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N,
)Lpecial Functions

ef 5.12 : Let f:AxA— B, (i.e. fis a binary operation on A)
@ fis said to be commutative =
Y (a, b) € A x A, fla, b) = fib, a).
® B c A, fis said to be associative =

Y a, b, c € A, f(f(a, b), ¢) = f(a, f(b, c)).
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N
,}gpecial Functions

X 5.32:® h:Z xZ— Z, where h(a, b) =a |b|.
(i) h3,-2)=3-2|=32)=6 } h is not
h(=2,3)=-213|=-2-3=-6 commutative
(ii) V a, b, ¢ € Z, h(h(a, b), ¢) = h(a, b) |c| = a |b| |c],
h(a, h(b, ¢)) = a |h(b, c)| = a |b |c|| = a |b] |c|
= h is associative

EXS5.33:1f A= {a, b, c,d}, then |4 x A| = 16.

@ 3 4% function f': A x A —> A (closed binary operation)

@ 3 ? Commutative closed binary operations g on 4?

“Va#b,g(a,b)=gb,a),and (4 x4)-4=12,12/2=6

-~ the number of commutative closed binary operations g on 4
— 44 . 46 = 410,
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}tpecial Functions

ef 5.13 : Let f:Ax A— Bbe abinary operation on A.
An element x € A is called an identity (or identity element)
for f=V a € A, fa, x) = f(x, a) = a.

EX 5.34: (a) Let f: Z x Z — Z, where fla, b) = a + b,
0 is the identity since
fla,0)=a+0=a=0+a=£0,a),V ac”.

(b) Let f: Z x Z — Z, defined by fla, b) = a — b. A identity.
If fhad an identity x, then
VaelZ,fla,x)=a=>a-x=a=>x=0
But f(x, a) =f(0,a) =0 —a # a, unless a = 0 >«
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9.4 Special Functions

“(¢c) Let4A={1,2,3,4,5,6,7},letg=A x A —> A be defined by
g(a, b) = min{a, b} = the minimum (or smallest) of a, b.
(i) g(a, b) = min{a, by = minib, aj = g(b, a)

Hence, g is commutative.
(ii) g(g(a, b), c) = min{min{a, b}, ¢} = min{a, b, c}

= min{a, min{b, c}} = g(a, g(b, c))

Hence, g is associative.

(iii) Vae A, gla,7)=min{a, 7} =a=min{7, a} = g(7, a)
=~ 7 is an identity element for g.
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9.4 Special Functions

'hm 5.4 : Let f:Ax A— Bbe abinary operation.

If fhas an identity, then that identity is unique.
Proof.
Let x;, X, € A are identities of 4 :
s~ D fla, x,) =a=f(x;,a), Va € A and
@ fla, x,) = a =f(x,, a), Va € A.
v Xy € 4, by @ : flxy, x;) = x5
v X, € A, by @ : fixg, x;) = x5,
= X=X,
= fhas at most one identity.
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}tpecial Functions

(5.35:If A = {x, a, b, c, d}, how many closed binary
operations on A as

Sol.
@ closed binary operations on 4

where x is the identity : 5'°.
Letf: AxA—> Awith fix,y)=y=f(,x), Vy € A.
@ and commutative : Table 5.2

S10 = §4 . 5(42—4)/2.

. . B g b ¢
® close binary operations on A /

have an identity : 57 =(;5) 516 | +  © ¢ plic A
= (;5) 55 - 2G) -1 = (,5) 56-17, Bl s e o

@ and commutative : 51 = (;°) 510
— (15) 4. 54 -4)/2
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ef 5.14 : For sets A, B,if D c A x B, then

@ I1,: D > A defined by I1,(a, b) = a, is called the
projection on the first coordinate.

@ Ilg : D — B defined by Ilg(a, b) = b, is called the
projection on the second coordinate.

Note : If D = A4 x B, then 11, II; are both onto.

EX5.36: 4= {W, Xy y}a B = {19 29 39 4}9 D= {(xa 1)9 (xa 2)9 (x9 3)9
», 1), (v, 4);
@ I, : D > A satisfies I1,(x, 1) =11,(x,2)=11,(x,3)=x

I (y, 1) =11,(r, 4) =y
I, (D) = {x,y} A, . 11, is not onto
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.4 Special Functions

A 5.36: 4= {W, X, y}a B = {19 29 39 4}9 D= {(xa 1)9 (xa 2)9 (xa 3)9
o, D), (¢, 4);
@ Ilgz: D — B satisfies IIg(x, 1) =11z(y, 1) =1, I1g(x, 2) =2
HB(xa 3) = 39 HB(ya 4) =4
“ IIg (D) ={1, 2, 3,4} = B, . 11 is an onto function.

