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§ 9.2 Definition and Examples: Calculational Techniques

Def 9.1: Let ay, a,, a,, ... be a sequence of real numbers.
The function f{ix) =a, + ax + a,x* + ... = Za,-xi
is called the generating function for the gli_{)fen sequence.

Ex94:VneZ"A+x)"=@)+(HDx+@Hx>+ ... +(")x"
= (1 +x)" is the generating function for the sequence
0> (1)5 -+ (), 0,0, 0, .

Ex95:a)Vne/Zt,d—-x")=0-x)1+x+x*+... + X"
= (1 — x")/(1 — x) is the generatlng functlon for the
sequence 1,1,1,...,1,0,0, 0, . L

n+1ﬂﬂ
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§ 9.2 Definition and Examples: Calculational Techniques

Ex 9.5:
b)l1=1-x)1+x+x*+...)
= 1/(1 — x) is the generating function for the sequence 1, 1, 1, ....
ote: |x| <1: 1/(1 — x) =D x': this range of values that the
geometric Series 1 + x + x2 + ...converges.

EUEEAZE convergenceBIRIE, BRI R EG.F.RIA R
d - 1
2 =1 2 2 4 3 X
) dx 1—-x dxZ (l—x) °°+ x + xRty

= > (i+D)x'
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§ 9.2 Definition and Examples: Calculational Techniques

Ex 9.5; } ;

d X x+1 2 i
d = =1+2%x+3%2+....= (i+1) x
) dx (1—x)2) (1-x)’ Z Z(;

= (x + 1)/(1 — x)? is the generating function of the sequence
12, 22, 32, ....
e)fo(x) =1/(1 — x) =1+x+x2+x3+...
f1() = x(d/dx)fy(x) = x/(1 — x)? =0+x+2x2+3x3+...
f>(x) = x(dldx)fi(x) = (x* + x)/(1 — x)°> = 0% + 12x + 22x% + 323 + ...
f3(x) = x(dldx)f5(x) = (x3 + 4x* + x)/(1 — x)*
=03+ 13x+23x2+ 333 + ...
f1() = x(d/dx)f5(x) = (x* + 11x° + 11x?* + x)/(1 — x)?
=04+ 19 + 24x2 + 343 + ...

”'-i
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§ 9.2 Definition and Examples: Calculational Techniques

Ex 9.5:

e) Eulerian numbers
X

x2+x (in Ex 4.18)
X3 +4x2 +x
A+ 113+ 11x2 + x
x>+ 26x* + 66x3 +26x2 + x
x0 4+ 57x3 + 302x* + 302x3 + 57x* + x
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§ 9.2 Definition and Examples: Calculational Techniques

Def (Ex 4.18): Eulerian number «,, ,

Ay =m—K)a, 4+ E&+Da, 1, 0<k<m-1
{aoﬂ lamk 0k>m, mk Ok<0

cX.

m=1 1-0+1-1=

m="2 2.0+1-1=1) 1-1+2-0D

m=3 3-0+1-1=1D 2 1+2.1— 1-1+3-0=D

m=4 4-0+1-1=10) 3-1+2-4=Q@ 2-4+3-1=@ 1-1+4-0 @
5.0+1-1=Q)4-1+2-11=060 3-11+3-11= @ 2. 11+4-1=

m=5
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§ 9.2 Definition and Examples: Calculational Techniques

Ex 9.6: (a) f(x) =1/(1 —x) is the G.F. for the sequence 1,1, 1, ...
= g(x) = f{x) — x* = (1/(1 — x)) — x? is the G.F. for the sequence
1,1,0,1,1,1, ...
= h(x) = f(x) + 2x3 = (1/(1 — x)) + 2x? is the G.F. for the sequence
1,1,1,3,1, 1, ...
(b) Find a G.F. for the sequence 0, 2, 6, 12, 20, 30, 42, ...?

ay=0=02+0 °

a,=2=1*+1 a,=n*+ nforeachn >0
a,=6=22+2 » = using Ex 9.5 (¢), (d)
a;=12=3*+3 x(x+1) X 2%4x
a,=20=4>+4 :

+ = |
.(1 - x)3 %— x)2 (1 - ..x)3 i '.f;‘;"i;_;' Z:"'!_z
is the G.F. for the given seql
(F& A ha,=n?+n, I Chap 10 F5SEEE) GBS ST
, }t.‘“ ’r:_.’é ‘;",\? A
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§ 9.2 Definition and Examples: Calculational Techniques

BH:VnreZ,A+x)"=@)+@x+ @)x2+...+ (")x"
(a) n < 0?

