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§ 10.3 The Nonhomogeneous Recurrence Relation

Ex 10.29: loan: S, be paid back: T period time.
the interest rate per period: r
— payment at the end of each period: P =?
Sol. (1/2)
Let a, = owed after the nth payment.
:>{an+1=an+ran—P,OsnST—1
=S5 ar=0.
@a,"-1A+nNaMW=0=a®=cd+r)"
@LetaP=A=>A=A+r-A-P=>r-A=P=A=P/r
i.e.a,®P=P/r
®a,=c(1+n"+P/r
"V ay=S=Cc+PIr=>c=S-P/r
L8, =G -PNA+nN"+P/Ir,0<n<T
" 0=a;=CS-PInNA+nT+P/r <o | R N
=P/r=FP/Ir-S)aA+nT AT A
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§ 10.3 The Nonhomogeneous Recurrence Relation

Ex 10.29: loan: S be paid back: T period time.

the interest rate per period: r
— payment at the end of each period: P =?

Sol. (2/2)
" 0=a;=C-PINA+n)T+P/r

= P/Ir=FP/Ir-S)A+nT
SoP=P-rSA+nN"=>P[1-A+0DT==-Sr1+r)T

= P=-Sr(l +nT1 -1+ 07!
=SH-+ D) T 1-A+D)T (—@+r) 1
=Sr[1 -1+ )" 1-(1+1) L kil

A,
T
jLu Iy i
\ T II"Il_ | P I: k
1™ oy - “ il
p i g i P
_ et Y O h

S = 1,000,000 r = 1.5%/12 T =20 *12 — P = 4825.45408881
S = 1,000,000 r = 3%/12 T = 20 *12 — P = 5545.9759785391

S =1,000,000 r = 8%/12 T =20 *12 — P = 8364.40068993
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§ 10.3 The Nonhomogeneous Recurrence Relation

Ex 10.30: Forn>1,Sc R, |S| =2".

When determine the maximum and minimum element of S, what’s the
number of comparisons needed ?

Sol.
Let a,, = the number of needed comparisons:

r a; =1, when we have a, :

Ari1s S = {X{s eoes Xony Yps eees Yon} =S; U S50 S; = {Xqs w005 Xon}s Sy = {Yqs +es Yon}
a) determine the maximum and minimum is S;, S,: need 2a,
b) max{S,} < max{S,}, min{S,} © {S,}: need 2
LA =2a,t2,n=>1

@ a,,,M-2a,M=0=a™=c@2"

@ a,P=A,aconstant. > A-2A=2=>A=-2

®a,=c2M-2=a,=1=2c-2=Cc=3/2

J.a,=3-2m1-2n>1

\.
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§ 10.3 The Nonhomogeneous Recurrence Relation

Note: We might achieve the same results via another method that
required fewer comparisons.

Ex10.31: 2={0, 1, 2, 3},
there are 4" strings of length n in X" = {X;X,...X,| X; € 2}.
a,, = count the strings in X" where there are an even number of 1’s. a,,= ?
Sol. Consider the nth symbol of one of there strings of length n:
1) | [1(=0,2,3): 3@, 2) | O=1):4"1—a
=>a,=3a,_,t@d"'-a, )=2a,_,+4",n>2,and a, =3.
@ a,™=c(2"
@ Leta,® =A@ = A@"1) =2A@4"2) +4"1 = 4A=2A+4 > A 2.
i.e.a,P =241 il
@ a, =c(2") + 24"
a1—3 2C+2=cCc=". .'.a—
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§ 10.3 The Nonhomogeneous Recurrence Relation
Ex 10.32: snowflake curve: — & — B i¥ % 2 4® (1/3% 7)i¥

/\
P, >/ \< P, P,
V
perimeter = 3 p=(4/3).3=4 p =3(4/3)" = 16/3
area =./3 /4 a=13/4+3(3/4)1/3)) a=43/3+4-3(3/9]a/3y]’
Sol. (1/3) =+/3/3 =10+/3/27
For n > 0, let a, = the area of the polygon P
811 =8, T (4" - 33 /(3]
=a, + (3/3/4)@dY(9 - 9M) = a, + (1/(4+/3)(4/9)" gienn il
® a8, " -a,"=0=aP=c(1")=c ol

@ . (1/(44/3))@/9)" =k - ¢, V k G |
Let a,® = A(4/9)" = A(4/9y"1 — A(49T" = (1/(44/3)) (@)
= A((4/9) — 1) = 1/(44/3) = A= ~9/(20+/ CRN
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§ 10.3 The Nonhomogeneous Recurrence Relation

