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Chapter 1

Basic Concepts of Graphs

§ 1.6 Distances and Diameter (2)
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1.6 Distances and Diameter

• Def:

– The radius of G  rad(G) =          { {dG(x, y)}}

– A vertex x is called a central of G if         {dG(x, y)} ( =          {         {dG(x, y)}} )

=  rad(G)

• Note: rad(G)  d(G)  2rad(G)

Proof. exercise 1.6.6

• Example 1.6.4: For digraph G, rad(G)  r  (G)  1 + r  r.

Proof.

Let x be a central vertex of G, and Ji = {y| dG(x, y) = i}

|J1|  

|Ji|    |Ji1| 

 (G)  1+  + 2 + … + r  1 + r  r

)(
min

GVx )(
max

GVy
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  |Ji|  
r



(c) Spring 2019, Justie Su-Tzu Juan 3

1.6 Distances and Diameter

• Def: G: connected undirected graph or strongly connected digraph with   2. 

 The mean or average distance of G 

m(G)  (dG(x, y)),

 (G) =       dG(x, y)

• Note: 

 m(G)  1

 m(G) = 1  G is a complete graph

 For a directed cycle Cn, n  3, (Cn) = (1/2)n2(n  1), m(Cn) = n/2

<sol> (Cn) = n(1 + 2 + … + (n  1)) = n (n(n  1))/2 = (1/2)n2(n  1)

m(Cn) = (1/(n(n  1)))  (Cn) = n/2

 For an undirected cycle Cn, m(Cn) =   (n + 1)/4        , if n is odd;

n2/(4(n  1)), if n is even.

<sol> exercise 1.6.6


 )(,)1(

1

GVyx


 )(, GVyx
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1.6 Distances and Diameter

• Exercise: 1.6.4 (a), 1.6.6

• 加: 1.6.4 (b), (c) 



音樂劇欣賞6-1
日落大道 Sunset Boulevard
‧ 原 著：Billy Wilder一九五○年的電影「紅樓金粉」。
‧ 作 曲：Andrew Lloyd Webber
‧ 作 詞：Don Black & Christopher Hampton
‧ 電影原導演：Billy Wilder
‧ 首 演：倫敦首演: 1993年7月12日 - 1997年4月5日(Adelphi) (N:Patti LuPone)

洛杉磯首演: 1993年12月9日叔伯特劇院 (Shubert Theatre) (N: Glenn Close)
百老匯首演: 1994年11月17日 - 1997年3月22日 (N: Glenn Close)
加拿大首演: 1995年10月15日 – (N: Diahann Carroll)
電影首映: 1964年10月21日

過氣的老牌電影明星、二流的劇作家、離開心愛女人就活不下去的管家，Billy Wilder的電影，韋伯的音樂劇，帶給我們一齣精
彩的－「日落大道」…

●經典劇作結合自身經驗
一九五○年，派拉蒙電影公司出品了一部電影「Sunset Boulevard」（日落大道，又譯：紅樓金粉），導

演為Billy Wilder，由於故事內容牽涉到好萊塢，上映時頗為轟動。這部電影同年在奧斯卡也獲得不錯的斬穫，
共獲得最佳劇本、最佳配樂、最佳藝術指導等三項大獎，同時也得到最佳影片、最佳導演、最佳女主角、最
佳女配角、最佳攝影等五項提名。從故事內容來看，導演結合了王爾德的名劇「莎樂美」以及自己親身的經
歷來構成這部電影的主要架構，劇中的女主角最終的命運與莎樂美頗為相似；至於男主角的角色，即為Billy 
Wilder本人的寫照，現實中的Wilder也曾經是一位常常遭到退稿的編劇，他曾經窩在Chateau Marmont的一
間公寓中，也常常要把車子藏起來，避免因為貸款沒繳清而被拿回去。

大約在七○年代早期，韋伯看了Billy Wilder這部電影之後，靈光一閃，腦中隨即構思了一個旋律，這個
主題在他原來的構想中是要發展成他劇中的一首主題歌。但是當時由於其他條件的限制，使他還無法來製作
這齣戲。一九七六年，他在製作「艾薇塔」（Evita）時，與導演Harold Prince討論過這部戲，同時他又與作
詞家Christopher Hampton研究文字部份，Hampton當時正打算為English National Opera撰寫「日落大道」的
歌詞。雖然韋伯與許多人討論過此劇，但還是無法開工，因為並沒有取得改編權，之後這個計劃斷斷續續在
他心中縈繞了十二年，直到八九年「愛的觀點」（Aspects of Love）後，他才下決心要將「日落大道」列為他
下一個作曲的目標。隨後他與派拉蒙接觸，這次改編權的問題獲得解決，他把兩位合作伙伴Christopher 
Hampton與Don Black找來共同撰寫歌詞部分，然後開始進行譜曲的工作，除了女主角諾瑪第二幕在派拉蒙片
廠的主題歌「As If We Never Said Goodbye」是他七○年代的草稿之外，其他都是他八九年之後的新作。
http://www.math.ucdavis.edu/~cchsiao/interest/musical/sunset/musicmain.html
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Chapter 1

