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§ 9.3 Partitions of Integers

Outline
1. Definition

2. Calculation and Observation

3.  Ferrers graph
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§ 9.3 Partitions of Integers

Def: V n € /%, p(n): the number of partitions of a positive
integer n into positive summands.
= |{Il={a;, a5, ..., a,} | Za,- = n for some positive integer r
TANa; e 7 Vie (1,2, ..., 1)

eq: p(1H)=1:1
p2)=2:2=1+1
p3)=3:3=1+2=1+1+1
p4)=5:4=1+3=2+2=1+1+2=1+1+1+1
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§ 9.3 Partitions of Integers

Q:p(n)=21fn e /7*. (1/2)
the number of 1’s be used as summands: 1 +x +x2+x3 +...
2’s be used as summands: 1 +x2+x*+x0+ ...
3’s be used as summands: 1 +x3 +x%+x? + ...

= = p(10) = the coefficient of x!? in f{(x) or g(x)
where f(x) =1 +x+x2+x*+..)QA +x2+x*+x6+..))
power series form (1 +x3 +x0+x7+...) ... 1 +x10+x20 +x30 + ..))
g)=AQ+x+x*+...+tx1)A +x*+x*+... +x19)
polynomial form 1+x3+x5 +x9 ... (1 +x19 i ,t-‘:"f,‘r'm‘-w"
and 1 1 1 1 0

T YTRE TR ST

B, L Pn

(c) Spring 2024, Justie Su-Tzu Juan 4



§ 9.3 Partitions of Integers
Q: pm) =21 n € Z+ 2/2)

1 (1 — " Z p(i)x' (define p(0) =1)
! "~ — it’s impossible for oo terms.

iy (1— B Z pi)x’ for some fixed r
r 1F<'7(1)32§1E§Eﬂ¢, B RR S E R

Ex 9.21: partition » minutes into 30, 60, 120 seconds.
Sol.

= P(x)=

a+2b+4c=2n,a,b,c=>0
f) =0 +x+x2+.. )0 +x2+x4+..)0 + x4 +a8 + L
1 1 1 g W W |

\‘ - |
T 1-x1-x¥1-x"
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§ 9.3 Partitions of Integers

Def: p,(n) = the number of partitions of a positive integer n into

distinct summands.
eq: p6)=11: H1+1+1+1+1+1 2)1+1+1+1+2

3H1+1+1+3 4)1+1+4
551+1+2+2 ®) 1+5
M1+2+3 8)2+2+2
9)2+4 10)3+3

) 6 = p6) =4

Ex 9.22: p(n)=?

Sol. V k € Z": either k is used or no: (1 + x¥) »
= Px) = (1 +x)(1 +x3)(1 +x3)...=[](1 +x) e
= V n e /%, p,(n) = the coefficient of X in H (1+ xa ‘
e.q. p,(6) = the coefficient of x° in (1 + x)(1 + xz) (

=4 L-x5+x! - x5+x2 Xt +ad-a2 x3)
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§ 9.3 Partitions of Integers

Def: p,(n) = the number of partitions of » into odd summands,

Vnel/t
p,(0)=1
eq: p,(6)=4=py6):DHD1+1+1+1+1+1 2)1+1+1+1+2

@1+1+1+3 4H1+1+4
H1+1+2+2 ©®1+5
N1+2+3 8)2+2+2
9) 2 + 4 10)3 +3
11) 6
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§ 9.3 Partitions of Integers

Ex 9.23: p (n)=?
Sol.
The generating function for the sequence

Po(0), p,(1), po(2),... is given by:
Px)=Q+x+x*+.. )0 +x+x0+.. )0 +x+x10+..)...
1 1

C1-x1-x*1-xF
P,(x)=(1+x)1+x>)A +x3)(A + x9)...
_ (=) (=) (=) (Iys\)
(11— x) 1(‘lyz) (1-x7) (\l\x“)

) 1-x1—x° SRR

= Pyx) = Py(x) = pn) =p,(n) Vnz0
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§ 9.3 Partitions of Integers

Ex 9.24: the number of partitions of positive integer » into odd
summands, but each odd summand must occur an odd
number of times = ?