(b) n is not necessarily an integer?

Note: Vn,re Zt,andn=>r>0

(n): nl n(n-D(n-2)-(n-r+l)

r (n—r)!r!_ r!
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§ 9.2 Definition and Examples: Calculational Techniques

Def: (b) If n € R, use (" =D~ 23 (n=r+1) a5 the definition of (")
(a) If n € /%, define: "
(1) = (=n)(-n-1)(-n-2)(-n-r+1)

r!
(m)(n+1)(n+2)(n+3)-(n+r-1)

= (-1 .

= (1) - (1 + = DYl — D] = (1) (@71
(c) V n e R, define () =1

nn-1)-(n-r+1)

Def:(a)Vne Ryre Z*: (") =

r

b VreRr=0:(3)=1
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§ 9.2 Definition and Examples: Calculational Techniques

Ex 9.7: Generalized the binomial theorem:
V n € /Z*, By Maclaurin series expansion for (1 +x)™" =
1+ (—n)x + (—n)(—n — Dx?*/2! + (—n)(—n — 1)(—n — 2)x3/3! +

1+ Z( n)(-n-1)-(-n- r+1)x_z( Iy (1 )

r!

= + x)‘” = (1) + (x+ (T . = Z (Ox’
s (1 +x)™is the G.F. for the sequence (‘”), (‘”),

Ex 9.8: Find the coefficient of x> in (1 — 2x)~".

Sol.
Lety=-2x: (14 y)-7 =3 ¢ 7)yr - Z( 7)(—2x)r i el
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§ 9.2 Definition and Examples: Calculational Techniques

Ex 9.9: when n eR:
the Maclaurin series expansion for (1 + x)" is
1+nx+nn—1)x22!+ m)(n—1)(n—2)x3/3! +

—1 +Z‘°: n(n—l)(n—iz---(n—r+1)x,
r = (=1/3)(=4/3)(=7/3) ((=3r +2)/3)
1+3 .
(D147 (3r=2)
=1+ 2: -
(1-F3x)4Blsthe(}I?fbrthesequence
1,-1,1-4)/2,—-1-4-7)/3! ..., (1)1 -4

(3x)’

= (1+3x)13 =
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§ 9.2 Definition and Examples: Calculational Techniques

Ex 9.10: Determine the coefficient of x!° in f{x) = (x? + x3 + x4
+ )N

Sol.
v+ =1+ x x4 =x2(1 - x)
= the coefficient of x!° in f{(x)
= the coefficient of x!° in x%/(1 — x)*
= the coefficient of x” in 1/(1 —x)*=(1 — x)™
= (1‘2“(7))(—1)7 = (1)’ )7 = EDMHE)

In general: the coefficient of x” in f(x) adierii U
=FLﬂOSnS7; Qe

the coefficient of x"8 in (1 — x)™* T

= ()18 = (4, %), i n SRR
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§ 9.2 Definition and Examples: Calculational Techniques

Table 9.2: (i) Forallm,n € /*,a € R

1) (1 +x)" = (") + ("Px + (")x* + ...+ (",)x"

2) 1 +ax)"= (") + ("Pax + (")a’x* + ... + (", )a"x"

3) (1 +x")" = (") + (")x" + ("X + o+ ()X

HA-x"HA-x)=1+x+x2+...+x"

5 1/(1-x)=1+x+x2+...=) X

6) 1/(1 +x)" = (1 +x)™" = (") + ("Px + (" )x? + ...
=2, ("X = 2, (-1 )X

DA —-x)"=1=x)"= (") + ("D(=x) + (")(=x)* + ...
=20, C"x) = 2, (1)) ()
— Z“’_O (n+i—1i)xi

then /(x) —Z X', where ‘v’ k>0, e 4,
=aghy +aby_ ...t ap byt akbo Z“
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§ 9.2 Definition and Examples: Calculational Techniques

Ex 9.11: In how many ways can we select, with repetitions
allowed, r objects from n distinct objects?

Sol.