Basic Concepts of Graphs

§ 1.7 Circuits and Cycles (1)
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1.7 Circuits and Cycles

• Def: A cycle of length k is called a k-cycle, denoted by Ck.

 odd cycle (even cycle)

 3-cycle  triangle

 “cycle”: graph or subgraph; undirecred or directed
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1.7 Circuits and Cycles

• Example 1.7.1: G: undirected graph with   2.

 G contains a cycle Cn.

 If G is simple, then n   + 1

Proof.

If G contains loops or parallel edges, then the conclusion holds clearly.

Suppose G is simple and let P = (x0, x1, …, xk) be a longest path.

∵ NG(x0)  {x1, x2, …, xk}

and |NG(x0)| = dG(x0)  (G)  2 

∴  xi  NG(x0),   i  k

i.e. (x0, x1, …, xi1, xi, x0) is a cycle of length i + 1

 G contains a cycle of length   + 1

• Def: The girth of G, g(G)  the length of a shortest (directed) cycle in a (di)graph G.
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1.7 Circuits and Cycles

• Example 1.7.2: G: k-regular undirected graph with g(G) = g  3, then

(G)  1 + k + k(k  1) + … + k(k 1)½ (g3), if g is odd,

2(1 + (k – 1) + … + (k  1)½ (g2) )    , if g is even.

Proof. (1/2)

∵ g  3, ∴ G is simple.

case 1: g is odd: let g = 2d + 1, d  1.

 x  V(G), let Ji(x) = {y  V(G): dG(x, y) = i, 0  i  d.}

 |J0(x)| = 1, |J1(x)| = k, 

∵ g = 2d + 1, ∴   y  Ji(x), 0  i  d, ! xy-path in G.

  y, z  Ji(x), 0  i  d  1,  yz  E(G)

 |Ji(x)| = k(k  1)i1, i = 1, 2, …, d

∴ (G)  1 + k + k(k  1) + … + k(k  1)d1

J1(x)x J2(x) Ji(x) Jd(x)



(c) Spring 2019, Justie Su-Tzu Juan 10

1.7 Circuits and Cycles

• Example 1.7.2: G: k-regular undirected graph with g(G) = g  3, then

(G)  1 + k + k(k  1) + … + k(k 1)½ (g3), if g is odd,

2(1 + (k – 1) + … + (k  1)½ (g2) ) , if g is even.

Proof. (2/2)

∵ g  3, ∴ G is simple.

case 1: g is odd: let g = 2d + 1, d  1.

∴ (G)  1 + k + k(k  1) + … + k(k  1)d1

∵ d = (g  1)/2

∴ (G)  1 + k + k(k  1) + … + k(k  1)½ (g3)

case 2: exercise 1.7.10(b)

• Def: A (di)graph G of order  ( 3) is vertex-pancyclic if  x  V(G), x is 

contained in (directed) cycle of length k,  3  k  .



(c) Spring 2019, Justie Su-Tzu Juan 11

1.7 Circuits and Cycles

• Thm 1.5: Every strongly connected tournament of order  ( 3) is vertex-pancyclic.

Proof. (1/3)

Prove by induction on k ( 3):

Let G be a strongly connected tournament.

 u  V(G):

 For k = 3, let S = NG
+(u), T = NG

(u).

∵ G is strongly connected, ∴ S  , T  .

∵ G is tournament. ∴ S  T  {u} = V(G)

i.e. T  {u} = S

∵ G is strongly connected. ∴ (S, T) = (S, S)  

(o.w.  x  S, y  T,  (x, y)-path  )

i.e.  x  S, y  T s.t. (x, y)  E(G)

∴ (u, x, y, u) is a directed 3-cycle containing u.

x y
S T

u
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1.7 Circuits and Cycles

• Thm 1.5: Every strongly connected tournament of order  ( 3) is vertex-pancyclic.

