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§ 8.1 The Principle of Inclusion and Exclusion

QOutline
1. Symbols
2. The Principle of Inclusion and Exclusion

3. Application
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§ 8.1 The Principle of Inclusion and Exclusion

Recall: https://www.youtube.com/watch?v=vVZwe3TCJTS§

Def: Let S be a set; |S| = V.

1) N;= {x € § | x satisfy condition ¢;}, wherei=1,2, ...,

2) N(c;) = |Vy|, wherei=1,2, ..., t.

3) N(eicy) (=ix|x € Ny Nj)=|N; ANy, V i#j,and i, j
e {l,2,...,t}.

4) N(cicicl) = | NN NN N, Vi#j#k,and i, j, k € {1,
2, ... 1}, s

SY)N@)=N-N(c)=|fxeS|xe N}, V1<i<e.

6) N(cc)=|fx e S|x & N;UN}|,Vi#j,V1<iy "
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https://www.youtube.com/watch?v=vVZwe3TCJT8

§ 8.1 The Principle of Inclusion and Exclusion

Note: N(¢;¢)) = N(Ec)

Ex 8.1: N(EE)

N(€;icy) =N — [N(c;) + N(cpl + N(cic))

Ex 8.2:

N(cici€) = N — [N(¢)) + N(c)) + N(epl
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§ 8.1 The Principle of Inclusion and Exclusion

Thm 8.1: The Principle of Inclusion and Exclusion ¢ - 257 - apEsm)
N = N(¢,Gy...C)
=N—[Ny) + N(cy) + ... + N(c))]
+ [N(cicy) + N(eye3) + ooo + N(crc) + N(Cyc3) + oo + N(cpi6)]
— [N(cic5¢3) + N(cieaey) + ... + N(ciee,) + N(cyezey) + ...
+ N(cie3¢) + oo + N y616)]
+

+ (—1)'N(cyc5...c)) ... Eq(1)
=N-D_N(c) +D, Ncic) — D N(eeic) + - + (1) N(¢;65.--€)
1<i<t 1<i<j<t 1<i< j<k<t s Eq.(2)

Proof. (1/3)
1) By induction on ¢
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2 Negier) + -.. + (=1)'N(e16;...€))

lllll

N-2Ne)+ 2 Neg) -,

§ 8.1 The Principle of Inclusion and Exclusion

Proof. (2/3)
2) Combinatorial argument:
VxeSs:
case 1: x satistfy none of the condition:

=> X € S—UN,./\x €S
~ x is counfed once in N and N, and
not in any of the terms in Eq(2).
S X contributes a count of 1 to each side of the equation.

> X &85 - UN

« x is contributes nothing to NV,
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N-2XNc)+ 2 N(cic)) — Z N(eicier) + ... + (1)'N(ci63...¢)

<<<<<<<<<<<

§ 8.1 The Principle of Inclusion and Exclusion

Proof. (3/3)
On the right hand side of Eq(2), x is counted:
(HN=>1
2) L N) = r

(3) 22 Nee) = ()
@) 2 Nece) = ()

1<i< j<k<t
r+1) 2 N(c,-lcjz. ;)= () i
S1-r+ ()= ()t + 1y ()=[1+EDE=01=0
. x contributes 0 to each side of the equaqlp""‘ 4 L
the equality is verified. |
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§ 8.1 The Principle of Inclusion and Exclusion

Corollary 8.1: The number of elements in S that satisfy at least
one of the condition c;, where 1 <i<{, is given by
N(cjorcyor...orc)=N—-N.

Def: Sy =N; S, =ZN(Ci); A, =ZN(CiCj);

1<i<t 1<i<j<t

Se= 20 N crency), VIS k<1 (32(5)IB)

.. . 1H1n*
1<i;<i,<...<i; <t 1 "2

Note: By Thm 8.1, N= So—8;+8,— ... +(-1)5§,
=2 (1S,
k=0
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§ 8.1 The Principle of Inclusion and Exclusion

Ex 8.4: 1 <n <100, n is not divisible by 2, 3, or 5. How many
such n ?

