Before §8.4 & §8.5

Ex8.17: A=1{1,2,3,4}, B={u,v,w, x, y, z}.
How many 1-1 function f: A — B satisfy none of the following
conditions: c;: f(1) =u orv

e f2Q)=w

c3: f3)=worx

cys f)=x,yorz

Sol. 1 N((_312'22'3Z'4) — SO — Sl + S2 e S3 + S4
1 = (6121 — (512! +...)
; 7 + (42! +..0)
4 2%

uv wxyz
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§ 8.4 Rook Polynomials

Outline
1. Definitions
2. Calculate
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§ 8.4 Rook Polynomials

Def: 1. rook (or castle): moved horizontally or vertically over
any space.
2. r; (or r,(C)): number of ways in which & rooks can be
placed on C s.t. no two of them can take each other.

Note: 1. r; = the number of squares on the board.

ex: 3 r(C, x) =1+ 6x +8x?

r(C)==6 (re(O)=1)
r(C) = |{{1, 4}, {1, 3}, {2, 44, {2, 6§, {3, 5}, {3, 64,
4,5}, {4, 6}}| =8

I
DINES
G’\wh—l

Def: 3. the rook polynomial r(C, x)
=V k>0, the coefficient of x* = r,(C)

= i.e. (G, x) =D ri(0) - x*
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§ 8.4 Rook Polynomials

2.5 Y
/ﬁéé H(Cy, x) = 1 + dx + 222 ¢
GHH r(Cy, x) =1+ Tx + 10x2 + 2x3 &)
00 r(C,x) =1+ 11x + 40x% + 56x3 + 28x* + 4x5
AVA = r(Cla x) ) r(C29 X)
C
Sol.
ry for C: (a) 3 from G, :2-1=2

(c) Spring 2024, Justie Su-Tzu Juan



§ 8.4 Rook Polynomials

Note: If Cis a chessboard made up of pairwise disj. subboards
C, G, ..., C,then r(C,x) =r(Cyy x) - "(CyyX) + ... - (C,y X).

ex: @ [] M) © P

rk(C) = rk—l(Cs) + rk(Ce)
(a) Place one on (») : r;,_{(C))
C C, ¢, (b) Do not place on (+) : r,(C)
= ”k(C)x = 1 (CIx* + 1 (C)x*

;”kgc)x =X Zrk I(Cs)x -1+ Z:I" (Ce)xk

= 1+2r(O)x* =x - H(C,y X) +Z rk(Ce)xk 11 pern
:>I’(C X) x-rC,x)+rC, ) ort kg

NN
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§ 8.4 Rook Polynomials rC,x)=x - rC,,x)+ rC,, x)

€X.

CED _
(*) *)
=X +

A N o N oo W
-2 [ (L)

)

= x*(1 + 2x) + 2x(1 + 4x + 2x%) + x(1 + 3x + x*) HH x|+
—3x+12x2+7x3+x(1+2x)+(1+4x+2x2) s
=1+ 8x + 16x2 + 7x3
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§ 8.4 Rook Polynomials

Discussion (10 min):

Ex: Find the rook polynomial for the following chessboard.

1 2 3 4 5 6

7%, 7%

A 7

\
N

A WO N =
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§ 8.4 Rook Polynomials

Checklist:

1.  Definitions
O rook (or castle)

O  r(orr(0)
O rook polynomial (C, x)

2.  Calculate
O  Factoring (pairwise disjoint): r(C, x) = r(Cy, X) - ... - r(C,, X).
O (O =r(C)+r(C)
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§ 8.5 Arrangement with Forbidden Positions

QOutline
1. Understanding
2.  Calculate
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§ 8.5 Arrangement with Forbidden Positions

Ex 8.15: T, T, T, T, Ts (a) R, will notsit at T, or T,.

(b) R, will not sit at T,.

(¢) R; will not sit at T; or T,.

R, V7
R,|
R,

Sol. (1/2) R

(d) R, will not sit at T, or Ts.