eq.1:1
2: X
3:3=1+1+1
4:1+3

Sol.
the generating function f(x):

fx) =0 +x+x3 +a+ L)1+ +a0 + x4 L)1 X2 X
+ x25 4, H 1+ Z (2k+1)(21+1))

Note: (x +x3+x>+ .03 +x% + x5+ ) (x> + xP° + 25 +
is wrong!!
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§ 9.3 Partitions of Integers

Def: Ferrers graph: use rows of dots to represent a partition
of an integers where per row foes not increase as we go

from any row to the one below it.
eq:14=4+3+3+2+1+1=6+4+3+1

. . : (b)
@
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§ 9.3 Partitions of Integers

Def: transposition: (b) is the transposition of (a) means (b)
can be obtained from (a) by interchanging rows and
columns.

Result:
The number of partitions of an integer n into m summands.
= The number of partitions of an integer » into summands
where m is the largest summand.
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§ 9.3 Partitions of Integers

Checklist

1. Definition
O p(n), P(n)

2.  Calculation and Observation
O pu«n),p,(n)

3. Ferrers graph
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§ 9.4 The Exponential Generating Function

Outline
1. Definition

2.  Calculational Techniques
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Def 9.1: Let a, a,, a,, ... be a sequence of real numbers.

§ 9.4 The Ey The function f(x) =a, + a;x + a,x* + ... = ﬁ;,a,-x"
is called the generating function for the given sequence.
ordinary generating function — selection problem

{

? < arrangement problem

(1 +x)" = C(n, 0) + C(n, l)x + C(n, 2)x2 + C(n, 3)x3 + ...+ C(n, n)x”
= P(n,0)+ P(n, 1) +P(n 2)—+P(n 3)—+ -+ P(n, n)—

Def 9.2: For a sequence a,, a,, a,, ... of real numbers,

x2 x3 00 xi
f(x)=a,ta,x+a,—+a,—+--=) a,—
2! 3! P ()

is called the exponential generating function for the given

sequence. (Compare with Def 9.1)
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§ 9.4 The Exponential Generating Function

Ex 9.25: Maclaurin series for ¢*:

2 3 4 ) i

X X X
e'=1+x+—+—+ +---=§ —
20 3 4 il

= e* is the exponential generating function for the sequence 1,1, 1, ....
(e* is the generating function for the sequence 1, 1, 1/2!, 1/3!, 1/4!,...)
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§ 9.4 The Exponential Generating Function

Ex 9.26: In how many ways can four of the letters in ENGINE be

arranged?

Sol. (172) Ex2,Nx2,Gx1,Ix1:
E E N N 41/(2!12)) E G N N 4!/2!
E E G N 4!/2! E I NN 4!/2!
E EI N 4!/2! GI NN 4!/2!
E E G 1 4!/2! E 1 G N 4!

E—1+x+(x*2))
N—>1+x+(x¥2))
G-o1+x
I >1+x
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§ 9.4 The Exponential Generating Function

Sol. (2/2)
claim: the required answer = the coefficient of x*/4! in f{(x)
Proof. f(x) = [1 +x + (x2/2D)][1 + x + (x*/2!)](1 + x)(1 + x)
— there are 8 way to get x*/4!

1) (¢22)(x2/21)(1)(1) SEENN

= x4/2121 = (41/(212)))(x*/4)) = 41/(212)) =
2) (2/2)(1)(x)(x) SEEGI

= X421 = (41/2))(x*/4)) = 41/2!

the term involving x4/4! is

4 4
X X x4 x4 x4 x4 x4 4

ot Tt T+ 4 x
2120 20 2t 2t 2t 2t 2

[+ V";;."' !
o ] .
) (4 (4 (4) (4) (41 (40 :
=|| = |+| = |+| = |+| = |+| = |+]| ==}
221) " 21) " (21) " \21) " L2t Lot A op) el
T E102004h)

by the table, claim is true.
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§ 9.4 The Exponential Generating Function

2 3 4
, X X
Ex9.27: ex=1+x+ + + 4 ...
20 3! 4!
d 2 3 4
_ X X X
e =1-x+———+—-
‘ 20 3 4
(eX +e™ " x? X!
=1+ -+——+
: < X 2 “x 2.3 405
e —e x° X
=X+ —+—+
L 2 3! 5!
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§ 9.4 The Exponential Generating Function

Ex 9.28: 48 flags: red x 12, white x 12, blue x12, black x 12.
12 flags on a vertical pole = a signal.
a) blue: even; black: odd?