Sol.
LetS={1,2,...,100}, N=100.
Let condition c;: if n is divisible by 2;
Let condition c¢,: if n is divisible by 3;
Let condition c;: if n is divisible by 5.
By Thm 8.1, N = N(¢;¢,¢3) = N — [N(¢;) + N(c,) + N(c5)]
+ [N(cic3) + N(eye3) + N(cye3)] — M (0102‘33)
=100 — {L 100/2] +L100/3] +[100/5]3 "
+ £1100/6] + 1 100/10] + L100/15J } / |
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§ 8.1 The Principle of Inclusion and Exclusion

Ex 8.5: [x; +x, +x; +x,=18;
{0Sx,£7andx,e N;V1<i<4
Sol.
Let condition ¢;: x;>7 (orx; =28),i=1,2,3,4
N = N(¢16,63¢4)
— [N(cy) + N(ey) + N(c3) + N(ey)]
+ [N(cic3) + N(eye3) + N(eiey) + N(ere3) + N(cyeq) + N(czey)]
— [V(cic563) + N(cicy¢4) + N(cic3¢4) + N(cyescq)] + NV (01020304)
=S,—S,+8,-8, +S,
= C(18+4-1,18)— ()CA0+4-1,10)  oui
()0 +4-1,2)— (%) - O HERSOTIE
=246 U RNERESS St
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§ 8.1 The Principle of Inclusion and Exclusion

Ex 8.6: counting onto function:
A= {ala Ayy oeey am}a B = {bla b29 seey bn}
S={flfrA—> B}, N=|§|=n"
Let condition c¢;: if b; is not in the range of ffor 1 <i<n.
V = N(¢,C,...C,) = the number of onto function f: 4 — B.

Sol.
Sk - Z N(C

ety < <t en ¥ Cip Ciyp o0 €)= D = K™
PN=N=8 48+ 1y,
= nm (”1)(11 — l)m + (nz)(n 2)m I (-1)”(11 o n)m

—Z(—l) (")(n — i)y = n! S(m, n)

Note: If n>m = N=0 | ,
“Nmyn e Zifn>m, thenZ(—l) (") (n — )m =T
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§ 8.1 The Principle of Inclusion and Exclusion

Ex 8.7: In how many ways can the 26 letters of the alphabet
be permuted so that none of the patterns car, dog, pun,
or byte occurs?

Sol.
Let S = {a | ais a permutation of the 26 letters}.
~N = |§| = 26!
Let condition c;: contains car;
Let condition c,: contains dog;
Let condition c;: contains pun;
Let condition c,: contains byfte; -
2 N=NMGGEE)=N-8+85,-5;+8, L
=26! — [24! + 24! + 24! + 23!] + [22! + 22{ + 220 | .
+ 21! + 21! + 21!] — [20! + 3(19!)] + 17.!;*,“ PGy Ve
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§ 8.1 The Principle of Inclusion and Exclusion

Ex 8.8: (Euler’s phi function)
Forne Z*,n>2,Let ¢(n)=|{m € Z* | ged(m,n) =1,1 < m < n}|

¢(n) —n Hp|n,p is a prime (1 _ (l/p))
Sol. Vi =22, n=p1p,%2 ... pft, where p;: prime, e; € Z7, V1 <i<t.
LetS={1,2,....,n}, N=n.
(say ¢t = 4: condition ¢;: if divisible by p;,, i =1, 2, 3, 4.
~ P(n) = N(G16,C584) =Sy — 81+ 85, - 83+ 8,4

=n—|++ 4+
D1 P J &) P4 PiDy P1D3 PiDy P1DP; PPy P3Py

n n n ] n

n
[1’11’21’3 P1P2Py P1P3 P4 P2P3Py P1P2 P3Py o))" ‘
— n

= o W1P2P3Pa — [P2P3 s+ P1P3Pat P1P2Ps .
+ |p3p4 +P2P4I+P21P3 +1P1P411 t P13 pipal - [P4+4’ wpiEpl
= A 5 Tk & L I — e : s
n(l’1 ) P3 P4) nll:!(l Pi))
In general, ¢(n) =nIL,, . prime (I — (1/p))
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§ 8.1 The Principle of Inclusion and Exclusion

ex: ¢(23100) = #(22-3-52-7- 11)
= 23100 (1 — 1/2)(1 — 1/3)(1 — 1/5)(1 = /T)(1 - 1/11)
= 4800

Ex 8.10: five villages a, b, ¢, d, e devise a system of 2-way road,
s.t. no village will be isolated.