EX 5.37:LetA=B=R,D c A x Bwhere D={(x,y)|y=x.
ex:(3,9 e D, 11,3,9)=3,11353,9)=9.
I1,(D) =R = A. ~ I1, is onto. (also one - to - one)
ITgz(D) = [0, +0) < R, - Iy is not onto. (nor one - to - one)
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}‘Lpecial Functions

Def : Let A;, Ay, ..., A, be sets, and {i,, iy, ..., 0,} < {1, 2, ..., n}
withi; <, <..<iyjandm<n.Dc A xA,x...x A, (=X_" A;),

@DII:D—>A; xA; x...xA; defined by
T1(ay, gy «-vy @) = (@, Ao e @;)

is the projection of D on the i,th, i,th, ..., i, th coordinates.
@ The element of D are called (ordered) n-tuples ;
® An element in I1(D) is an (ordered) m-tuples.

EX 5.38 : 4, = the set of course # for courses offered in math.
A, = the set of course titles offered in math.
A5 = the set of math faculty.
A4 = the set of letters of the alphabet.

Consider the rable (or relation D c A; x A, x Ay x A,) given :
Table 5.3
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Course Number Course Title Professor Section Letter
MA 111 Calculus 1 P. Z. Chinn A
MA 111 Calculus I V. Larney B
MA 112 Calculus I1 J. Kinney A
MA 112 Calculus II A. Schmidt B
MA 112 Calculus II R. Mines C
MA 113 Calculus III J. Kinney A

Def : @ The sets 4, A,, A3, A4 are called the domains of the

relational data base.
® Table D is said to have degree 4.

® Each element of D is often called a lisz.
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'8 5.4 Bpecial Functions

ote :
@ The projection of D on A; x A; x A, ; A; x A, = Table 5.4; 5.5.
@ Table 5.4, 5.5 are another way of representing the same data

that appear in Table 5.3.
® Given Table 5.4; 5.5, one can recapture Table 5.3.

Table 5.4
Course Number | Professor | Section Letter
MA 111 P.Z. Chinn A
MA 111 V. Larney B
MA 112 J. Kinney A
MA 112 A. Schmidt B
MA 112 R. Mines C
MA 113 J. Kinney A

Table 5.5
Course Number | Course Title
MA 111 Calculus I
MA 112 Calculus I1
MA 113 Calculus I1I
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S }“he Pigeonhole Principle

e pigeonhole Principle : If m pigeons occupy n pigeonholes
and m > n then = 1 pigeonhole has > 2 pigeons roosting in it.
Proof.

If not, each pigeonhole has < 1 pigeons roosting in it.
= total < n pigeons. Y H<m >

EX 5.39 : An office employs 13 file clerks, = 2 of them must
have birthdays during the same month.
Sol.

13 pigeons and 12 pigeonholes.
(the file clerks) (the months)
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X 5.40 : Drawing the socks from a bag which contains 12
pairs of socks (each pair a different color) randomly.
— at most 13 of them to get a matched pair.

EX 5.41 : In 500000 “words” of four or fewer lowercase letters.
Can it be true that the S00000 words are all distinct?
Sol.
the total number of different possible words using < 4 letter
=264+ 26° + 26% +26 = 475254 < 500000
(pigeonholes) (pigeons)
- at least one word is repeated.
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5 The Pigeonhole Principle

X 5.42 : Let S = Z*, where |S| = 37. Then S contains two
elements that have the same remainder upon division by 36.

Proof.
By division algorithm : V n € Z*,3! q,r € Z" such that

n=36-q+r,0<r<36.
r : 36 possible values : pigeonholes
n : 37 positive integers : pigeons
= By the pigeonhole principle, 3 > 2 elements in § that
have the same remainder upon division by 36.
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he Pigeonhole Principle

X 5.43 : Prove : 101 integers from S c {1, 2, 3, ..., 200},
da,b €S suchthata|borb|a.