Y

Let condition ¢;: R; in forbidden position.

S =15

81 = N(cy) + N(ey) + N(e3) + N(ey)
=@ AN +A1+ (@ FA) + @ +4) =7 @)

Sz: N(CICZ) = 3!

S,=16- (3!

N(eye3) =31 +31+31+30
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§ 8.5 Arrangement with Forbidden Positions
T, T, T; T, Ts

Ex 8.15: , V777 (a) R, will not sit at T, or T,.
il /A/A (b) R, will not sit at T,.
? (¢) R; will not sit at T or T,.
R; (d) R, will not sit at T, or Ts.
R, 7
Sol. (2/2)
= 7=r(C) } C-/Z”
16 = ry,(0) 7

:>V0<l<4 S = ,(C) (5-10)!
wr(Cox)=(1+ 3x + x?)(1 + 4x + 3x?)
=1+ 7x + 16x* + 13x3 + 3x*
« N(C16,6364) =8 — 81 +.8, — 83 + 5,4 e
= 50— 7(4!) + 16(3') 13(2v) + 3RS
=315 - i) = Bl
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§ 8.5 Arrangement with Forbidden Positions

red green

Ex 8.16: two dice: one red; other green. (a, b)

row six times.

It (1, 2), (2,1), (2, 5), (3, 4), (4, 1), (4, 5), (6, 6) did not occur,
what’s the probability that we obtain all six values on both dices?
Sol. (1/2)

12 3 45 65T 1 5 3 4 26 s(1) = {2
! i ! Z | s2)={1,5)
; A 5(3) = {4}
VA = . s(4) = {1, 5}
T2 A ) = {}
rezd VA Z V/ S(6) {6} w' :

HCx)=(1+dx+2x)A +x)P =1+ Tx + 172 + 19f |
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§ 8.5 Arrangement with Forbidden Positions

red green

Ex 8.16: two dice: one red; other green. (c;, 5)
row six times.

If (1, 2), (2,1), (2, 5), (3, 4), (4, 1), (4, 5), (6, 6) did not occur,
what’s the probability that we obtain all six values on both dices?
Sol. (2/2)

V1<i<6,let condititzn c;: (i, x), x GGS(i) occur.

& 6IN(E185..Tg) = (6D (1), = (61D (-1)r; - (6 — i)!
= 6![6! — 7(5!) + 17(4)) — 19(3))"+ 10(2!) — 2(1!) + 0(0!)]
= 6!(192) = 138240
2 |S] = 296
= 138240/(29) = 0.00023.
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§ 8.5 Arrangement with Forbidden Positions

Ex8.17: A=1{1,2,3,4}, B={u,v,w, x, y, z}.
How many 1-1 function f: A — B satisfy none of the following
conditions: c;: f(1) =u orv

e f2Q)=w

c3: f3)=worx

cys f)=x,yorz

Sol.
%A

B W N -

7.

%

7,

uv wxyz

r(C,x)=( +2x)(1 + 6x + 9x? + 2x7)
=1+ 8x + 21x% + 20x3 + 4x*

~ V(€16263€4) =89 — 81 + 8, — 83 + 5,

= (61/2!) — 8(51/21) + 21(41121)
. 20(3v/2v) + 42y
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§ 8.5 Arrangement with Forbidden Positions

ex:4A=4{1,2,3,4,5,6,7, 8}
How many 1-1 function #: A —> A where h(i) #i, V i € A.
Sol

Gy x) = (14 2)F =D
o N(G,GyenaCy) = (Bp)8! = (B)7! + (36! — ... + (3)0!
=811 —1+1/2!) = 1/(3!) + ... + 1/(8Y)]

=d8
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§ 8.5 Rook Polynomials

Discussion (10 min):
Exercise 8.5.11: A computer dating service wants to match
each of four women with one of six men. According to the
information these applicants provided when they joined the
service, we can draw the following conclusions.

e Woman 1 would not be compatible with man 1, 3, or 6.

e Woman 2 would not be compatible with man 2 or 4.