Proof. (2/3)

 Suppose that u is contained in directed cycles of all lengths between 3 

and n, where n < :

Let C = (u = u0, u1, …, un1, u0) be a directed n-cycle.

 x  V(G)\V(C), if NG
+(x)  V(C)   and NG

(x)  V(C)  ,

then  ui  V(C), s.t. (ui, x), (x, ui+1)  E(G).

 (u0, u1, u2, …, ui, x, ui+1, …, un1, u0) be a directed 

(n + 1)-cycle containing u.

otherwise, let S = {x  V(G)\V(C): NG
+(x)  V(C) = }

T = {x  V(G)\V(C): NG
−(x)  V(C) = }

either x  S or x  T.

∵ G is strongly connected and n < .

∴ S  , T  , and (S, T)  .

C

S T
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1.7 Circuits and Cycles

• Thm 1.5: Every strongly connected tournament of order  ( 3) is vertex-pancyclic.

Proof. (3/3)

∵ G is strongly connected and n < .

∴ S  , T  , and (S, T)  .

let x  S, y  T s.t. (x, y)  E(G)

Thus u is contained in the directed (n + 1)-cycle

(u0, x, y, u2, u3, …, un1, u0)

u1

u=u0 u2

x y
S T
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●故事大綱：

在好萊塢的日落大道邊，有一個荒廢的豪宅，院子進裏的游泳池裏發現
了創作家卓伊利斯的屍體。故事就由這具屍體展開。失業又被分期付款所逼
的卓伊利斯，逃到了默片時代的大明星若瑪也斯的大屋內，受她的委託，修
改一個叫《莎樂美》的劇本，從而開始了他的劇作家生活。

後來他們二人都被對方所吸引。伊利斯對大導演馬克斯作若瑪的管家侍
候若瑪大為不解。劇本完成後，為了要把這本劇本送給老朋友沙利路比德導
演，若瑪帶了伊利斯，叫馬克斯開車到攝影場。這位導演只對這部老爺車感
興趣，並不喜歡若瑪的劇本，馬克斯和伊利斯都不敢把真像告訴若瑪。

這時伊利斯對在攝影場劇本部工作的貝蒂一見鍾情，若瑪知道這件事後
決意要破壞他們的感情，伊利斯非常生氣，將所有事情的真像都揭露了。若
瑪失去了返銀幕的幻想，追上正想離開這間大屋的伊利斯，開槍射死了他。

這部電影是比利．威爾德所導演的，他叫巨名的導演修特勒海姆和大明
星參孫主演，用冷酷的眼光砌底描寫妄執人心醜陋的一面，是一部具有獨特
風格的作品。
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1.7 Circuits and Cycles

• Corollary 1.5: G: a strongly connected tournament of order   5. x, y  V(G), 

 (x, y)-walk of length = d + 3, where d = the diameter of G.

Proof. 

Let P be a shortest (x, y)-path in G.

∵ 0  dG(x, y)  d    1, ∴ 0  d  dG(x, y)    1

∴ 3  d  dG(x, y) + 3   + 2

∵   5, ∴ By Thm 1.5,  3, 4, 5-cycle containing y.

case 1: if d  dG(x, y) = 0 or 1 or 2:

∵   5, ∴ By Thm 1.5,  (d  dG(x, y) + 3)-cycle C containing y,          

Thus, P  C is an (x, y)-walk of length

dG(x, y) + (d  dG(x, y) + 3) = d + 3

case 2: If 3  d  dG(x, y)    1

By Thm 1.5:  (d  dG(x, y))-cycle C containing y and 

 3-cycle C3 containing y.

Thus P  C  C3 is an (x, y)-walk of length dG(x, y) + (d  dG(x, y)) + 3 

= d + 3

Thm 1.5: Every strongly connected tournament of order  ( 3) is vertex-pancyclic.
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1.7 Circuits and Cycles

• Thm 1.6: A strongly connected digraph G is bipartite 

G contains no odd directed circuit

Proof. (1/4)

() Let {X, Y} be the bipartition of G.

Suppose C = x0e1x1…xk1ekx0 is a directed k-circuit in G.

W.L.O.G. say x0  X, then x1  Y

x2  X, then x3  Y,

…                  xk1  Y

In general, x2i  X and x2i+1  Y

∴ k  1 = 2i + 1 for some integer i.

 k = 2i + 2   i.e. C is even.
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1.7 Circuits and Cycles

• Thm 1.6: A strongly connected digraph G is bipartite 

G contains no odd directed circuit

Proof. (2/4)

() ∵ G contains no odd directed circuit. ∴ G has no loop.