Proof.
By the Fundamental Theorem of Arithmetic:
VxeS, x=2Fy with k>0 and ged(2,y)=1
=>yeT={13,5,...,199}
|7] = 100. (pigeonholes)
* 101 integers are selected from S. (pigeons)
By the pigeonhole principle,
daxbeSst.a=2"y,b=2"yfor somey € T.
If m< n, thena|b (- 2"y|2"y),
else m>n,thenb |a (- 2"y|2™y).
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5 The Pigeonhole Principle

X 5.44 : Any subsets of size 6 from S = {1, 2, 3, ..., 9} must
contain two elements whose sum is 10.
Sol.
Let 7= {{1, 93, {2, 8}, {3, 7}, {4, 6}, {3}}, |T] =5 (pigeonholes)
** 6 element are selected from S (pigeons)
By the pigeonhole Principle :
d At least one of the two-element subsets of 7 whose sum
to 10 be complete selected.
i.e. 4 two elements whose sum is 10.
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%8 5.5 The Pigeonhole Principle

( 5.45 : AACE is equilateral with |[4C| = 1.
If 5 points are selected from the interior of A ACE,
then J > 2 of them whose distance < 7.

Proof.
We break up the interior of AACE into the following 4 regions,

which are mutually disjoint in pairs with |[4AB| =Y :
R, : the interior of ABCD U BD — {B, D}
R, : the interior of AABF
R; : the interior of ABDF U BF U DF — {B, D, F}
R, : the interior of AFDE
= By the pigeonhole principle, Figure 5.8
five points (the pigeons) in the interior of AACE must be s. t.
at least 2 of them are in one of the four regions R; (pigeonholes)
1 <i<4, where any two points are separated by a distance less
than .
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5 The Pigeonhole Principle

,X 5.46 : Let S be a set of six positive integers whose maximum
is at most 14. Show that the sums of the elements in all the
nonempty subsets of S cannot all be distinct.
Proof.
LetS = {x;, Xy, X3, X4s X5o X}, 1 <x; < 14, x;, € 27,V i=1, ..., 6.
V A cC S, let the sum of the elementin 4 =S,
then1<5,<9+10+...+14=69
. there are 69 possible sums : pigeonholes
3 26— 1 = 63 nonempty subsets of S : pigeons (< 69, wrong !!
VAcCS,s.t.|[A|£5, 185,10+ 11 +... +14 =60 (pigeonholes)
3 26 -2 =62 possible subset A = S, s.t. A # @, A #S. (pigeons)
By the pigeonhole principle : the elements of at least two of the
62 subsets must yield the same sum.
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he Pigeonhole Principle

X 5.47 : Let m € 2" with m is odd.
Prove : A n € Z" such that m | (2" - 1).

Proof.
LetT={2"-1|i=1,2,....,m+1},|T|=m + 1 (Pigeon)
By the division algorithm and the pigeonhole principle :
ds,te Z"withl1<s<t<m+1,whered g, g, € N
suchthat2s—-1=g m+r,2'-1=qg, m+r.
=2 -D)-2-D)=(q,m+r)—-(qgm+r)=(q,—q,) m
but(27-1)—-(2°-1)=2"-25=22""-1)
ie.(q;—q)m=2°27-1)
—=>m | 25275 -1)
v ged (m, 2%) =1
A7) | (Zt—s _ 1)
> Letn=t-seZ" ,m|Q2"-1).
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5 The Pigeonhole Principle

X 5.48 : On a 4-week vacation : > 1 set of tennis each day,
< 40 set total during this time.
Prove : 3 consecutive days which play 15 sets.

Proof.

Let x; = the total number of sets from the first day, 1 <i < 28.
=>1<x<x,<...<Xx,5< 40

SxpH15<x,+15<...<x,g + 1555

Let T={x;, X5y ¢ces Xog, X1 + 15, x, + 15, ..., x5 + 15},
|T] =56 (pigeons)

And V x e T,1<x<55:55 possible values (pigeonholes)

= By the Pigeonhole Principle : 3 x, y € T are equal.