Sol.
LetS={G| V(G)={a, b, c, d, e}}.
“N=|S| = 2€6:2) = 210
Let condition c;: a (b, ¢, d, e) be isolated.
~N(c;) =242 =26 V1 <i<5.
=8 =0Cp-2° |
SN=20=() 20+ 2°-(3) -2 + () - 28

! :
3 i
3 At
¥ A e U
68 2 ~7 T ATEE SHL St
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§ 8.1 The Principle of Inclusion and Exclusion

Discussion:
Ex 8.1.8: Determine the number of integer solutions to x; +
X, +x;3+x,=19 where -5<x<10for1<i<4.
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§ 8.1 The Principle of Inclusion and Exclusion

Checklist:

1.  Symbols
O N, N(c), N(ciep), N(eieie), N(€), N(€ic;), N
O N(ciorc,or...orc), Sy Sy .- S

2.  The Principle of Inclusion and Exclusion
O Proof

3. Application
O Define “conditions” correctly
O Euler’s phi function ¢(n)
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§ 8.2 Generalizations of the Principle

Outline

1.  Symbols
2. Thm. 8.2
3. Cor.8.2
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§ 8.2 Generalizations of the Principle

Def:meZ",1<m<t.
E,: # of elements in § that satisfy exactly m of the 7 conditions.
E,=N
E, = N(c;C5C3...C,) + N(C{CyC5...C)) T+ ...+ N(C{C5C5...C))
E, = N(ci¢5C3...¢C,) + N(Ci€yC3...C;) T+ ...t N(C{C5C3...C;_»C,1Cy)

ex:1=3 @+0+@
[
E =8,-2S,+385;,=5,— 2)S, + (,)S;
= (®+®+©+Q)+(®+®-|®+®)+(@+©+®+Q)
~2(0+®+0+®+0+®)+3®

E,=8,-35;=8,— (31)S3
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§ 8.2 Generalizations of the Principle

ex:7=4

El =S1 — 2S2 + 3S3 — 4S4
=81 — CDS, + ()85 — (%3)S,

E,=8,-35;+65,=S5,— C)S; + (),
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§ 8.2 Generalizations of the Principle

Thm8.2: V1<m<tE, = 3 (1)i("™)S,, ..
i=0

(Ep =S — " DSme1 + (") ez — oo F CDTC)S)
Proof. (1/2) skip
Letx € §:
a) x satisfy fewer than m condition:
left: 0;
right: S,,, S,+15 o209 5, =0 =0
b) x satisty exactly m of the condition:
left: 1;
right: S, =1:; 8,115 «--» 5

||
|
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E,\=8u = ("")Smn t ("8 — oo + DTS
§ 8.2 Generalizations of the Principle

Proof. (2/2) skip
¢) x satisfy r of the conditions, where m <r<t:
left: 0;
right: Sm - (rm)a Sm+1 ( m+1)9 eeey ( r)’ 1= - St - 0
= (r m) o (m+1 1)(r m+1)+(m+2 2)(rm+2) ;H-/I/{ + (_l)r —m(r r—m)(r r)
< k< p— o (m+k r — ( )! r!
VO<k<r—m: (") na mlk!  (maF)(r-m—k)!
! 1 _ r! (r-m)!
om! kNr-m=k) mWr-m)! kW (r-m-k)!

= ()"

= ) = C )+ )~
TSI = () () + e b
= ()1 =1y 7=(,) 0=0. S0
- the formula is verified. B
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E,\=8u = ("")Smn t ("8 — oo + DTS

§ 8.2 Generalizations of the Principle

Def: L,, = |{x € § | x satisty at least m of the 7 conditions}| = zt:E,.

