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’ 1.6 Distances and Diameter

/4

.+ Def
— The radius of G =rad(G) = min { max {d;(x, y)}}

xeV (G) * yeV(G)

— Avertexxis called a central of G If Max{dg(x, y)} (= Xl’egi(g) {max {ds(x, y)}})

= rad(G)

« Note: rad(G) <£d(G) < 2rad(G)
Proof. exercise 1.6.6

« Example 1.6.4: For digraph G, rad(G) <r= vG)<1+r- 4"

Proof.
Let x be a central vertex of G, and J; = {y| ds(x, y) = 1}
<
= { K= 4 }=> MY,
[Jil <4+ [Ji_4]

=S UG) K1+ A+ L+ ... +A<L+r- A
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)) 1.6 Distances and Diameter

« Def: G: connected undirected graph or strongly connected digraph with v> 2.
@ The mean or average distance of G =

@)= 55, 2 (e, y))

yeVv (G)

@ o(G) = X, do(x.Y)
« Note:
@O m(G)>1
@ m(G) = 1< Gisacomplete graph
® For a directed cycle C,, n >3, o(C,) = (1/2)n?(n - 1), m(C,) = n/2
<sol>o(C)=n1+2+...+(n=1))=n-(n(n-1))/2=(1/2)n*(n-1)
m(C,) = (L/(n(n - 1)) - (C,) = n/2
@ For an undirected cycle C,, m(C,) =[ (n + 1)/4 , If nis odd,;
{ n?/(4(n - 1)), if nis even.
<sol> exercise 1.6.6
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1.6 Distances and Diameter

« Exercise: 1.6.4 (a), 1.6.6

e 4r:1.6.4(b), (c)
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| ‘ 1.7 Circuits and Cycles

« Def: © Acycle of length k is called a k-cycle, denoted by C,.

® odd cycle (even cycle)
® 3-cycle =triangle
@ “cycle”: graph or subgraph; undirecred or directed
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| ? 1.7 Circuits and Cycles

« Example 1.7.1: G: undirected graph with 6= 2.
® G contains a cycle C,..
@ If Gissimple, thenn>6+1

Proof.
If G contains loops or parallel edges, then the conclusion holds clearly.
Suppose G is simple and let P = (X,, Xy, ..., X, ) D€ a longest path.
" Ng(Xo) < {X1, Xos eees X}
and [Ng(Xo)| = dg(Xo) 2 8(G) 2 2
o3 X € Ng(Xg), 651k
1.e. (Xg, Xq5 «+25 Xi_1, X, Xg) 1S@ cycle of length i + 1
= G contains a cycle of length> 6+ 1

« Def: The girth of G, g(G) = the length of a shortest (directed) cycle in a (di)graph G.
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| ‘ 1.7 Circuits and Cycles

« Example 1.7.2: G: k-regular undirected graph with g(G) = g = 3, then
UG) 2{ 1+k+k(k=1)+... +k(k-=1)%©@23) if g is odd,
20+ (k=1 +... +(k=1)*©@2) | ifgiseven.

Proof. (1/2)
*g=3, .. Gissimple.
case l:gisodd: letg=2d+1,d > 1.

VXxeV(G),letJi(x)={y e V(G): dg(X,y) =1,0<1<d.}

= [Jo()| =1, [3:(x)] =k,

g=2d+1, { @O VyeJ(x),0<i<d, 3! xy-path in G.
@Vy, zel(x),0<i<d-1Ayz e E(G)

= |Ji(x)|=k(k-1)"1i=1,2,...,d

UG 21+ k+KK=1)+... + k(k — 1)L
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) 1.7 Circuits and Cycles

¥

Example 1.7.2: G: k-regular undirected graph with g(G) = g = 3, then

UG) 2{ 1+k+k(k—1)+... +k(k-1)%©-3), if g is odd,

20+ (k-1 +... +(k=1)"©@2) | ifgiseven.