" X1s X, «00y Xag are distinct, x;+15, x,+15, ..., x,41+15 are distinct

= Jd1<j<i<28withx=x;=x;+15=y

i.e. from the start of day j + 1 to the end of day i, Herbert will
play exactly 15 sets of tennis.
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N
’Q’"

85 )"he Pigeonhole Principle

X 5.49 : (1935. Paul Erdos and George Szekeres)

@ 6, 5, 8, 3, 7 contains the decreasing subsequence 6, 5, 3

@ 11,8,7,1,9,6,5, 10, 3, 12 (length 10) contains the
increasing subsequence 8,9, 10, 12 (length 4)

Thm : For each n € Z", a sequence of n? + 1 distinct real numbers
contains a decreasing or increasing subsequence of length n + 1.
Proof.(1/2)

Let a,, a,, ..., a,2.1 be a sequence of n? + 1 distinct real numbers
V1<k<n’+1,let

x,; = the max. length of a decreasing subsequence that ends with q,

yi = the max. length of a increasing subsequence that ends with a;
ex: EX5.49 @:
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5 The Pigeonhole Principle

Proof.(2/2)

k 123456789 10
a, 118 7 1 9 6 510 3 12
x, 123424526 1
yo 111122232 4

If A decreasing or increasing subsequence of length n + 1,
then1<x,<mnand1<y,<nV1<k<n’+1.
» 3 < n? distinct ordered pairs (x,, y,),
but - 1 <k <n?>+1, we have n* + 1 ordered pairs (x,, y,)-
~ by the Pigeonhole Principle,
di#je Nwith1<i<j<n*+1,s.t (x;y)= (x5, )
Butay, a,, ..., a,5,; are distinct :
If a; < a; then y; < y;; else it a; > a; then x; < Xx; ¢
~x,=nt+lory,=n+1forsomen+1<k<n’>+1
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%S 5.§"\tunction Composition and Inverse

ecall: O VcecelZ,ddeZst.c+d=d+c=0

we call d the additive inverse of c
@ViteR,t#0,3uece Rst.tu=ut=1

we call u the multiplicative inverse of t

Def 5.15: If f: A — B, then fis said to be bijective, (or to be a
one - to - one correspondence) = f'is one - to - one and onto.

EXS550:4={1,2,3,4}, B={w, x, y, 2}
G)f: {(19 W), (29 X), (39 y)a (49 Z)} isal-1
correspondence from A4 onto B.
@ 8~ {(W, 1)9 (xa 2)9 (ya 3)9 (za 4)} isal-1
correspondence from B onto A.
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%S 5.§"\tunction Composition and Inverse

Def 5.16 : The function 7, : A — A, defined by 1, (a) = a,
YV a € A, is called the identity function for A.

Def 517 :If f,g: A > B, fand g are equal, write f= g =
fla)=g(a), V a € A.

EX 5.51: Letf: Z — Z and
g:7Z —> Qwhere fix)=x=g(x),V x € Z.
VaelZ, flay=g(a) butf+g!
* fis 1 -1 correspondence ;
gis 1-1 but not onto!
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| )
s S.Q'Function Composition and Inverse
gEunctions

X 5.52: f,g: R > Z defined by :
f(x)={x ifx e Z ; g =[x, VxeR
x|+ 1,ifxe R-Z.

Sol.
VxeZfix)=x=|x]=g ).
VxeR-Z,letx=n+r,whereneZand0<r<l1.
Thenf(x)=|_xJ+ 1=n+1 =|_x_|=g(x).
s f(x) =g (x), V x € R (the domain).
~ f= g, are the same function.

Def5.18: f: A —> B and g : B > C, the composite function,
gfiA>C=@gflla=g(f(a),VaecA
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N
%S 5.§"tunction Composition and Inverse
‘:‘:' gtions

583 :Letd={1,2,3,4}, B={a, b, ¢}, C={w, x, y, 2z} with
f:4A— B,g:B— Cgiven by f={(1, a), (2, a), 3, b), (4, ¢)},
g=1a,x), (b,y), (c,2)}. 8°f=?

Sol.
V elementof A : (g°f) (1) =g(f(1)) = g(a) = x,
(g°f) ) =2(f2) = g(a) = x,
8°)) 3)=2(f(3)) =g®d) =y,
(g°)) (4) =2(f(4)) =g(c) =z
g°f= {(19 X), (29 X), (39 y)a (49 Z)}

EX5.54:Letf: R > R, g2: R — R be defined by f(x) = x?,
gx)=x+35,8°f=2fg=7
Sol.  (g°f) (x) =g(fx)) = g(x?) =x* +5,
(f°8) (x) = flg(x)) =fix +5) = (x + 5)* =x* + 10 x + 25.
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ote : D fog X — & =g-f, i.e. the composition of function is
not a commutative operation, in general.
®@ If g°f3, then “the range of f” < “the domain of g”.

