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')Lartesian Products and Relations

ef 5.1 - @ For sets A, B, the Cartesian product, or cross
product, of Aand B isdenoted by AxB={(a,b)|a € A, b € B}.
@ The elements of A x B are ordered pairs =

For (a,b), (c,d) e AxB,(a,b)=(c,d)iffa=candb=d.

EX5.1:LetA={2, 3,4} B={4 5} Then
a) Ax B ={(2,4), (2,5), (3, 4), (3,5), (4, 4), (4, 5)},
b) B x A ={(4,2), (4, 3), (4, 4), (5 2), (5 3), (5 4}

Note: D AxB#Bx A, |AxB|=|BxA|l=]|A|-|B|
@ HereAcU,,BcU,.
® If A, Bc U, but Ax B c Uis not necessary!! i.e. “x”
IS not necessarily closed.
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)Lartesian Products and Relations

: D For sets A, A, ..., A.. (N € Z*, n>3), the (n - fold)
product of A, A,, ..., A, Is denoted by A; x A, x ... x A
={(a;, 8y ...,a,) |8, €A, 1 Li1<n}
® The elements of A; x A, x ... x A, are called ordered n-
tuples, (3-tuple = triple).
For (a,, 8y ..., &), (b1, byy ooy D) EA X o0 X A,
(g, Ay eees @) = (by, D,y oeey b)) iffa, =b, V1LZi<n.

n

EX51:LetA={2, 3,4}, B={4,5} Then
c)B2=Bx B ={(4,4), (4,5), (5, 4), (5 5)},
d)B*=BxBxB={(4,4,4),(4,4,5), (4,5, 4), (4
(5, 4,4), (5,4,5),(5,5,4), (5
={(a,b,c)|a, b, ce B}
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. Cartesian Products and Relations

EX52:RxR={(X,y)|X yeR}: = &% #diLTs
Rt*xR*: % — %3,
R3 : Euclidean three - space .

Note : A x A, x Ag# (A x A))x Ag# A x (A, x Ay)

e L Riss A (BERy RER..)
AEPFEIRF A
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53:LetA={2, 3,4}, B={4,5} C={x, vy}
AxB,BxA, AxBxC: use tree diagram :

@2
2,4

. Ez 5§ 4< 4.3)

| 4,4

. (3, 4)
Ene) 5, 2)
4 4, 4) - .<: (5’ 3)
(4, 5) ’
A x B BxA (5. 4)
(2,4, x)
(2, 4) — e
T~ 5 e——2 22y
3 g’ ;‘; —o gﬁg: yg
, , 9, X
(4,4 ’&:: 29
RANSY
AxBxC \:(4:5:”
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match :

X 5.4 : At the Wimbledon Tennis Championships : The winner
IS the First to win two sets. Let N, E denote the two players in a

| e

First set Second set Third set
(when needed)

Figure 5.2
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" ~))§artesian Products and Relations

""Def 5.2 : For sets A, B,
@ Any subset of A x B is called a relation from A to B.
@ Any subset of A x A is called a binary relation on A.

EX55:A BasEX5.1,A={2 3,4} B={4, 5}
" |A x B| =6, 3 2% possible relations from A to B.
Suchas: a) ¢ b) {(2,4)} ¢){(2, 4),(2,5)}
d){(2,4),(3,4), (4, 4)} {2 4),3,4), (45} f)AxB.

Note : @ For A, B : finite sets with [A| =m, |[B| = n;
3 2™ relation from A to B, including ¢ and A x B.
® 3 2™ relation from B to A :
R, cAxBisarelation < R, < B x Ais a relation.
where R, = {(b, a) | (a, b) € R,}.
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| ')Lartesian Products and Relations

X5.6:LetB={1, 2} A=92B) =44 {1}, {2}, {1, 2}}.
Let R (a binary relation on A) = {(¢, @), (&, {1}),
(9. 12}), (¢, {1, 2}), ({1}, {1}), ({1}, {1, 2}), ({2}, {2}),
({2}, {1, 2}), ({1, 2}, {1, 2})}

R Is the subset relation.

Def : @ A binary relation & on £(B) is the subset relation
(C,D)e Riff CCDcBand CcD.
@ infix notation for arelation R : a R b=(a, b) e R,
cRd=(c,d) ¢ R.
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| Cartesian Products and Relations

=X5.7:A=7* Ris abinary relation on A {(x,y) | x<vy},
“less than or equal to” relation.
(7,7),(7,11) e R; (8, 2) ¢ R,
e, 7R11;8R2.

| ] I I

- N W A <

EX58:Let R NxN,R={(m,n) | n=7m}.
R can be defined recursively as:
1) (0, 0) € R; and
2) If (s,t) e R, then(s+1,t+7) e R.
check (3,21) e R: (1) (0,00 e R=>(0+1,0+7)=(1,7) € R,
(i1, NeR=A+1,7+7)=(2,14) e R,
(iii) (2,14) e R=>(2+1,14+7)=(3,21) € R.
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| Cartesian Products and Relations

emark 1 Vsets A, Ax g= gx A= ¢
If Ax ¢+ ¢ thenlet(a,b) e Ax ¢
Thenae Aandb € ¢ >«

