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) 1.2 Graph Isomorphic

Def:
— Agraph G = (V(G), E(G), y) is isomorphic to a graph H = (V(H), E(H), v,)
If 3 2 bijective mappings 8. V(G) - V(H) and ¢: E(G) > E(H)
s.t. Ve e E(G),
ws(€) = (X, Y) & wi(4e)) = (Ax), &Y)) € E(H). (%)

— (6, ¢): iIsomorphic mapping from G to H.

— G and H are isomorphic, write G =z H (or G = H)

— (6, ¢): an isomorphism between G and H.
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« eX:Inexamplel.l.1and 1.1.2, D= H.
Let 8. V(D) » V(H) and ¢: E(D) > E(H) be
ax) =y, Vi=12,...,5,
Aa)=b,V)=1,2,..,9.
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)) 1.2 Graph Isomorphic

ws(€) = (X, Y) & wia(4e) = (Ax), &Y)) € E(H). (%)
« Def: For simple graphs G, H, G and H are isomorphic
<> 1 a bijection 8. V(G) »> V(H) s.t.

(x,y) € E(G) & (&Xx), Ay)) € E(H).

((3%) is called the adjacency-preserving condition)

+  Note:
~ G2H= UG)= ®H), 8G) = gH). (5 2 % % = 11)

“to be isomorphic” is an equivalence relation.
(F &, %4, i£.8)

.". divide all graph into equivalence classes.
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) 1.2 Graph Isomorphic

+  Def:
— Petersen graph

— complete graph, K, ex: @ K, E K,

v
— tournament

2 (o] o0——0 A A & &
« Note: gK,) = fv-1), iIf K, is directed,

(1/2)v-1), if K, is undirected.
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| /’ 1.2 Graph Isomorphic

o Def:
— Dbipartite graph: vertex-set can be partitioned into X and Y,
so that each edge has one end-vertex in both.
— {X, Y}is called a bipartition of the graph.
— If 3 a bipartition {X, Y} where |X| = |Y|, then called equally bipartite.
— G(XUY,E)
— k-partite graph

— equally k-partite graph

— complete bipartite graph, K, , ex: >$<I Ks
— star=K,,

o Kn(z) = Kn,n

— Complete k-partite graph
o Kn(k)
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? 1.2 Graph Isomorphic

+ Note: 1. £Kp,,) = mn
2. &K, (K)) = (1/2)k(k — 1)n?
3. For any bipartite simple graph G of order n,
&G) < [(1/d)n?, if niseven;
{ (1/4)(n?=1), if nis odd.
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)) 1.2 Graph Isomorphic

« Def: G is called an associated bipartite graph with the digraph D, where
If V(D) = {Xy, Xy, ..., X,} and E(D) ={a,, a,, ..., a,},
then G =(XUY, E(G), yi) with X = (X", X,"5 cces X, 3, Y = {X", X, «c0s X'}
E(G) ={e, &, ..., &}, Where yg(e) = X'X"
< 3Ja e ED)st wp(a) =X, %), 1=1,2,..., &

« ex:Figl7:D

« Note: If G is an associated bipartite graph of D, G) = 2¢/(D) and &G) = &(D).
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1.2 Graph Isomorphic

Def: n-cube (or hypercube), Q, = (V(Q,), E(Q,)) is defined as:

EX:

V(Q,) = {XX,...X,: X; € {0, 1}, 1 =1, 2, ..., n}. )
E(Qn) = {Xy: X = X1X2°"Xn’ y - ylyZ'"yn € V(Qn)’ Z‘Xi - y|‘ = 1}

1 I 10 11
0 00 Dm

Ql Q2
0110
0111 = 1110
0100 Talt)l 1101 (11O
00110 OTT }TOI 1010
0000 00T 1000
Q4
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1.2 Graph Isomorphic

« Example 1.2.1: Q, is an equally bipartite simple graph.
Sol. (1/2)
@ Q,, is simple by definition with «(Q,) = 2"
@ Let X = {X;X5... X X + X, + ... + X, =0 (mod 2)}
Y = {XXpee X0 X+ X, + .00+ X, =1 (Mod 2)}
By definition, XU Y =V(Q,), XNY = 4.
X, Y}is a bipartition of V(Q,).