e Woman 3 would not be compatible with man 3 or 6.

e Woman 4 would not be compatible with man 4 or 5
In how many ways can the service successfully gl
of the five women with a compatible partner? -

-----
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§ 8.5 Arrangement with Forbidden Positions

ChecKklist:
1.  Understanding

O Define “conditions” correctly

2. Calculate

O The Principle of Inclusion and Exclusion
O Rook polynomial

(c) Spring 2024, Justie Su-Tzu Juan



§ 8.5 Rook Polynomials

Let’s Kahoot!

https://play.kahoot.it/v2/? quizld=d9638913-5941-4831-9fba-
b88cde64235a&hostld=e3b5c5¢7-¢22d-4353-a580-53¢46d132332

(modified from holder1149)
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§ 9.1 Introductory Examples

Outline
1. Observation
2. Definition
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§ 9.1 Introductory Examples

c;tc,+cy+ey =25, with 0 < ¢; V1<i<4 —> Chapl
cite, ey te, =25, with0<¢;<10V1<i<4 — Chap 8
cite, ey te, =25, with0<¢;<10V1<i<4
and c,: even, c;: a multiple of 3
— Generating Function
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§ 9.1 Introductory Examples

Ex 9.1: 12 oranges: Grace at least 4, Mary at least 2,
Frank at least 2, no more then 5.
Sol. Grace [4 4 4 4 5 5 55 6 6 6 7 7 8
Mary (3 4 5 6 2 3 4 5 2 3 4 2 3 2
Frank [§ 4 3 2 5 4 3 2 4 3 2 3 2 2
=>cite,te;=12whered4<c¢,2<¢,,2<c3<5.
flx) = (x*+x3+x0 + x7 + x3) (x2 + 23 + x4 + x° + x9)
(x* +x3 + x4 + x°)
4+3+5=12 - x*.-x3-x°
4+4+4=12 —)x4-x4-x4
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§ 9.1 Introductory Examples

Note: 1. (x* + ... +xX%) (2 + ... + X2 + ... + x°)
2. Table faster than G.FE.?

Ex 9.2: red, green, white, black jelly beans
How many way can Douglas select 24 of these so that

{white: even
black: at least 6

Sol.
red, green: (1 +x+x2+ ... +x*)
white: (1 +x2 +x*+x6+ ... + x?%)
black: (x® +x7 +x3 + ... + x?%) )|
) =0 +x+...+x?2A +x2+x*+ ...+ 2 (0 +x7 + o b
Answer = the coefficient of x** in f{x). g -4

(c) Spring 2024, Justie Su-Tzu Juan Z



§ 9.1 Introductory Examples

Ex93:c¢c,+c;+es3+cey=25,if 0 < c;for all1 <i< 4. How
many solutions?

Sol.
(D Letfix)=1+x+x*+...+x»)4 —polynomial in x
the coefficient of x*° in f{(x)
(2) for easier to compute: _—>power series in x

Letg(x)=(1+x+x2+...+xB5+x2+ .. )¢ BIRE
Note: V k > 26, x* are never need.
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§ 9.1 Introductory Examples

Checklist:

1. Observation

[ The relationship between the way to find the answer of the
problem and the way to calculate some coefficient of a function.

2. Definition

O Find a generating function for the answer of the problem.
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§ 9.2 Definition and Examples: Calculational Techniques

Def 9.1: Let ay, a,, a,, ... be a sequence of real numbers.
The function f{ix) =a, + ax + a,x* + ... = Za,-xi
is called the generating function for the gli_{)fen sequence.

Ex94:VnelZ',A1+x)"=@)+Hx+ x>+ ...+ (")x"
= (1 +x)" is the generating function for the sequence
0> (1)5 -+ (), 0,0, 0, .

Ex95:a)VrneZ,d—-x")=01-x)1+x+x*+... + X%
= (1 — x")/(1 — x) is the generatlng functlon for the
sequence 1,1,1,...,1,0,0, 0, . L

n+1ﬂﬂ
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