®@f:A->B,fol,=f=1pf.

ThmS1S:f:A—>B,g: B> C
(a)Iff,garel-1,theng°fis1-1,
(b) If £, g are onto, then g° f'is onto.
Proof.(1/2)
(a) Leta, a, € 4,(g°f) (a) =(g°)) (a)
= g(flay) = g(flay))
vgisl-1, - flay) = flay)
wfisl-1,% aj=a,=> g°fis1-1
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.6 Function Composition and Inverse

» ions .
(b) If £, g are onto, then g° f'is onto.

'001.(2/2)

(b)gef:A—>Cletze C
 gisonto, ~ dy e Bs.t. g(y) =3z,
» fis onto, -~ dx € A4 s.t. f(x) =y,

> Vze(CdxeAst (g°f)x)=g(f(x)=g(p)=z.
~ g fis onto.

EX5.55:Letf,g,h: R —> R, where f{x) =x2, g(x) =x + 5,
W)=y +2  (hog)f=h>(g°f)?
Sol. ((h°g)°f)(x) = (h°g)(f(x)) = (h°g)(x?) = h(g(x?)) = h(x* +5)
=J0F 45242 =y 1105 +27
(h° (g°N)x) = h((g° ) (x)) = h(g(fix))) = h(g(x?)) = h(x* +5)
=J(r7+5) 2 =yt 1057 + 27
S (heg)ef(x)=(h°(g°f))(x), V x € R with the same domain
and codomain. S (heg)ef=h°(g°f).
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s S.Q}unction Composition and Inverse

YEpynctions

'm5.6:Iff:A—)B,g:B—)C,andh=C—>D,
then (h°g)°f=h°(g°f)
Proof.

@D (h°g)°f, h°(g°f) have the same domain 4, and codomain D
@V x e A, ((h°g)f)x) = (h°g)(f(x)) = h(g(f(x)))
(h°(g°N)x) = h((g-°f)(x)) = h(g(f(x)))

-~ the composition of function is an associative operation.

Note: hogef=(h°g)°f=h°(g°f)

Def5.19 : If f: A > A, we define /! =,
andV n e Z*, f"1=fo(f").
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S 5.6.l~\*unction Composition and Inverse

itions

(5.56: 4=1{1,2,3,4}, f: A> A

defined by f= {(1, 2), (2, 2), (3, 1), (4, 3)}.
fF=rr=41,2),2,2),3,2), 4, 1},
fP=rrr=rrr={1,2),2,2),3,2),4,?2)},
f4=? f5=2

Def 5.20: V A, Bc ‘U. R is a relation from A to B, that the
converse of R, denoted R ¢ = the relation from B to

A=1{(b, a) | (a, b) € Rj.

EX 5.57: @ A ={19 29 3}9 B = {wa xay}af: A — B be given by
=11, w), (2,x), (3,y)} then
fe={(w, 1), (x, 2), (y, 3)} is a function from B to A,
and f¢°f=1,and fof<=1g
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%S 5.§~\tunction Composition and Inverse
itions

X 557: @ A=1{1,2,3,4}, B={w, x,y},f: A —> B where

/=11, w), (2, x), 3,), (4, x)}
fe={mw,1), (x,2), (y,3), (x, 4)} is not a function.

Def 5.21 : If f: A > B, then fis said to be invertible it 3 g: B — A
is a function s.t. g°f=1,and f°g=1,;.

EX 5.58 : Let £, g : R > R be defined by f{(x) = 2x + 5,
g(x) ="(x-3)
g°Hx)=g(f(x)) =g2x+35)="%[(2x+35)-5] =x
(o)) =fgx)="72(x-3)=2["2(x-3)]+5=x
~gf=1p, fog=1x
~ fand g are invertible functions.
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S 5.6.l~\*unction Composition and Inverse
y itions

m 5.7 : If a function f:A— Bisinvertible and a function
g:B—> Asatistygef=1,and f°g = 1, then this
function g is unique.

Proof.
If g is not unique, thenleth : B—> Awith hef=1,
and fch=1;
“h=helg=h°(fcg)=(h-f)cg=14°8=g8
s~ g is unique.