Suppose 3 X = X Xo.. X, X = XX ... X e Xs.t.xx' e E .
- 1732 n 172 n n

= 2% —x|=1

= |(';<11 + X+ e+ X)— (X XS+ X)) =1

= o>« (" x, X e X. .U X+ X+ ...+ Xx,=0 (mod 2),
X, +X,+...+x,/=0(mod 2).)

.". There is no edge between any two vertices in X.

Similarly, there i1s no edge between any two verticesin Y.
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1.2 Graph Isomorphic

« Example 1.2.1: Q, is an equally bipartite simple graph.
Sol. (2/2)
®VxeXletNx)={y e Y:xy e E(Q,)}
.".IN(X)| = n by definition.
Similarly, [N(y)| = n.

Let E, = the set of edges incident with vertices in X.
E, = the set of edges incident with verticesin Y.

= n|X| = [E4 = &Q,) = [Ey| = n[Y]
= | X[ =]Y]=(1/2)UQ,) = 2"
'S(Qn) =n-2"1
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) 1.2 Graph Isomorphic

Def: T, , = complete k-partite graph of order vin which each part has
either m = vk or n =[ vk ] vertices.

Example: (a) &T;43) = ?
13=3x4+1, m=4,n=5=m+ 1.
&T313) =(4(4+5)+4(4+5)+5(4+4)/2=56
(M) + (k=1)(M1,) ="+ EB-1(**1)
= (%) +2(°)
=36 +20=56

(b) &G) <56 for any complete 3-partite graph G with order 13?
and &G) =56 Iff G=T;,5?
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b /’ 1.2 Graph Isomorphic

Example 1.2.2: (a) &(T,,) = (*™,) + (k= 1)(M™*1,);
(b) &G) < &(T, ,) for any complete k-partite graph G with order v
and the equality holds Iff G= T, ,.

Proof. (1/2) (+%)

(@) Let v=km+r,0<r<k. Thenr= v—km.

&Tk.) = (%) = (") — (k=1)(™) (= + m) + r(my —m))=0

(12){Uv-=1)-rm(m+1)—(k—=r)m(m-1)}
(1/2){v-1) — 2m(v— km) — km(m — 1)}
=1/2){(V-v-2vm+m2+m)+km(m+1)—m(m+ 1)}
= (1/2)(v—=m)(v—=m-=1) + (1/2)(k = 1)m(m + 1)
= (v—m 2) + (k _ 1)(m+1 2)
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’ 1.2 Graph Isomorphic

+ Example 1.2.2: (a) T,,) = (*™,) + (k= 1)(™1,);
(b) &G) < &(T, ,) for any complete k-partite graph G with order v
and the equality holds Iff G= T, ,.
Proof. (2/2) (v%)
(b) Suppose G = A Is a complete k-partite graph with order vand the
largest numberkof edges wheren, > n, > ...2n,. Then
&G) = (") - ;(”' 2)
IFGZT, ,then31l<i<j<kstn-n>1
Let G’ be a complete k-partite graph, that the number of vertices in its
K-partition are: nlL Ny eees Nisg, (M= 1), Nisgy ooy Ny, (N + 1), Ny ooey Ny
Then &G') = (V) —|=12f;,j (M) = (") = ()
= (V) - Iz:; (M) +(ni—1)—n,
=() =3 (M) + (=n=1)> (") =3 (1) = £G). ¢
S.G= Ty,
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1.2 Graph Isomorphic

Exercises: 1.2.6
4r . Construct a self-complementary undirected graph of order nine.

Def;
— Complement, G¢, of G = {V(GC) =V(G)

E(GY) ={(x,y): (x,y) & E(G), x,y € V(G)}
— self-complementary: G = G¢.