Ex 10.32: snowflake curve: — & — B ¥ % £4B 1/3& ):¥
Sol. (2/3)

9 (4)
S = n>0
@ a=ct zof()

V3 -9 3f
By =, =
T 20
_3ﬁ 5V3 sf 243
— C= + = =
20 20 20 5
23 9 (4) 23 1 (4"
=0T T T 00 ( j 56(5)

= 5\15|:6—(;)n_1:|,n 20
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§ 10.3 The Nonhomogeneous Recurrence Relation
Ex 10.32: snowflake curve: — & — B i¥ % 2 4® (1/3% 7)i¥

Sol. (3/3) -
Note: lim a, = lim 1[6—(4) :|:6

e e 5310 (9 53
(o dl)

<another> =1i

_N3 11 53 1 M3V3
4 43 1-(4/9) 54 4R 5
_8J3_2J3_ 6

20 5 53
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§ 10.3 The Nonhomogeneous Recurrence Relation

Ex10.33: Vn2>1, X, ={1,2,...,n}; P(X,)=2%n
Let a,, = the number of edge in the Hasse diagram for the partial
order (P(X,); ) =?
Sol. (1/2) a, =1 a, = a; = 2a, + 2?

1
I{ h ' 2y
?

"." the Hasse diagram for the partial orders (P(X, ., ©))
= the Hasse diagram for the partial orders (#(X,, ©))
+ the Hasse diagram for the partial orders ({T U {n + 1} |
+V S € P(X,), draw an edge from S to S U {n + 1} |
a., =2a, HP(X,)| =2a,+ 2" i ot

& LA
VT KLt
L
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§ 10.3 The Nonhomogeneous Recurrence Relation

Ex10.33: Vn2>1, X, ={1,2,...,n}; P(X,)=2%n
Let a,, = the number of edge in the Hasse diagram for the partial
order (P(X,); ) =?

Sol. (2/2)
U Qg =28, HPOX)| =24, + 2"
:>{ a—2a,=2"n=>1
a, =1
@ a,,,M-2a,M=0,a,™=c(2"), where c = 0
@ °." 2"is a solution of the associated homogeneous relation.
" Leta®=B.n.-2"=B(h+1)-2M1-2B.n.20=2f

=2B(n+1)-2n-B=1=2B= 1:>B

. a(p) n-.2n-1 .

1 ||1-:|-
@a =a,M+a®P=c.-2"+n-2"1=3a,=1= 2c+1:c£1
.a,=n-2"vn>1
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§ 10.3 The Nonhomogeneous Recurrence Relation
Ex 10.34: { . — 42,4, +32,=-200,n=0

a,=3000
a, = 3300
Sol. ® (a,M)?-4a,M+3=0=a,M=c,3" +c,(1") =c,(3") +¢,
@ . f(n) =-200=-200(1") is a solution
of the associated homogeneous relation
. a,P=A.n")=An for some constant A
= A(n +2)—-4A(n+1)+3An=-200
.2A-4A=-200=-2A= A=100
®a,=a,M+a,®=c, (3" +c,+100n
{a0=cl+cz=3000 :>{ c, +¢,=3000 :>{C1—10?_
a, =3¢, +¢c,+100=3300 3c, +¢,=3200 A
.a,=1003") +2900 + 100n,n >0

ﬂ“ilr
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§ 10.3 The Nonhomogeneous Recurrence Relation

Ex 10.35: nth Fibonacci number F
a,,: the number of additions performed in computing F_,n >0
(a) iterative algorithm

procedure FibNum1(n: nonnegative integer)
(begin if N =0 then
fib:=0
else if N =1 then
fib:=1
else rbegin
last :=1
next_to last:=0
fori:=2tondo
begin temp := last
last := last + next_to_last
next_to_last :=temp

. end
. fib :=last

end

\ end
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§ 10.3 The Nonhomogeneous Recurrence Relation

Ex 10.35: nth Fibonacci number F
a,,: the number of additions performed in computing F_,n >0

(b) recursive algorithm:

Procedure FibNum2 (n: nonnegative integer)

~ begin
if n =0 then
fib:=0
else if n =1 then
fib:=1
else
fib := FibNum2 (n — 1) + FibNum2 (n — 2)