Def : In Def 5.21, g is called the inverse of f, and g = f 1 = f<,

Note : If fis invertible, then f~! is invertible and (f~1)~! = f.
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T'hm 5.8 : 4 function f: A — B is invertible < fis 1 - 1 and onto.

Proof. (1/2)

(=) Assume f: A — B is invertible,
dlg:Bo>Ast.g°f=1,and feg=1,4
@V a,, a, € A with fla,) = fla,)

= g(fay) = g(f(ay))

= (g°Na) = (Eg°Na)

= 14(a) = 14(a,)

= a,=a, s~ fis1—1.
@ V b € B, take g(b) € A :

fig()) = (f°g)(b) = 15(b) = b.

~ fis onto.
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%S 5.§~\tunction Composition and Inverse

tion
FA function f: 4 — B is invertible < fis 1 - 1 and onto.

roof. (2/2)

(<) Suppose f: A — B is bijective,

 fisonto : V b € B,d a € A with fla) =b.

= Define the function g : B — A by g(b) = a where f(a) = b.
 fisone-to-one:Vbe B,q!ae A, with fla) =b
~VbeB,d'ae A, gb) =a

i.e. g is a unique function.

Andg ° f=1,and f° g=1;. - fis invertible with g = 1.

EX 5.59 : @ f; : R > R defined by f; (x) = x? is not invertible
> neither 1 - 1 nor onto.
@ £, : [0, + ©) > [0, + ) defined by £, (x) = x? is
invertible with £, -1 (x) =/x
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%S 5.§~\tunction Composition and Inverse
' itions

Thm 5.9 :If f: A > B, g : B— C are both invertible functions,
then g°f: A — Cis invertible and (g°f) 1=f"lcg 1,

EX5.60:Vmbe R, m=0,f: R—)Rdeﬁnedbyf {(x,y)|y—
mx ~+ b} is an invertible function ('~ itis 1 - 1 and onto). f~! =

Sol. S ={(,p) | y=mx+b}={(y,x) | y=mx+ b}
=1 p) [ x=my + by ={(x,y) |y =1/ m) (x - D)}
S f(x)=mx+b; f1(x)=(x-b)/m.

EX 5.61 : Let f: R > R be defined by f(x)=e¢*(f:1-1 and
onto). f~1 =1
Sol.  fl={xp)|y=e}={xp) |x=¢}t={(x))|y=Inx}
S f1(x)=Inx.

Note : The graphs of fand f~! are symmetric about y = x.
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'§ 56\'=unct|on Composition and Inverse
" tions

ef5.22 : If f:A4— Band B, c B, then f~1(B,) = {x | fix) € B}
The set f~1(B,) is called the preimage of B, under f.

Note : We cannot assume the existence of an inverse for a function
fjust because we find the symbol f~! being used.

EX 5.62 : Let A, B<c Z" where
A=1{1,2,3,4,5,6},B=1{6,7,8,9,10}.
(a) Bl = {69 8} - Baf_l(Bl) = {39 4}
(note : [f~1(B))| =2 =|B,|)
(b) B,=1{7,8 B, f~ 1(Bz) {1, 2, 3}
(note : |f~1(By)| =3 >2=|B,|)
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itions
4 ﬁf 1,7, 2,7),3,8),4,6),(5,9), (6,9);

(©) B;=18,9} c B. f~(B3) = {3, 5, 6}.
(note : |f~1(B3)| =3 >2= B3|
(d) B,=1{8,9,10} c B. f~'(B,) = {3, 5, 6} = f'(B;).
(B4 D B;)
(~ f1({10}) = @)
(e) Bs={8,10} c B. f1(B;) = {3}.
(note : |[f~'(Bs)| = 1< 2 =|Bj|)

Remark : Write f~1(b) instead of f~1({b})
ex : EEXTF :f-1(6) = {4}, f~1(7) = {1,2}, f'(8) = {3}, ...
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' N
S 5.@"unction Composition and Inverse

‘.
X.Eunctions
-5\1\;.