Thmb5.1:ForanysetsA,B,CcU:
@A AxBNC)=(AxB)n(AxC)
(L) Ax(BUC)=(AxB) U (AxC)
c)(ANB)xC=(AxC)n (B xC)
dAUB)xC=(AxC) U (BxC)

Proof. (a)Va,beU (ab)eAx(BnNC)
<aeAAbe(BnNO)
S@aeAraeAA(beBAbel)
SaeAAbeBaAraeAAbeC
< (a,b)eAxBAa(a,b)e AxC
< ((@,b)e(AxB)Nn(AxC).
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)}unctions - Plain and One-to-One

ef 5.3 : For nonempty sets A, B, a function, or mapping, f
from A to B, denoted by f : A — B =a relation 2 from A to

BinwhichVae A 3! (x,y) e R s.t.a=x.

Note : @ We often write f(a) = b when (a, b) is an ordered

pair in function f.
@ for (a, b) € f,{b Is called the image of a under f,
a Is called the preimage of b under f.
@ fisafunction< Vae A, 3 b e Bs.t. f(a) =Db.
@ fisafunction= “(a,b), (a,c) e f=>b=c”.
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EX59:A={1,2 3} B={w,X,Yy,z}

N
| }unctions - Plain and One-to-One

@ f={(1,w), (2, xX), (3, w)}is a function.
@ R, ={(1, w), (2,x)}, R, ={(1, w), (2, w), (2,X), (3, 2)}

are relation, not function!!

Def 5.4 : For the functionf: A - B,

@ Ais called the domain of f,

A

@ Bis called the codomain of f, _ ~_,

®f(A)={b]|(a, b) ef, for some a € A}
= the range of f.

@ a : input, f(a) : output, f : transformed
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| .,’Functions . Plain and One-to-One

5.10 : (a) The greatest integer function or floor function :

f:R-oZ,

f (x) = x| = the greatest integer less than or equal to x
=max{ala< x,a e Z}.

ex:®|3.8]=3,13]=31-38]=-4,-3]=-3.
®|7.1+82]=[153|=15=7+8=|7.1]+|8.2]

®L7.7+84]l=1161]=1627+8=7.7]+[8.4].

(b) The ceiling function : g : R > Z, is defined by
g(x)= Fx_l = the least integer greater than or equal to x
=min{ala=x,ace Zﬁ.
ex: @[3]=3,[3.01]=[37]=4=[4][-3]=-3,
—3.01]=[-3.7]=-3.
@[36+45]=[81]=9=4+5=[3.6]+[45]
®[33+4.2]=[75]=829=4+5=[33]+[4.2]

14

(c) Fall 2023, Justie Su-Tzu Juan



)Functions . Plain and One-to-One

) trunc (truncation) :
R — Z = deletes the fractional part of a real number
ex : @ trunc (3.78) = 3, trunc (5) =5, trunc (-7. 22) = -7
® trunc (3.78) =3.78]=3; ® trunc (-3.78) =[-3.78|=-3
trunc (x) = | LxJ, if x> 0;
[x], if x < 0.

(d) Storing a matrix in a one-dim. array as the access function f
from the entries a; of A, to the positions, 1, 2, ..., mn :

ap|qi2|" " |Q1n as aszo *c | GQan dsz; P alj D A in

1 2 vy pH+1lant2---20 20 +1---@—Dn+j--- (m— Dn+n(= mn)

ex : a,, Is found in position n + 1,

a4, IS found In position 2n + 4.
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| ,’Functions . Plain and One-to-One

X5.11:
(@A VabeZ b>0,3!'g,reZst.a=qb+r,0<r<b:
g=la/blandr=a-la/b]-b.
b)neZ ,n>1 n=ps 0 p,e@ .. pel wherek e Z*, p; is prime
V1<i<k pzpV1i<i<j<ke()eZzZ',V1<i<k
Then if r € Z*, the number of positive divisors of n that are
perfect rth powers isTTI<_, [ (e(i) + 1) / r|=TIk_, (Le(i) / r]+ 1)
Let| (e(i)+1)/rl=h < h-—1<(e(i)+1)/r<h
& rh-r< e()+l <rh
Srh-r-1< el £rh-1
< rh-r< el <rh
= h-1< e(i))/r <h
o Le@)/r]=h-1.
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5]. ),,)Functions : Plain and One-to-One

X 5.12 : @ A sequence of real numbers is a function
f:Z*—> R wheref(n)=r,.

@ A sequence of integer numbers is a function
g: N —>Zwhereg(n)=a,

Note : There are |B|A functions from A to B = |A|B! functions
from B to A. (see textbook)

Def 5.5 : A functions f : A — B is called one-to-one, or injective.
(1-1)=V b e B, bappears at most once as the image of an

element of A.