Proof. (2/2)
*g=3, .. Gissimple.
case l:gisodd: letg=2d+1,d > 1.
SoUG) 21+ k+k(k=1)+... +k(k=1)¢1
d=(g-1)/2
SoUNG) =21+ k+kk=1) +... +k(k=1)"@-3
case 2: exercise 1.7.10(b)

Def: A (di)graph G of order v (= 3) is vertex-pancyclic if ¥V x € V(G), X Is
contained in (directed) cycle of length k, V 3 <k < v.

(c) Spring 2019, Justie Su-Tzu Juan
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1.7 Circuits and Cycles

« Thm 1.5: Every strongly connected tournament of order v (= 3) is vertex-pancyclic.
Proof. (1/3)

Prove by induction on k (= 3):

Let G be a strongly connected tournament.

Y u e V(G):

@® Fork =3, let S=Ng*(u), T = Ng(u).
"." Gisstrongly connected, .. S# ¢, T = ¢.
".* Gistournament. .". SU T U {u} = V(G) U

ie. Tu{u}=S

"." G is strongly connected. .". (S5, T)=(S,S) # ¢
(Ow.VxeSyeT, Z(Xy)-path —<)
lLe.Ixe S, yeTst (X,y) € E(G)
.. (U, X, y, u) is a directed 3-cycle containing u.
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1.7 Circuits and Cycles

« Thm 1.5: Every strongly connected tournament of order v (= 3) is vertex-pancyclic.
Proof. (2/3)
® Suppose that u is contained in directed cycles of all lengths between 3
and n, where n < v:
Let C = (U =uy, Uy ..., U, 4, Uy) be a directed n-cycle.
V x € V(G)\V(C), if Ng*(X) n V(C) # gand N5 (X) n V(C) # ¢,
then 3 u; e V(C), s.t. (u;, X), (X, U;,,) € E(G).
=> (Ug, Uy, Ugy euwy Uiy X, Uiyqs +0es U, Ug) be a directed
(n + 1)-cycle containing u.
otherwise, let S = {x € V(G)\V(C): N;5*(x) n V(C) = ¢}
T={xe V(G)\V(C): N (x) nV(C) = ¢}
eitherx e Sorx e T.
"." G isstrongly connected and n < v.
S.S#EP T£¢,and (S, T) # 4.
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1.7 Circuits and Cycles

« Thm 1.5: Every strongly connected tournament of order v (= 3) is vertex-pancyclic.
Proof. (3/3)
@ *." G isstrongly connected and n < v.
S.S#£P T#£g and (S, T) # ¢.
letx e S,ye T s.t.(X,¥) € E(G)
Thus u is contained in the directed (n + 1)-cycle

(Ug, X, Y, Uy, Ugy euey U4, Ug)

(c) Spring 2019, Justie Su-Tzu Juan 13
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) 1.7 Circuits and Cycles

¥

Thm 1.5: Every strongly connected tournament of order v (= 3) is vertex-pancyclic.

« Corollary 1.5: G: a strongly connected tournament of order v>5.V X,y € V(G),
3 (x, y)-walk of length = d + 3, where d = the diameter of G.

Proof.
Let P be a shortest (X, y)-path in G.
S 0<dg(x,y)<d<sv-1,..0<d-dg(x,y)fv-1
J.35d-dg(x, y)+3<Lv+2
" v25, .. By Thm 1.5, 3 3, 4, 5-cycle containing y.
case 1:ifd—-dg(x,y) =0or1lor?2:
S v25 .. By Thm 15,3 (d —dg(x, y) + 3)-cycle C containing y,
Thus, P @ C is an (X, y)-walk of length
dG(X’ y) + (d - dG(X’ y) + 3) =d+3
case 2: If 3<d—-dg(x,y) < v-1
By Thm 1.5: 3 (d — ds(X, y))-cycle C containing y and
1 3-cycle C; containing y.
Thus P @ C @ C; is an (X, y)-walk of length dg(x, y) + (d —dg(X, y)) + 3

=d+3
(c) Spring 2019, Justie Su-Tzu Juan 15




1.7 Circuits and Cycles

« Thm 1.6: Astrongly connected digraph G is bipartite <
G contains no odd directed circuit
Proof. (1/4)
(=) Let {X, Y} be the bipartition of G.