Sol.
The exponential generating function:

2 3 ’ 2 4 3 5
f(x)=£1+x+);+§'+--) (1+);+z'+-.-)(x+’;+’;+...]
= (ex)z(e 'I'ze_ J(e —23_ J=(i)(ezx)(e2x _e—Zx)

ST DO

per i 4 i1

~the coefficient of x'%/12! in f{x) = (1/4)(4'2) =41~ | &8

e
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§ 9.4 The Exponential Generating Function

Ex 9.28: 48 flags: red x 12, white x 12, blue x12, black x 12.

12 flags on a vertical pole = a signal.
b) white>3 or=07?
Sol. (1/2)

The exponential generating function:

x' X 3 X
g(x)=(1+x+++---) (1+++---)
2! 3! 3! 4!

(c) Spring 2024, Justie Su-Tzu Juan



§ 9.4 The Exponential Generating Function

Ex 9.28: 48 flags: red x 12, white x 12, blue x12, black x 12.
12 flags on a vertical pole = a signal.

b) white>3 or=07?

0 4 i 0 3 i 2 ®
Sol. (212) 8(x)=§( ;) -xy BN -[xz )(Z

per g 1

~the turm x'%/12! in g(x)

_ 412 (x—n\ L (3x)11 ~ x2 (3x)10
12! 11 2 )\ 100
(12 12 12
L] R VD) i —(1)(3“’).12.11. ol
12! 120) (2 12!

12 12
= [4“-12.3“—1.12.11-3“’] X |=(4”-12.3"—6-11:3%
2 12!

=10,754,218(x'%/12!)
= the coefficient of x12/12! = 10,754,218.
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§ 9.4 The Exponential Generating Function

Ex 9.29: 11 new employees: assigned to one of four subdivisions.
such that each get at least one.

Sol.
The exponential generating fulzction:
x2 x3 x4 X 4 4x 3x 2x X
f(x)=[x+ > + 3 + m +-| =(e"=1)"=e" —4e”" +6e"" —4e” +1

The answer is the coefficient of x'!/11! in f{x):
= 411 — 4(311) - 6(211) — 4(111)

= Z(—l)'(4,)(4 Hl
- The number of onto function g: X —> Y where |[X| =11, |Y]| = 4

on 0 i il -
= 411 — (4)311 + (4, )211 (4 )111 aeieal,
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§ 9.4 The Exponential Generating Function

ChecKlist:
1. Definition

O Letay,a,, a,, ... be a sequence of real numbers. For a sequence a,, a,,

a,, ... of real numbers,

2 x3 0 xi

h's
(x)=a,+a,x+a,—+a,—+- a, —
J 0 1 Y 3 31 a i

is called the exponential generating function for the given sequence.

2.  Calculational Techniques

O Maclaurin series for e*: ) 3 N
x x X
=1+x+—+
2! 3 4!
3
x X Xx
e =1-x+—- =
3! udd
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§ 9.5 The Summation Operator

Outline

1.  Technique: The convolution of the sequence a,, a,, a,,
and the sequence 1, 1, 1, ... is the sequence

Agy Ay T Ay, Ay T Ay T Ay, Ay T Ay T Ay T A3, ...
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§ 9.5 The Summation Operator

f(xX)=a,+ ax + ax*+ a3+ ...

gx)=1+x+x*+x3+...=1/1-x)
= f(x) - g(x) = fl)/(1 — x) = ay + (ay + ap)x + (ay + a; + a,)x*

+(ay+a;+a,+ay))x’+...
& fix)/(1 — x) generates the sequence of sums
ay,a,+a,,ayta, ta,,a,+a;,+a,+a,,...
= The convolution of the sequence a,, a,, a,, and the sequence
by, by, b,, ... where b,=1V n € N.
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§ 9.5 The Summation Operator

Ex 9.30: (a) = 1/(1 — x) is the G.F. for the seq. 1,1, 1, ...
s (1/( = x))/(1 — x) is the G.F. for the seq. 1, 1+1, 1+1+1, ...
i.e. 1/(1 — x)? is the G.F. for the seq. 1, 2, 3, ...