Corollary 8.2:

Lm = Sm _ (m m—l)Sm+1 + (m+1 m—l)Sm+2 — . T (_l)t —m(t -1 m —I)St
Proof. exercises

Note: If m=1,L;=S5,—-8,+8;— ... + (1)1, =N-N=|S§| -

Ex 8.11: £ Ex 8.10 9: E, & L,?
Sol. |
E,=8,—(C)S; +(* )8, — (°3)85s =80 — 3(20) + 6(5) — 1
L,=8,—(G)S;+C DSy — (F )Ss =80 —2(20) + 3(57"

N T
Ex 8.10: five villages a, b, c, d, e. devise a system of 2-way road, s.t. no village will be 1solated.

= 10

=31

AT,
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§ 8.2 Generalizations of the Principle

Discussion:

Ex 8.2.7: If 13 cards are dealt from a standard deck of 52,
what is the probability that these 13 cards include

(a) at least one card from each suit;
(b) exactly one void (for example, no clubs);
(¢) exactly two voids?
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§ 8.2 Generalizations of the Principle

ChecKklist:

1.  Symbols
O E,
oLz,

2. Thm. 8.2

O Em = Sm - (m+11)Sm+1 + (m+22)Sm+2 — ..t (_l)t—m tt—m)St)

3. Cor.8.2 o
O Lm = Sm - (m m—l)Sm+1 + (m+1 m—l)Sm+2 — .t (_l)t_m(t'_\ m ' I.
g
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§ 8.3 Derangements: Nothing Is in Its Right Place

Outline
1. Maclaurin series for e*

2.  The definition of derangement
3. Application
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§ 8.3 Derangements: Nothing Is in Its Right Place

Recall: Maclaurin series for the exponential function:

2 3 o0 n
e =1+ X+t +---:zx
2 3 = n!
o 2, (—1)" _ 1 1
Note: ~e 1 = ; " =1-1+ 2—!—§+
e 1=0.36787944117144232159552377
1 1 1

and1 -1+ >t —§+“°—(%)=. 0.36786

= Vk e Z%, if k> 7 then
Zk V" js a very good approximation to ¢ .

n=0 n!
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§ 8.3 Derangements: Nothing Is in Its Right Place

Def: The derangement of 1, 2, ..., n is an arrangement of 1,
2, ..., nsothatiis notin ith placefori=1, 2, ..., n;
denoted by d,.

Ex 8.12: n = 10. How many derangements? probability?
Sol.
Let condition c;: integer i is in the ith place, for 1 <i < 10.
sty = N(€163...C1p)
=10! = ()9 + ()8! = ()T + ... + (1010)0'

= 1011 (%)) + (102)(10,) bt (2 ]
=101 -1+ o — 4+t | = (101)(6—1);“@‘9 ‘.
= the probablllty = (10')(e‘1)/(10') = ¢! |y ‘

(n=11,12, ... the same race. !!) R S
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§ 8.3 Derangements: Nothing Is in Its Right Place

Note: Vn = 10, the probability that our gambler wins at least one
of his bet is approximately 1 — ¢1=0.63212.

Ex8.13:d,=?
Sol.

=4 -1+2% -4+ L 1=4[2- L+ ]=12-4+1=9
:>2143 2341, 2413, 3142, 3412, 3421, 4123, 4312, 4321

Ex8.14: seven books, seven people to review them.

First week; second week: each persons read one book.

In how many ways can she make these two distributions so that

she gets two reviews (by different people) of each books?

Sol. first week: 7! second week: d,; = (7!)(e®) =i v
=(7!) - d; = (T (e™) PN
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§ 8.3 Derangements: Nothing Is in Its Right Place

Discussion:
Ex 8.3.14:

(a) In how many ways can the integers 1, 2, 3, ..., n be
arranged in a line so that none of the patterns 12, 23,
34, ...,(n—1)n occurs?

(b) Show that the result in part (a) equalsd, _,+d,.
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§ 8.3 Derangements: Nothing Is in Its Right Place

Checklist

1. Maclau;;in slenries for ¢*
O e¢!'= Z(_ )

i n!

2.  The definition of derangement
O d,= @100

3. Application
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