. end

:>{an=an_1+an_2+1,n >2
a,=0;a,=0
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{anzan_1+an_2+1,n > 2
a,=0;a,=0

§ 10.3 The Nonhomogeneous Recurrer

Ex 10.35: nth Fibonacci number F
a,,: the number of additions performed in computing F,.n=0
@ a,M=a,,®+a, ,0=a,0=c, 15"+, (55"
@ a,®= A:>A A+A+1:>A——1
® a,=c,(152)"+ &,(*5)"-
{ =0=c,+c,—1
a, =0=c, (1+4§)+ C, (#)— 1

{cl+cz—1 {c1+cz=1
(C, +¢Cy) +\/7 (€, - Cz) 2 J5 (@€ —c)=1
=C = (1+ 5) — ( )
(l+\/_ )( 1+«/_) ( )( ) (1+J_)n+1
—f Sy 0, a N }(Hf | fﬂl i
. as the value of n increases, a, >>a®
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§ 10.3 The Nonhomogeneous Recurrence Relation

C. extend:
Given a linear nonhomogeneous recurrence relation (with constant
coefficient): c a,+c, ,a, ;+ ... + ¢, = f(n), wherec,c, . #0,
@ a,M™: the homogeneous part of the solution a,
@ a,P: (1) If f(n) is not a solution of the associated homogeneous relation

Table 10.2 f(n) a,®
C, a constant | A, a constant
n An+A,
n? A,n?+ AN+ A,
n,teZ* AN+ ...+ A+ Ay =3 An
mrelR Arn i
sin 4n A sin @n + B cos 6n saeei L)
cos On A sin @n + B cos @n
ntrn MAN+A_ N1+ + AN + A
Msin &n Ar'sin @n+Br'cos n -
M cos &n Ar"sin @n+Brcos dn
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§ 10.3 The Nonhomogeneous Recurrence Relation

C. extend:
Given a linear nonhomogeneous recurrence relation (with constant
coefficient): c a,+c, ,a, ;+ ... + ¢, = f(n), wherec,c, . #0,
@ a,M™: the homogeneous part of the solution a,
@ a,P: (1) If f(n) is not a solution of the associated homogeneous relation

(2) If f(n) is a sum of constant multiples of ©’s (left) and none of
these terms is a solution of the associated homogeneous relation;

then a,® = the sum of the corresponding terms in @’s (right)
e.q.: f(nN)=n’+ and n?, sin 2n is not a sol. ass. homo. re.
=a,P=An*+An+A)+
(3) If 3 a summand f,(n) of 8, contains r" which is a solution of
the associated homogeneous relation, then find smallests € N
s.t. n°r" is not a solution of the associated homo

= n°a, ™ is the corresponding part of a,®
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§ 10.3 The Nonhomogeneous Recurrence Relation

Ex 10.36: n > 2, n people at a party. Each shakes hands to each other.
a,, = the total number of handshakes
Sol. (1/2) (% iz-)
{an+1=an+n,n22
a,=1
@a,,"=>aM=aM=c(l")=c

@ *." f(n)=n=n(1"), and 1 is a solution of the associated
. Leta,®=n(An+A)=An*+A,n homogeneous relation

=>AN+1)2+AMN+1D)=AnN+ANn+n
= AN?+ A + AN+ (A, + A) =An%+ (A, + 1)n

An?=An? A=A,
{ A +Ap)n=(A,+ 1n :>{ 2A,+ A=A, +1

(At A)=0 ArtA=0
= A =12, Ay =-1/2 C.oa,P = (1/2)n(|:r'?-' 9
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§ 10.3 The Nonhomogeneous Recurrence Relation

Ex 10.36: n > 2, n people at a party. Each shakes hands to each other.
a,, = the total number of handshakes
Sol. (2/2) (7 iZ-)
®a,=c+1/2)n(n-1)
a,=1=c+1/2)-2-1=c=0
Soa,=1/2)n(n-1),n=20

(==

") =n((n=2)!2)=1/2)n(n-1) (&

(F=z=)
graph: the number of edges in the complete graph K,
= (") =120~ 1) =
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§ 10.3 The Nonhomogeneous Recurrence Relation

Ex 10.37: a) a,,,, — 10a,, +21a,=f(n),n >0
® a ™ =c,(3") + c,(7"), for arbitrary constants c,, C,