5.63 : Let f: R = R be defined by f(x) = {3x—5, x>0
—-3x+1, x<0.
@ Determine £{0), (1), f(— 1), f(5/3), f(— 5/3)

Sol. f0)==30)+1=1; f1)=3(1)-5=-2
A-1)=-3(=1)+1=4;f(5/3)=3(5/3)-5=0
A=5/3)=-3(=5/3)+1=6

® Find f1(0), /~'(D), ' 1D, f73), f (= 3), /(- 6)

Sol. (1/2) £-1(0) = {x € R |fix) € {0}} = {x € R | f{x) = 0}

={xeR|x>0and3x-5=0} U

fxe R|x<0and-3x+1=0}
= {5/3} U ¢ = {5/3).
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In the same

(10/3, 5)
(3, 4)

see Fig 5.11

Figure 5.11

(c) Fall 2023, Justie Su-Tzu Juan
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.6 Function Composition and Inverse
1ctions

- © What are f1(|-5,5]) and f-1(]- 6, 5]) ?
Sol.
F(=5,51) = fe | flx) € [ 5,51} = x| - 5 < fix) < 5}
Casel x>0:-5<53x-555=20<53x<10=0<x<10/3
= 0<x<10/3
Case2x<0:-553x+1<5=>-65-3x<4=22>2x=>-4/3
=-4/3< x<0
Hence f1(]-5,5]) ={x|-4/3< x<00r 0 <x<10/3}
= |- 4/3, 10/3]
In the same way, f~1(]- 6, 5]) = f1(]- 5, 5]) = [- 4/3, 10/3].
(see Fig 5.11)
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'§ 5\. .":unction Composition and Inverse
B 1Y .
s ions

X 5.64 : (a) Let f: Z > R be defined by f{x) = x2 + 5,
f1B)forBeR:

B f-1(B) B g (B

{6} {-1,1} {6} -1, 1}

6,71 |{-1,1} 6,71 |[=/2,-11VI1,4/2]
6,10] [{—2,—1,1,2}||[6,10] |([=/5,-1]UIl,./5]
-4,5) |¢ -4,5) |¢

—4,5] |{0} —-4,5] |{0}

5, +o0) |Z 5, +0) |R

(c) Fall 2023, Justie Su-Tzu Juan
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%S 5.§‘*unction Composition and Inverse

ym 5.10 : If f: A —> B and B,, B, B, then
(@) (BN By) =f1(By) N f(B)
(b) f1(B,U By =f1(B) U f(B)
(© f1(By) =By
Proof.

b)VaeA,aef1(B,U B, < fla) e B,U B,
< fla) € Byor f(a) € B,
<aef1(B)oracef (B,
< ae f1(B) U fU(By.

Note:f:A—>Bis1l-1<|f1(b)|<1V b € B.
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S S.Q‘}unction Composition and Inverse
tgEnctions

Thm 5.11 : Let f: A — B for finite sets A, B where |A| = |B|.
TFSAE : (a) fis1—-1 (b) fisonto (c) fis invertible.

Proof.

(¢)= (@), (¢c) = (b) : Thm 5.8, (a) and (b) = (c¢) : Thm 5.8,

only need to prove (a) < (b):

(b) = (a) : Assume fis onto, if fis not 1 — 1, then | (4| = |B|)

= a,,a, € Al 0 with a, * a,, blltf(al) =f(a2)

Then |4] > [AA)| = |B] =<« (4] # |B])

(b) <= (a) : Assume fis 1 — 1, if fis not onto, then
db e BwithV a € A, fla) # b. = |f(A)| <|B|
|| = |B| > | (4)]
By the Pigeonhole Principle. fis not 1 -1
e
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%S 5.§~\tunction Composition and Inverse
itions

Note : @ If |A| = |B| = n € Z.7, then there are n ! one-to-one
function from A4 to B and Y",_, (- 1)* (*,_;) (n — k)"
onto function By Thm 5.11 (a) (b),
Sonl=Yy D) (n— k)
@ S (n,n)=1.

(c) Fall 2023, Justie Su-Tzu Juan 47



see textbook : Def 5.23 & T @ &9384; Table 5.11

5.8 see textbook : EX 5.70 & & F 3% 98 ; Fig 5.17, Table 5.12

Table 5.11

Big-Oh Form Name
O(l) Constant
O(log, n) Logarithmic
O(n) Linear
O(n log, n) nlog, n
O(n*) Quadratic
O(n’) Cubic
O™, m=0,1,2,3,... | Polynomial
o(c"), ¢ > 1 Exponential
O(n!) Factoral

f(n)
128
64

32

* /]

Figure 5.17
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