(b) = x + x? is the G.F. for the seq. 0,1,1,0,0, 0, ...

- (x + x?)/(1 — x) is the G.F. for the seq. 0, 1, 2, 2, 2, 2,...

= (x + x?)/(1 — x)? is the G.F. for the seq. 0,1, 3,5, 7, 9,...

= (x + x?)/(1 — x)? is the G.F. for the seq. 0, 1, 4, 9, 16, 25,...

Y. Qk-1)=n?

to verify this, look at the coefficient of x” in (x + x?)/(1 — x)?

= the coefficient of x" in x(1 — x)3 + x*(1 —x)3

=(;31k 1 n1+( )( 1)"2

_( )" 1(3+(n ~1)- 1])( 1)" 1+( l)n 2(3+(n 2)- 1)( _1)~ 2
—(n+ I)(n)+ (")(n 1)=n’ 3

(as Example 4. 7)
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§ 9.5 The Summation Operator

Ex9.31:0?+12+22+32+ ... +n2="?

Sol. (1/2)
Letg(x)=1/(1-x)=1+x+x*+x>+...
d,
8(x) =1+2x+3x2+4x3 +... = 1/(1 — x)?
dx
d
X ?xx) =0+x+2x2+33 +dx* + ... = x/(1 — x)?
-, \- —xfL -
d| |48 =1+22x1+32x2+42x3+“'=(1 x){ X(Z)(L;{)( g
dx| \ dx ]| At
— ( \-
. d N dg(X) =0+x+22x2+32x3+42x4+...=x
dx| \ dx )
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d dg(x) 2.2, 2.3, 42 x(1+x)
§9.5 The Sum4x-dx{x( I )]=0+x+2 x'+3x+47x +- = d—x)

Ex931: 02+ 12+22+ 3%+ ...+ n?=?

Sol-2/2) 14 1,

» ———is the G.F. of 0%, 12,22, 32, ,
(1-x)’

x(1+x) 1 x(1 + x)
1-x) 1-x) @1-x)*
~ the coefficient of x" in XA+ x) is 2 [
x(1+ X) , _4(1__ x)* o . ;
d—x) = (x +x2)(1 - x) = (x + ) 0) + (X)) + C)(=x)* + ...
=~ the coefficient of x" = (-4, _)(-1)""1 + (-4 _,)(-1)"?
— (_1)n—1(4+n—1—1n 1)(_1)n—1 + ( 1)n—2(4+n—2—1n_ )(_1)11—2 i vl )
= (2, ) + () = (1 + 20 = D3 + (0 + DY@ = 2)13Y
=1/6)[(n+2)(n+ 1)n+ (n+ 1)(n)(n —1)] |l
= (1/6) )+ 1)(n+2+n—1) | e AN
= 1/6)n(n + 1)2n + 1) e )

is the G.F. for 0%, 02 + 12, 02 + 12 + 22, .

(c) Spring 2024, Justie Su-Tzu Juan 30



§ 9.5 The Summation Operator

ChecKklist:
1.  Technique:

O fix)=a,tax+axt+ax’+...
f(x)/(1 — x) generates the sequence of sums
Ag, Ay T Ay, Ay T Ay T Ay, 4y T a; + ay t+ a, ...
= The convolution of the sequence ay, a,, a,, and the sequence 1, 1, 1, ...
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§ 9.5 The Summation Operator

Discussion (10 min):

Exercise 9.5.4: If f(x) = X _,a,x",

1) what is the generation function for the sequence «a,, a,+ a;,
a,ta, a,tas,..7?

2) What is the generating function for the sequence a,, a,+ a,,
a,ta,*tayata,ta,a,ta;+ay...?

3) What is the generatlon functlon for the sequence % 7" +
aj aZ a1
4_ 4 + + + + 4 , oo o

(c) Spring 2024, Justie Su-Tzu Juan