(c) Fall 2019, Justie Su-Tzu Juan

15



~ Chapter 1
Basic Concepts of Graphs

gooooo
a0

10000000000

100000C

IIDDDDDDDDPDJDDQULGUWU
i00000000000000000000000000000000
100000000000000000000000000000000(
10000000000000000000000000000000C

. . 81.3 Vertex Degrees

Jdooooooodud

DDDDDDDDDDDDDDDDDDDDDDDDDDDDrﬁﬁfq
[ 100000000000000000000000000
ﬁmDDDDDDDUDDGDDGDDQDDDDUDU
1000000000000000000000000r
1000000

OoooOoooooaonc HT(_ 1C "_l

v'\’

(c) Fall 2019, Justie Su-Tzu Juan 16



« Def: In an undirected graph G, x € V(G).
— The degree of x, ds(x) = the # of edges incident to X, loop counting as 2 edges.
— d-degree vertex

dg(X1) = dg(Xs) = 4
dg(X,) = dg(X,) = 3
X, IS a 4-degree vertex

— The open neighbors of x, N(x) = Ng(X) ={y | xy € E(G)}.
— The close neighbors of x, N[x] = Ng[X] = N(x) U X.

— isolated vertex = 0-degree vertex

— o0dd (even) vertex: degree is odd (even).

(c) Fall 2019, Justie Su-Tzu Juan 17



) 1.3 Vertex Degrees

« Def: In an undirected graph G, x € V(G).
— Agraphisk-regular=V x € V, dg(x) = k.

A graphis regular=3k, s.t. G is k-regular.
Kk is called the regularity of G.

maximum degree of G, A(G) = max {d;(X): x € V(G)}.

minimum degree of G, &G) =min {d;(X): x € V(G)}.
ex: K, is (n — 1)-regular,

Kn.n 1S N-regular.

Petersen graph is 3-regular

Q,, Is n-regular.

* Note: If Gis k-regular, then A(G) = &G) = k.
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Def: Indigraph D,y € V(D).
—  Ep*(y) (Ep(y)): a set of out-going (in-coming) edges of y.
= { out-degree of y, d5*(y) = |Ex*(Y)|
in-degree of y, dy(y) = |[E5()l

dp*(yy) =2, dp*(y,) = 1, dp*(ys) = 1, dp*(y,) =3
dp=(yy) =2, dp(y,) =2, dp(y3) =3, dp(y,) =0

— The out-neighbors of x, N*(x) = Ny*(X) ={y | (x,y) € E(D)}.
— The in-neighbors of X, N-(X) = Ny~ (xX)={y | (y, X) € E(D)}.
— yis balanced if dy*(y) = dy(y). ex: y,

D is balanced if each of its vertices is balanced.
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) 1.3 Vertex Degrees

« Def: Indigraph D,y e V(D).

— A%(D) =max {dy*(y): y € V(D)}. maximum out-degree
A~(D) =max {dy=(y): y € V(D)}. maximum in-degree

— 0*(D) =min{dy*(y): y € V(D)}. minimum out-degree
0~ (D) =min{dy(y): y € V(D)}. minimum in-degree

— maximum degree, A(D) = max {4 (D), 4-(D)}
minimum degree, &D) = min {6 *(D), 6 (D)}

— Adigraph D is k-regular if A(D) = &D) = k.

« Note: Let G=(XUY, E) be a bipartite undirected graph,
® 3ds(X) = &G) = 2dg(y)
@ 2¢G) = 2, dg(x)

xeV (G)
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1.3 Vertex Degrees

 Theorem 1.1: For any digraph D, &D) = 2_d;*(x) = 2. dy(X).
i =y ey
Let G be the associated bipartite graph with D of bipartition {X, Y}.
o dg (X)) =dpt(x), dg(X") =dp(X), ¥V x € V(D).
= 2, dp*(X) = 2 dg(x') = &G) = 2 dg(x") =2, dy (%)

« ex:Figl7:D
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| /’ 1.3 Vertex Degrees

Theorem 1.1: For any digraph D, &D) =’ dy*(x) =, dg(X).

« Corollary 1.1: For any undirected graph G, ® 2&(G) = > ds(X)
@ the number of odd vertices is even.xeV

Proof.
@ Let D be the symmetric digraph of G.