Suppose C = X e,X1...X,_1€Xo IS @ directed k-circuit in G.

W.L.O.G.say X, € X, thenx, € Y
X, € X, thenx; €Y,
Xk €Y
In general, x,; € Xand X,,,; € Y
.. k—=1=2i+1for some integer i.
=>k=2i+2 i.e. Ciseven.

(c) Spring 2019, Justie Su-Tzu Juan
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1.7 Circuits and Cycles

« Thm 1.6: Astrongly connected digraph G is bipartite <
G contains no odd directed circuit
Proof. (2/4)

(<) °.” G contains no odd directed circuit. .. G has no loop.

Choose u € V(G), define X = {x € V(G): d(u, X) is even}
Y ={y € V(G): dg(u, y) is odd}.

"." Gisstrongly connected. .. X U Y =V(G)
l.e. {X, Y} is a partition of V(G)
Consider G[Y], VY, z € Y, by definition 3 E;: a shortest gu, yg -path and

y, U
3 8;: a shortest gg’jg-path iIn G and length(P,), length(Q,) are odd.
" P, UP,and Q; U Q, both are directed close walks

.. length(P,), length(Q,) are odd. (by following Note)
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1.7 Circuits and Cycles

« Thm 1.6: Astrongly connected digraph G is bipartite <
G contains no odd directed circuit
Proof. (3/4)
Note: length(P,) is odd :(length(Q,) in the same)
By exercise 1.5.1, P, U P, = the union of several directed closed trail.
letE, ={e:e e E(P,) and e ¢ E(P,)}
E,={e:e e E(P,) and e ¢ E(P,)}
E;, ={e:e e E(P) N E(P,)}
UL 2|E | + |Eq| + |E,| = length(P, & P,) = Z|directed closed trail|
IS even number.
= |E4| + |E,| is a even number
". |E,| and |E,| are either odd or even in the same time and
E,| + |E,,| = length(P,) is odd.
. |E,| + |[Eq,| = length (P,) is odd, too.
(c) Spring 2019, Justie Su-Tzu Juan 18




1.7 Circuits and Cycles

« Thm 1.6: Astrongly connected digraph G is bipartite <
G contains no odd directed circuit
Proof. (4/4)
If 3 (y, z) € E(G), then P, & (y, z) ® Q, contains an odd dicircuit. >«
If 3 (z, y) € E(G), then Q, & (z, y) ® P, contains an odd dicircuit. >«
.. G[Y] is empty.
By the same argument, we can prove that G[X] is empty too.
. {X, Y} is a bipartition of G and G is a bipartite graph.

(c) Spring 2019, Justie Su-Tzu Juan
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)) 1.7 Circuits and Cycles

Thm 1.6: A strongly connected digraph G is bipartite < |
G contains no odd directed circuit

 Note: The strongly connectedness is no necessary for “=",
but is necessary for “<.” ex: v

« Corollary 1.6.1: G: a strongly connected digraph;
G Is bipartite << G contains no odd directed cycle.
Proof. (=) By Thm 1.6, G contains no odd circuit.
.". G contains no odd cycle.
(*.” an odd directed cycle is a special odd directed circuit)
(<) Suppose C is an odd directed circuit in G.
Then C is not a directed cycle (by assumption) and
etC=C,®C,®...0C,,k=>2where C,isacyclefor1<i<k.
" Cisodd, .. 31<i<Kk, C;isodd »>«
.". G contains no odd directed circuit.
By Thm 1.6, G is a bipartite graph.
(c) Spring 2019, Justie Su-Tzu Juan 20
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) 1.7 Circuits and Cycles

« Corollary 1.6.2: G: an undirected graph, G is bipartite < G contains no odd cycle.

« Corollary 1.6.3: G: a digraph: G is bipartite < G contains no odd cycle

« - Example 1.7.3: G: an undirected graph,
G has a balanced oriented graph < G contains no vertex of odd degree.
Proof. (1/2)
(=) Itis clearly.
(<) Prove by induction on &.
® &= 0: trivial
@ If the assertion holds V < m, now consider G be an undirected graph
without vertices of odd degree and &(G) =m +1
Let S={Xx € V(G): dg(x) =0}, and let G, = G -S.