@
f(n) an(p)
S A,
3n?-2 A;n2+ A,n+ A,

7(11") A, (11M)
31(rM, r=3,7 | As()
6(3") A n3"
23" -89 | An3"+ Ag(9M)
43" +3(7") | A;n3n+ A, ,n7"
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§ 10.3 The Nonhomogeneous Recurrence Relation

Ex 10.37: b)a, +4a, ,+4a,,=f(n),n>2
@ a, ™ =c,(-2)" + ¢c,n(-2)", c,, C, are constants
@

f(n) a,®
5=2)" | An2(=2)"
INE=2)" | n2(=2)"An +A,)
—11n2(=2)" | n2(=2)"(B,n? + B,n + B,)
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§ 10.3 The Nonhomogeneous Recurrence Relation

ChecKklist:
1.  Whenc,_, =-1 for first-order

2. Method of undetermined coefficient
0 Table 10.2
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§ 10.2 The Second-Order Linear Homogeneous Recurrence
Relation with Constant Coefficients
Discussion (10 min):
Exercise 10.3.6: Solve the recurrence relation.
a,.,—6a, ,,+9a,=32")+7@3"),
wheren >0 and a,=1, a, = 4.
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§ 10.4 The Method of Generating Functions

Outline:

1. A technique will find both the homogeneous and
particular solutions for a..

2. Solve a system of recurrence relations.
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§ 10.4 The Method of Generating Functions
Ex 10.38: { a,—3a,,=n,n=>1

a,=1
Sol. (1/2)
(n=1) a,x! —3gx! =1x!
(n=2) a,x* — 3a1x2 = 2x2
+) :
>a, e 33 an X" =2 0x" (D)

Let f(X) = Za X" be the generating function for the sequence a,, a,, a,, ...
then (1) = (f(x) — a,) — 3xf(X) Z nx"
= (f(xX) — 1) — 3xf(x) = x/(l X)? (By Ex 9.5 (e))

+ X :
1-3x (1-3x)(1-X)

= f(x) =
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§ 10.4 The Method of Generating Functions

Ex 10.38: { a,—3a,,=n,n=>1
=1

Sol. (2/2)

X A B C
L

et 1-3x)1-x)7 1-x (1=x)  1-3x
= X=A1 —x)(1 - 3x) + B(1 —3x) + C(1 — x)?
when X = 1: 1=B(-2) =>B=-1/2
when x = (1/3): (1/3)=C(2/3)> = C=3/4
when X = 0: 0=A+B+C =>A=-1/4
1 -1 -1 3 7 -1 -1
LX) =

g4 L2 4 _ 4 4 4 L 2
1-3x 1-x (1-x)> 1-3x 1-3x 1-x (1-x)’
. a, = (7/4)3" = (1/4)1" — (1/2) (2 )(=1)"

=(7/4)3"-1/4)—-A/2)(n+1)
a,=743"-1/2)n-3/4),n=0
(test another method that mention in Section 10.3 )
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§ 10.4 The Method of Generating Functions

Ex 10.39: { A —Sa,,,t6a,=2,n20
aQ=3;a,=7

Sol. (1/2)
@ an+2Xn+2 5an+lxn+2 + 6a Xn+2 — 2Xn+2

@Zan+2xn+2 52 an+1Xn+2 +6z a Xn+2 — zz Xn+2

CE’DZ“aerzx“*2 5 Zanﬂxn+1 + 6XZZ a X" = ZXZ X"
@ Let f(x) = Z a, X” be the generatmg functlon for the solution,

n=0

then by ®: (f(x) — a, — a;x) — 5x(f(x) — a,) + 6x2f(x) = 2x2/(1 — X)
(F) = 3 = 7%) = 5x(() — 3) + 6x3F(x) = 2x3(1 ~ )0 il
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§ 10.4 The Method of Generating Functions

Ex 10.39: { A —Sa,,,t6a,=2,n20
aQ=3;a,=7

Sol. (2/2)
® solving for f(X):
(1 = 5X + 6x2)f(X) = 3 — 8x + 2x2/(1 — X) = (3 — 11X + 10x2)/(1 — X)
()= 3-11x+10X" (3-5%)(1L~<3X) _ (3-5%)
(1-5x+6x)(1-x) (1-3x)(L~2x)1-X) (1-3X)1-X)
Let f(x) =A/(1 — 3X) + B/(1 — X) = A(1 — X) + B(1 — 3x) = 3 — 5x
when x=1:B(-2)=(-2)=>B=1
when X = 1/3: AQ2/3)=4/3 = A=2
f(x) 2/(1=3x) + 1/(1 = x) =2 Z(3x)“ +Z(x“)