O0~r O0~r O0~r
object1 object 2 object n

=>the G Fisfix)=1+x+x*+...)"
=~ the answer = the coefficient of x" in f(x) = ?

c(l+x+xi+.)= (—(I—IX)J= t _lx)n— D (i

. ? — (n+r—1r)

(Found in Chapter 1) ~ o ]

(c) Spring 2024, Justie Su-Tzu Juan 15



§ 9.2 Definition and Examples: Calculational Techniques

Ex 9.12: Use G. F. to solve the problem of counting the
compositions of n € /*.
Solve.
# of 1-summand = the coef. of x" in (x +x*+ ...+ x"+...) =1
# of 2-summands = the coef. of x" in (x + x*> + ...+ x"+ ...)?
(x+x2+...+x"+..)r =[x/ - x)]* =x*(1 — x)?
ex: n = 4: the coefficient of x* in (x + x* + ...+ x")* =3
xloxd, x2ox2, x3-x151+3,2+2,3+1
# of 3-summands = the coefficient of x” in [x/(1 — x)]’
# of i-summands = the coefficient of x” in [x/(1 — x)]’ g
= Answer = the coefficient of x" in f{x) = 2 [x/(1 - x)]’ |
fo) =3 Ix/(1 - x)'=x/(1 -x) Y/l -x)F g
=x/(1-x) [1/ (1 -x/(1 -x))] =x/(1 - Zx)_v ol
— 20x + 21x2 + ...+ 2 lxn + . £
= Answer = 271 (Examples 1.37, 3.11, 4.12)
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§ 9.2 Definition and Examples: Calculational Techniques

Ex 9.13: palindromes of 6 and 7:

1) 6 (1| 1) 7 (1)
2) 1+4+1 (1)] 2) 1+5+1 (1)
3) 24242 @] 3) 2+3+2 1@
4) I+1+2+1+1 ] | 4) 1+1+3+1+1

5) 3+3 N5 3+1+3 )
0) [+2+2+1 ((4) 6) 1+2+1+2+1 L(4)
7) 2+1+1+2 7) 2+1+1+1+2

8) 1+1+1+1+1+1 8) 1+1+1+1+14+1+1

8=1+(1+2+4)=1+(1+21+2)=1+2-1)=23

Center : 7 1 palindrome “
Center : 5 1 (=2!"!)palindrome (7 — 5)/ ‘
Center : 3 2 (=2*!)palindrome (7 =8)¥E2" k -
Center : 1 4 (= 23-1)palindrome (7= 1D#2=3
In general: n has 1+ (1 + 2! + ... + 2k-1) = 2k = 2 Ln2 C5ai; dromes.

(where k |_n/2J)
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§ 9.2 Definition and Examples: Calculational Techniques

2k fm 18 e 5 ]
Ex 9.14: 24 rifle shells — 4 police officers

such that each officer gets > 3, < 8.

Sol.
each: x> + x4+ ...+
= the resulting G.F. = f(x) = (x3 + x* + ... + x3)4
=x1 +x+... +x)*=x12(1 - x0)/(1 — x))*

= the coefficient of x*4 in f{(x)

= the coefficient of x!? in ((1 — x%)/(1 — x))*

= the coefficient of x1% in [1 — (*))x® + (}))x!2 — (4;)x!18 + (4,)x?]
[ + CH () + (_42)(—35)2 +...]

= [CH2) DR = EDCD D+ ()]

= [(12) = (DC6) + (})(Co)] = 125.
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§ 9.2 Definition and Examples: Calculational Techniques

Ex 9.15: Verify V n € Z+, (2*,) = (";)?
Sol. =

A+x)=|A+x)")*Vnel:
=~ the coefficient of x” in (1 + x)*" = (**,)
and the coefficient of x” in [(?)) + (*)x + (")x* + ... + (*,)x"]?
= (nO)(nn) + (nl)(nn—l) Tt (nn)(n())
= (")) T (")) + ... ("))
" - (")=("—) Vn2r20)
— ;(ni)z
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§ 9.2 Definition and Examples: Calculational Techniques
1

(x=3)(x-2)’

Ex 9.16: Determine the coefficient of x3 in

Sol 1.

Note: 1/(x — a) = (—1/a)(1/(1 — (x/a)))
= (—1/a)[1 + x/a + (x/a)* +...]V a#0

*(x- 3)1x -2 (_31)[1 " G) ' G) o G)[(_ﬂzj i (_12)(%) ' ]

Sol 2. (1/3) Let 1 _ 4,5 G
(x-3)(x-2) x-3 x-2 (x-2)

= 1= A(x 2)2 +B(x 2)(x —3) + C(x —~ 3) |
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1
Ex 9.16: Determine the coefficient of x3 in ;
Sol. (2/3) (x=3)(x=2)
=>0-x2+0-x+1=A+B)x2+(-44-5B+ C)x+ (44 + 6B - 30)
S (A+B=0 (A=1
{-44-5B+C=0 ={ B=-1
44+ 6B -3C=1 C=-1
1 11 1

