScV(G)
<3<|S|, for|S|=4
<5<L|§|, for |S|=5
. Gsatisfy (G —-S) LS|, V ScV, but G is non-hamiltonian

« Note: Parallel edges and loops do not affect whether a graph is hamiltonian.
.". We limit our discussion to simple graphs.

« Def: Hamilton path, Traceable
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