Choose u  V(G), define X = {x  V(G): dG(u, x) is even}

Y = {y  V(G): dG(u, y) is odd}.

∵ G is strongly connected. ∴ X  Y = V(G)

i.e. {X, Y} is a partition of V(G)

Consider G[Y],  y, z  Y, by definition  = a shortest          -path and 

 = a shortest          -path in G and length(P1), length(Q1) are odd.

∵ P1  P2 and Q1  Q2 both are directed close walks

∴ length(P2), length(Q2) are odd. (by following Note)

P1
P2

(u, y) 
(y, u)

Q1
Q2

(u, z)
(z, u)
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1.7 Circuits and Cycles

• Thm 1.6: A strongly connected digraph G is bipartite 

G contains no odd directed circuit

Proof. (3/4)

Note: length(P2) is odd :(length(Q2) in the same)

By exercise 1.5.1, P1  P2 = the union of several directed closed trail.

let E1 = {e: e  E(P1) and e  E(P2)}

E2 = {e: e  E(P2) and e  E(P1)}

E12 = {e: e  E(P1)  E(P2)}

∴ 2|E12| + |E1| + |E2| = length(P1  P2) = |directed closed trail| 

is even number.

 |E1| + |E2| is a even number

∴ |E1| and |E2| are either odd or even in the same time and 

|E1| + |E12| = length(P1) is odd.

∴ |E2| + |E12| = length (P2) is odd, too.
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1.7 Circuits and Cycles

• Thm 1.6: A strongly connected digraph G is bipartite 

G contains no odd directed circuit

Proof. (4/4)

If  (y, z)  E(G), then P1  (y, z)  Q2 contains an odd dicircuit. 

If  (z, y)  E(G), then Q1  (z, y)  P2 contains an odd dicircuit. 

∴ G[Y] is empty.

By the same argument, we can prove that G[X] is empty too.

∴ {X, Y} is a bipartition of G and G is a bipartite graph.



(c) Spring 2019, Justie Su-Tzu Juan 20

1.7 Circuits and Cycles

• Note: The strongly connectedness is no necessary for “”, 

but is necessary for “.” ex:

• Corollary 1.6.1: G: a strongly connected digraph;

G is bipartite  G contains no odd directed cycle.

Proof. () By Thm 1.6, G contains no odd circuit.

∴ G contains no odd cycle.

(∵ an odd directed cycle is a special odd directed circuit)

() Suppose C is an odd directed circuit in G.

Then C is not a directed cycle (by assumption) and

let C = C1  C2  …  Ck, k  2 where Ci is a cycle for 1  i  k. 

∵ C is odd, ∴  1  i  k, Ci is odd 

∴ G contains no odd directed circuit.

By Thm 1.6, G is a bipartite graph.

Thm 1.6: A strongly connected digraph G is bipartite 

G contains no odd directed circuit
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1.7 Circuits and Cycles

• Corollary 1.6.2: G: an undirected graph, G is bipartite  G contains no odd cycle.

• Corollary 1.6.3: G: a digraph: G is bipartite  G contains no odd cycle

• Example 1.7.3: G: an undirected graph, 

G has a balanced oriented graph  G contains no vertex of odd degree.

Proof. (1/2)

() It is clearly.

() Prove by induction on .

  = 0: trivial

 If the assertion holds    m, now consider G be an undirected graph

without vertices of odd degree and (G) = m + 1

Let S = {x  V(G): dG(x) = 0}, and let G1 = G  S.
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1.7 Circuits and Cycles

• Example 1.7.3: G: an undirected graph, 

G has a balanced oriented graph  G contains no vertex of odd degree.

Proof. (2/2)

() Prove by induction on .

∴  v  V(G1), dG1
(v)  2, i.e. (G1)  2

By Ex 1.7.1, G1 contains a cycle C.

Given each edge in C an orientation to get a directed cycle C.

Let G2 = G  E(C)  (G2) = (G)  (C) < (G) = m + 1

and G2 contains no odd vertices. 

∴ By I. H.,  a balanced oriented graph D of G2.

 Let D = D  C, D is a balanced oriented graph of G.

Example 1.7.1: G: undirected graph with   2.