=3 (x-2)7 x-3 x-2 (x-2)

=(_31)(1—1§)'(_21)(1—1; p
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1 A B C {A=1

= + + - =-
(x=-3)(x-2)" x-3 x-2 (x-2) C =-1
1

Ex 9.16: Determine the coefficient of x3 in ;
Sol. (3/3) (x=3)(x—2)
1 (-1) 1 ‘_(—1) 1 +(-1) 1

(x-3)-2)* (3 ){-5) Lz [1-5) Ud J(-xf
(1Y (D& xY
SEG) GG

-2\ (=2 —x —2) —x i
| EERE

8 8 8

= the coefficient of x8 is : (‘_1)(1\ +(l)(l) +(_)(— 2)(_‘_1

30 3) \2\2 4 NSl 7l

§ 9.2 Definition and Exam

|
[
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§ 9.2 Definition and Examples: Calculational Techniques

Ex 9.17: Use G.F. to determine how many four-element subsets
of §={1, 2, 3, ..., 15} contain no consecutive integers.
Sol. (1/2) H+————"——
a)® {1, 3,7, 10} 13 7 10 15
=>1<1<3<7<10£15<0,2,4,3,5=>0+2+4+3+5=14
@ {2,5, 11, 15}
=>1<2<5<11<15£15<1,3,6,4,0=>1+3+6+4+0=14

Letcy+c,+c3+c4+c5=14 when 0 < ¢, ¢c5, and c,, c3, ¢4 = 2
= Answer = the coef. of x!4in g

) =1A+x+x2+x>+ . )42 +x° -l-lqc‘f ‘

= the coef. of x!4 in x5(1 — x)~3 R

= the coef. of x3in (1 — x)™ W ‘] ki RPN

— Answer = (S5)(—1)% = (12,) = 495 S
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Ex 9.17: Use G.F. to determine how many four-element subsets
of §={1, 2, 3, ..., 15} contain no consecutive integers.
Sol. (2/2)
b) Another way:
@ {1,3,7,10}
=>0<1<3<7<10<16<=0,1,3,2,5=>0+1+3+2+5=11
@ {2,5, 11, 15}
=>0<2<5<11<15<16<=1,2,5,3,0=>1+2+5+3+0=11
Letb,+b,+by+b,+b;=11 when0<b1,b5, and b, , by, b, > 1
= Answer = the coefficient of x!! in g(x)
where g(x) = (1 +x+x?+ .. )x+x2+x* + .. )P0 +x +x2+.0)
= x3(1 — x)—s :.:“ il
= Answer = (g)(—1)3 = 495
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§ 9.2 Definition and Examples: Calculational Techniques

Ex9.19: V k € N,
fix) =x/(1 — x)?* is the G.F. for ay, a,, a,, ..., a, = k and
2(x) = x(x + 1)/(1 — x)3 is the G.F. for by, by, b, ..., b, = k2,
h(x) = fix) - g(x) = aghy + (agh, + a;bg)x + (agh, + aiby + arby)x*+ ...
= h(x) = f(x) - g(x) is the G.F. for ¢, ¢y, Cy, ....
Cp = agby + arby_ + azby 5 t ... Yay2by + ay_ by + aiby

for example: ¢, =0-02=0
¢;=0-1241-02=0
,=0-22+1-12+2-02=1
c;=0-32+1-22+2-12+3.

=Y i(k— iy
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§ 9.2 Definition and Examples: Calculational Techniques

Def: ¢y, C1s Cpy 0eey €, = Z _aib, _j, ... from two generating
functions f(x) (for ay, a4, ...), g(x) (for by, by, ...) is called
co%\*fglutmn of the sequence a, a,, a,, ..., and by, by, b,, ....

=

Ex 9.20: For f{(x)=1/1-x)=1+x+x*+ x>+ ...
g(x)=1/1 +1x)=1—x-|1-x2—x3+...
X)g(x)= = =1+x*+x' +x°+--
Jf(x)g(x) ( )(1+x) 1=
« E I, the sequence 1,0, 1,0, 1, 0, ... is the convolution
of the sequencel, 1, 1, . and 1,-1,1,-1.....
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§ 9.2 Definition and Examples: Calculational Techniques

Checklist:

1. Definition
- Let ay, a,, a,, ... be a sequence of real numbers.

The function f{x) = a, + a;x + a,x* + ... is called the
generating function for the given sequence

2.  Calculational Techniques
- Table 9.2
- Decomposition and simplification of fractions
- Convolution

3. Examples
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