= &(D) = 2&G).
Note that d;(x) = dy*(x) = dy(x), V X € V.

‘. By Theorem L.1, Yds(x) = Ydg*(x) = ¥ ds(X) = &(D) = 24(G).
@ Let V, be the set of odd vertices, let \/, be the set of even vertices.
= 2 ds(X) +ZdG(x) ZdG(x) 2&(G)

XeV,

: Zd (X), Zd (X) both are even,

XeV XeV,

. Y ds(X) is also even.

XeV,

‘ G(x) Isodd V x € V,.

. |V,| is even.
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) 1.3 Vertex Degrees

Def: Indigraph D, let S, T < V(D).
— Ep(S, T)={(x,y) e E(D):xeS,yeT}(=(S5T))
— (S, T)=[Ep(S, T) (= xS, 1))
— [S,T]=(S5, Tu(T,YS)
— HT=S=V(D)\S: E;*(S)=(S,S) &E,(S)=(S,S)
dp(S) =|Ep*(S)| & dp(S) = [Ep(S)]
— out-neighborsof Sin D, N;*(S)={y € S: (x,y) € E(D),Vxe S}
— in-neighbors of Sin D, N, (S) = {X € S: (X, y) € E(D), Vy € S}.

In undirected graph G, let S ¢ V(G).
— E4(S) = the edges incident with vertices in S in G.
— neighbors of Sin G, N;(S)

— dg(S) = |Es(S)
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Let S ={y,, y,}
Ep*(S) ={as}, dp(S) = 1, Np*(S) = {ys}.

Let S = {X;, Xy}
Es(S) ={e,, e,, €5, €4, &7},

Ng(S) = {Xy1, X5, X3, X4},
dg(S) = 5.
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) 1.3 Vertex Degrees

/
—‘ Corollary 1.1: For any undirected graph G, © 2¢G) = gV:dG(x)

@ the number of odd vertices is even.

« Example 1.3.1: If G is a simple undirected graph without triangles,
then &G) < (1/4)v2.

Proof.
V xy € E(G), °.” G is simple and no triangle.
Co[de(¥) = 1] + [dg(y) -1l < v-2,
l.e. dg(X) +dg(y) < v

Jo 2 (dg(x) +dey) <e- v

REQ) X2+ ... +x2)(1%+...+12) 2
:XWE(:G?G X)<é-v X+ L+ X, 1+ X, - 1)?

By Cauchy’s inequality and Corollary 1.1:
& vz 2dg2(x) 2 (1) 2 dg(X))? = (4 &
= < (1412
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| ? 1.3 Vertex Degrees

« Example 1.3.2: Let G is a self-complementary simple undirected graph with
v =1 (mod 4). Prove that the number of (1/2)(v— 1)-degree vertices in G is odd.
Proof. (1/2)
Let { V, be the set of odd vertices,
V, be the set of even vertices.
|V,| is even by Corollary 1.1.
" v=1(mod4) is odd,
.. |V, isodd and (1/2)(v— 1) is even.
Let V. be the set of vertices in V, whose degree # (1/2)(v—1).
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| ’ 1.3 Vertex Degrees

« Example 1.3.2: Let G is a self-complementary simple undirected graph with
v =1 (mod 4). Prove that the number of (1/2)(v— 1)-degree vertices in G is odd.
Proof. (2/2)
Letx e V.. "." G=GE
S 3y, € V(G) s.t. dg(yy) = dge(X).
= dg(Y,) = dge(X) = (v—1) — d(Xx) Is even.
Jo Yy €V
U dg(X) = (1/2)(v-1). Ldg(yy) = (/2)(v-1) =y, # X
SOy, e VL
andifx,zeV/andxzz=y, #Y,.
= the vertices in V.’ occur in pairs, i.e. |V.'| is even.
= [V, - [V/| is odd.
I.e. the number of (1/2)(v— 1)-degree vertices is odd.
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1.3 Vertex Degrees

Exercises: 1.3.2, 1.3.6(a)

a0, 1.3.8
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