Note : @ Iff: A—> Bisl-1, with A, B finite, then |A| <|B|.
@f:A>Bisl-1eoVa,a, eA f(a)=fa,)=>a =a,
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| .,’Functions . Plain and One-to-One

X5.13: @ f: R > R where f(x) =3x + 7 for all x € R.
V X, X, € R
f(x,) = f(x,) = 3x; + 7 =3X, + 7 = 3%X; = 3X, = X; = Xo.
Jofisl-1.
@ g: R —> R where g(x) = x*-x for all x € R.
g0 =0*-0=0andg(1)=1-1=1-1=0
C.gisnotl-1.since g(0)=g(1) but0=1.

EX5.14:LetA={1,2,3}and B={], 2, 3, 4,5}
@ f={(1, 1), (2 3), 3 4)}
@9={(1 1), (23,3, 3)}

fisl-1;gisnotl-1becauseg(2)=g(3) but 2 3.
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| ),’Functions . Plain and One-to-One

“""Note : |A| =m, |B| = n, the number of 1 — 1 function from A to
Bisn(n-1)(n-2)...(n—-m+1)=n!/(n-m)!=P"
= P(|B|, |A]) (see textbook)

Def5.6 : Iff: A—>Band A, c A, thenf(A) ={b € B|b=1(a),
for some a € A}, Is called the image of A, under f.

EX515:A={1,223,4,5},B={w, Xx,y,z}, letf: A—> B be
given by f = {(1, w), (2, X), (3, X), (4, ), (5,Y)} then for
A ={1}, A,={1,2}, A, ={1,2,3}, A, ={2,3}, Ac={2,3,4,5}:
f(A) =1f(a) |a € A} ={f(a) | a e {1}} = {f(1)} = {w};
f(A;) =1f(a) | a € {1, 2}} = {f(1), T(2)} = {w, X}
f(A;) = {f(1), 1(2), 1(3)} = {w, X} = T(A;);
f(A) =X} T(As) ={X v}
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| ;’Functions . Plain and One-to-One

(5.16: (a) Let g : R = R be given by g(x) = x2.
g(R) = the range of g = [0, + «);
g(Z) = the image of Zunderg=140,1,4,9, 16, ...};
For A, =[-2,1],9(A,) =[O0, 4].
(b) Leth : Z x Z — Z where h(Xx, y) = 2x + 3y.
The domainofhis Z x Z.;
The codomain is Z.
h(0,0)=2(0)+3(0)=0
h(-3,7)=2(-3) +3(7) =15
h(2,-1)=2(2)+3(-1)=1
VneZ h(2n,—n)=2(2n)+3(-n)=4n-3n=n
h(Z x Z) = the range of h = Z.
ForA,={(0,n)|ne Z*}={0}xZ*cZ xZ,
h(A,) = the image of A, under h=1{3,6,9,...} ={3n | n € Z*}
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| ,’Functions . Plain and One-to-One

m5.2: Letf: A— B, with A, A,c A. Then
(@) (A, U Ay =1(A) U T(Ay);
(b) f(A; N Ay) = T(A) N T(A,):
(c) f(A, N A,) =1(A) N f(A,) when f Is Injective.

Proof.
(b)beB,bef(A;NnA)=>TJaeA NA,st.b=1()
—>[dJaeA;st.b=f(a)land[da € A,s.t. b =1(a)]
= [b € f(A))] and [b € f(A,)]
= b e f(A)) N f(A,)
SCAANA) (A NT(A).

Def5.7:1ff:A—>Band A, c A thenf|, : Aj—> Bis called
the restriction of fto A, =f [, (a) =f(a), Va e A;.
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l)}unctions - Plain and One-to-One

Def 5.8 : Let A, cAandf: A, > B.Ifg: A— Band
g(a) =f(a) V a € A, then we call g an extension of f to A.

EX5.17 : For A={1, 2, 3, 4,5}, let f : A = R be defined by
f={(1, 10), (2, 13), (3, 16), (4, 19), (5, 22)}.
Letg: Q >R whereg(g)=3q+7.VgeQ
Leth: R >R whereh(r)=3r+7.Vr e R. then
1) g Is an extension of f (from A) to Q,

i) f is the restriction of g (from Q) to A,

1) h is an extension of f (from A) to R,

Iv) fis the restriction of h (from R) to A,

V) h is an extension of g (from Q) to R,

vi) g is the restriction of h (from R) to Q.
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<8 5.2 Functions : Plain and One-to-One

X5.18: LetA={w, x,y,z},B={1,2,3,4,5}, A, ={w, vy, 2}
Letf: A— B,g:A; > B by represented by the diagrams :

@ fisan extensmn of g fromA; to A (3 I #4)
@ g f |A1 o= g s
/ 1 /
® 2 ® )
\' :
M
5
Figure 5.5
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