(c) Spring 2019, Justie Su-Tzu Juan 21



* ’ 1.7 Circuits and Cycles

Example 1.7.1: G: undirected graph with 6= 2.
—T ® G containsacycle C,. @ If Gissimple, thenn>6+1 r
« Example 1.7.3: G: an undirected graph,
G has a balanced oriented graph < G contains no vertex of odd degree.
Proof. (2/2)
(<) Prove by induction on e.
VVveV(Gy) dg (V)22 1e &Gy 22
By Ex 1.7.1, G, contains a cycle C.
Given each edge in C an orientation to get a directed cycle C'.
LetG,=G-E(C) = &G,)) = &G)—&C)<gG)=m+1
and G, contains no odd vertices.
". By I. H., 3 a balanced oriented graph D’ of G,.
= Let D =D’ ® C’, D is a balanced oriented graph of G.
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i 1 7 Ciwwverriite and COhinlAae

3 {‘. | Exercise 1.5.1(c): Prove that any directed closed walk can be expressed as the union
of several edge-disjoint closed trails, and construct an example to show that the term

“directed” can not be deleted.

« Example 1.7.4: G: a strongly connected digraph: G contains an odd circuit =
G contains an odd directed circuit (= G contains an odd directed cycle.)
Proof. (method 1) By Corollary 1.6.3 — reader.
(method 2) Let C = X;18,X,€5...Xi€iXi,1++-Xo14182k+1X1 D€ @n 0dd circuit in G,
where x; € V(G), e; € E(G).
"." G is strongly connected.
.. let P, = a shortest (x;, X;,)-path, V 1 <i< 2k
P,..1 = a shortest (X,..1, X{)-path.
If31<i<2k+ 1, length(P;) is even,
then ys(e;) = (X4, X;) and P; + e; is an odd directed cycle in G.
ow.V1<i<2k+1,length(P;) is odd.
LetW=P,®P,® ... ®P,.,, Wis aodd closed directed walk.
By exercise 1.5.1(c), W = the union of several directed circuit.

.. J at least one is odd.
(c) Spring 2019, Justie Su-Tzu Juan 24




1.7 Circuits and Cycles

« Example 1.7.5: G: a non-bipartite undirected graph
G is simple and &> (1/4)(v—-1)? + 1 = G contains a triangle.

Proof. (1/2)

"." G Is non-bipartite, by Corollary 1.6.2, .”. G contains odd cycle.

Let C be a shortest odd cycle, where V(C) = S, and |S| = k. Suppose k > 5:
If|(S, S)| > 2(v—k),thenT u e S, s.t. [Ng(U) N S| >3.Say X, Y,z € Ng(u) 1 S
but ." the length of a shortest odd cycle >5, .". 3 a, b, c € S\{x, y, z} and
Ci=(U Xy eees @y eeay Y, U); Co= (U, Y, vusby .oz, U); C53 = (U, 2, ..ty Cy oeey X, U)
Is three cycles on G.
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)) 1.7 Circuits and Cycles

Example 1.3.1: If G is a simple undirected graph without triangles,
then &G) < (1/4) .

« Example 1.7.5: G: a non-bipartite undirected graph
G is simple and &> (1/4)(v— 1)+ 1 = G contains a triangle.

Proof. (2/2)
"." length (C,), length(C,), length(C;) < k and
length(C,) — 2 + length(C,) — 2 + length(C;) — 2 = k, is odd.
J.31<i<3,s.t C,isaodd cycle with length <k —«
S, S)|£2(v=K) .. .©
By Example 1.3.1, *.* S without triangle = &G[S]) < (1/4)(v—-k)? ... @
&G) = &G[S]) + (S, S)I + &G[S])
<k+2(v-k)+ (/4 (v-k)? (by ®,0)
<2v -5+ (1/4)(v-5)?
= (1/4)(v=-1)?+ 1 5«
.". G contains a triangle.
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1.7 Circuits and Cycles

Exercise: 1.7.3(a)(c)
4v:1.7.4(c),1.7.6,1.7.8
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