.a,=2-3"+1,n=>0
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§ 10.4 The Method of Generating Functions

:neN,Vr>0,
let a(n, r) = [{[Sy5 Sps +++s S;1: Si € {Pys Dyy oeey B}, V 1 <1 <1} where
{by, b,y ..., b} be a set of N distinct objects. (Def:[ | : FEFIEFEZEER)
Sol. (1/2)
Consider b,
a) b, is never selected = a(n—-1,r1)
b) b, is selected > 1 =an,r-1)
J.angrny=an-1,n+an,r-1)vn=1,r=>1
Let f, =Z a(n, r)x" be the generation function for the sequence a(n, 0),
= a(n, 1), ..., a(n, r), ...
® a(n, Nx"=a(n -1, Nx"+a(n, r — Hx’
@ =Y a(n, Nx" =y a(n—1,nNx" +) a(n, r—Hx’
r=1 r=1 r=1

(c) Spring 2024, Justie Su-Tzu Juan



§ 10.4 The Method of Generating Functions

:neN,Vr>0,
let a(n, r) = [{[Sy5 Sps +++s S;1: Si € {Pys Dyy oeey B}, V 1 <1 <1} where
{b,, b,, ..., b} be a set of N distinct objects. (Def:[ | : FEEIEFEEEEE)
Sol. (2/2)
@ . an0)=1vn=>0,a0,nNn=0vr=>0
=>f -1=f ,—-1+xf,
fo—xf =f_ =f =1/(1-x)f_

=f =1/ -x)f,_,=@Q/1A-x)* _,=...=1/1 - x)",=1/(1 - X)"
. fo=a0,0)+a, Hx+a0,2)x*+...=1+0-X+0-x2+...= 1)
=0T =2 C)ED X g
Lam, N =" 1)y = (D = (L)
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§ 10.4 The Method of Generating Functions

Ex 10.41: each time interval = 10~% second. (microsecond)

a) high-energy neutron: two new high-energy and one low-energy neutrons.
b) low-energy neutron: one of each energy level.
Find a, = the number of high-energy neutrons after n microsecond = ?
b,, = the number of low-energy neutrons after n microsecond = ?
with a,=1,b,=0

Sol. (1/3)
a1 =2a,+Db, (=1
{ b, =a +b_ with{ b, =0
@ (a,. X" =2a x" + p x"*1 Z:anﬂxn+1 ZXZa X0 s be X"
{ D, X1 =3 xM*1 + b xn+1 {

anﬂx“*l =xz a,x" + xz b XN i‘
@ let f(x) Za X", g(x) = Zb X" be the generatlng functlo '

sequences {an | n =03, {bn | n = 0}, respectively.
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§ 10.4 The Method of Generating Functions

Sol. (2/3)
@ (f(X) — ayX? = 2xf(x) + xg(X)
{ g(X) — byx? = xf(x) + xg(X)
N { f(x) — 1 = 2xf(x) + xg(X)
g(x) = xf(x) + xg(x)

(1 -2X)fxX) —xgx¥X)=1 —— @
xf) + (x—1Dgx)=0 ——— ©)
—X
OxX=—1)+ @ xx:[(1=2X)(X=1) + X2Jf(X) =x = 1: f(X) = —X —
R e S _ X
=X 5 7 x=1Dgx) =0: g(x) T | |
R B s B E- S GO T
et y= 205 5= 3 f —3x+1=(y= x)('; S
Note: 1/y=
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§ 10.4 The Method of Generating Functions
Sol. (3/3)

" (0 = (5”)( D+ ﬁw GG 50+ GG )

909 = (=5 )( 1 )+ (5 E8 ) (55)

/Lef(x)— :A(J X)+B(y—x)=1-X ™
A B——l A+B=1 —-0O
{5A+7Bf 1 {3fA+3+fB 1 —0

—3+v5 V5 ~1+/5 145 _ -5+
@ ( ) @f2 B="S=B=""23="0"
N o

(5” (B ) + ()G

{a = (5205 )”+1+( L)esEym il
b —(_5 3 5)( )n+1 (—5+3«/_)(3+«/_)n+1 n>?l-j;' | E
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§ 10.4 The Method of Generating Functions

Outline:
1. A technique:

Multiplying — Adding — Let f(X) — Solve — Find a,
2.  Solve a system of recurrence relations.
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