 G contains a cycle Cn.  If G is simple, then n   + 1
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●幕後：

《日落大道》的故事來自1950年 Billy Wilder 導演的同名黑白電影。《日落大道》
這個名字﹐既是指電影界裡最有名最有錢的人物居住的街名﹐也是指故事的主角
Norma Desmond 名氣每況愈下﹐已經是夕陽余暉。Norma Desmond 曾經在無聲電影時
期是紅極一時的女明星，但是自有聲電影流行以來就在屏幕上銷聲匿跡，她發誓要使
自己再在電影界紅起來。出於偶然她遇到並愛上了年輕的劇本作家 Joe，雖然劇的開
場就展示了 Joe 浮在游泳池的屍體，但是整部劇都是由 Joe 做講述者。《日落大道》
在倫敦公演時是由 Patti LuPone 扮演 Norma Desmond。她簽下的合同要求她也在該
劇搬到百老匯時做主角。可是《日落大道》到美國後，首先在故事的發生地洛杉磯公
演了。在洛杉磯扮演 Norma Desmond 的，是後來紅極一時的電影演員 Glenn Close。
很多人認為 Close 的聲音不是最好，但是她的演技和感情都控制得恰到好處，於是，
當 《日落大道》搬到百老匯的時候，製片人決定還用 Close 做主角。因為這個，
Patti LuPone 控告製片人一百萬美元。同時，因為 Close 去紐約，製片人簽下了
Faye Dunaway 代替 Close 在洛杉磯的角色。可是，當 Dunaway 上臺演唱之後，他
們發現她的聲音根本就不行，決定撤回她的合同，於是 Dunaway 又控告了製片人。
(這兩宗案件，最後都是庭外和解了。) 而洛杉磯的《日落大道》，也因為找不到女
主角很快就停演了。
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1.7 Circuits and Cycles

• Example 1.7.4: G: a strongly connected digraph: G contains an odd circuit 

G contains an odd directed circuit ( G contains an odd directed cycle.)

Proof. method 1 By Corollary 1.6.3  reader.

method 2 Let C = x1e1x2e2…xieixi+1…x2k+1e2k+1x1 be an odd circuit in G, 

where xi  V(G), ei  E(G).

∵ G is strongly connected.

∴ let Pi  a shortest (xi, xi+1)-path,  1  i  2k

P2k+1  a shortest (x2k+1, x1)-path.

If  1  i  2k + 1, length(Pi) is even,

then G(ei) = (xi+1, xi) and Pi + ei is an odd directed cycle in G.

o.w.  1  i  2k + 1, length(Pi) is odd.

Let W = P1  P2  …  P2k+1, W is a odd closed directed walk.

By exercise 1.5.1(c), W = the union of several directed circuit.

∴  at least one is odd.

Exercise 1.5.1(c): Prove that any directed closed walk can be expressed as the union 

of several edge-disjoint closed trails, and construct an example to show that the term 

“directed” can not be deleted. 
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1.7 Circuits and Cycles

• Example 1.7.5: G: a non-bipartite undirected graph 

G is simple and  > (1/4)(  1)2 + 1  G contains a triangle.

Proof. (1/2)

∵ G is non-bipartite, by Corollary 1.6.2, ∴ G contains odd cycle.

Let C be a shortest odd cycle, where V(C) = S, and |S| = k. Suppose k  5:

If |(S, S)| > 2(  k), then  u  S, s.t. |NG(u)  S|  3. Say x, y, z  NG(u)  S

but ∵ the length of a shortest odd cycle  5, ∴  a, b, c  S\{x, y, z} and 

C1 = (u, x, …, a, …, y, u); C2 = (u, y, …,b, …,z, u); C3 = (u, z, …, c, …, x, u)

is three cycles on G.

x
y

z
  k
u

S S x

a

y
b

z

c
u
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1.7 Circuits and Cycles

• Example 1.7.5: G: a non-bipartite undirected graph 

G is simple and  > (1/4)(  1)2 + 1  G contains a triangle.

Proof. (2/2)

∵ length (C1), length(C2), length(C3) < k and

length(C1) – 2 + length(C2) – 2 + length(C3) – 2 = k, is odd.

∴  1  i  3, s.t. Ci is a odd cycle with length < k 

∴ |(S, S)|  2(  k) 

By Example 1.3.1, ∵ S without triangle  (G[S])  (1/4)(  k)2 

(G) = (G[S]) + |(S, S)| + (G[S])

 k + 2(  k) + (1/4)(  k)2 (by ,)

 2 – 5 + (1/4)(  5)2

= (1/4)(  1)2 + 1 

∴ G contains a triangle.

Example 1.3.1: If G is a simple undirected graph without triangles, 

then (G)  (1/4)2.

x

a

y
b

z

c
u
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1.7 Circuits and Cycles

• Exercise: 1.7.3(a)(c)

• 加: 1.7.4(c), 1.7.6, 1.7.8


