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=8 3‘/},"he Division Algorithm: Prime Numbers

=X 4.26: HE R @R o EF R DR RPE g
See Fig 4.10, i = ¥ * Ex 4.25 (d)

Ex4.27 : 4]#* } 3# Algorithm $+ & “szig 4"

erte 6137 In the octal system (base 8)

lLe. find ry, ry, ryy oooy e With r, >0 s.t. (1,...r ry)g=6137
Sol. *." 6137 = ry+r-8+r,-8%+...+r, -8 = r +8(r +8(r,+...+8(r,)...))

and 6137=1+8-767 = r,=1 8|6137 Remainders
=1+8[7+8(95)] =r,=7 8767  1(ry)

=1+8[7+8(7+8-11)] =r,=7 | 8[B  Ur)
=1+8{7+8[7+8(3+8-1)]} = r,=3 8111 7(r))
r,=1 81 3(r3)

i.e. 6137=1-84+3-83+7-82+7-81+1=(13771)4 0 1(ry)
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3 M he Division Algorithm: Prime Numbers

4.28 : (1/3)
@ 232 see book, Table 4.3
four bits: 0~15=0~24-1
leading 1: 8~15=23~24-1
six bits: 0~63=0~260-1
n bits: 0~2"-1
{ leading 0: 0~2™1-1
leading 1. 2n-1~2n—1

@ eight bits = one bytes
one bytes: 0~28—1 =0~ 255
two bytes: 0~21%—-1=0~65535
four bytes: 0~2%—-1=0~4294967295

(c) Fall 2023, Justie Su-Tzu Juan



3 M he Division Algorithm: Prime Numbers

(4.28 : (2/3) (base - 16)

® Table 4.4: Base 10 Base? Base 16
10 1010 A
11 1011 B
12 1100 C
13 1101 D
14 1110 E
15 1111 F

Represent the integer 13874945 in the hexadecimal system:
1613874945 Remainders

16 (867184 1 (ry)
16 54199 0 (r,)
16 |3387 7 (ry)
16 [211 11=B (r)
16113 3 (r,)

4
0 13=D (rg) .". 13874945=(D3B701),,
4
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3 M he Division Algorithm: Prime Numbers

(4.28 : (3/3)
@ Converting between base 2 and base 16.
(1) Convert the binary integer 01001101 to its base-16
counterpart
01001101
4 D .".(01001101),=(4D),,

(if) Convert the two-byte number (A13F),, In base 2
A 1 3 F

1010 0001 0011 1111
.(A13F),;=(1010000100111111),
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')}he Division Algorithm: Prime Numbers

X 4.29 :

f Bcdri® £ 57 ¢ n<O0: two’s complement method.

@ First consider the binary representation of |n|,

@ Replace each 0 by 1, 1 by 0; the result is called the one’s
complement of |n|.

® Add 1 to @; the result is called the two’s complement of |n|.

ex: -6:®6—>0110

@ 0110 & 1001

® 1001 + 0001 = 1010

Note: @ See Table 4.5 (p. 225): 7 ~ — 8 need four-bit patterns
@ Other obtained: —-8<n<-1 & 7>2n‘>0
@ nonnegative integer start with 0, negative integer start
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3 M he Division Algorithm: Prime Numbers

(4.30 : (1/2)

® Perform 33 — 15 in base 2, using the two’s complement of 8
bits.

Sol.

" 3315 = 33 + (—15);
33 = (00100001),
15 = (00001111),
— 15 = (11110000+00000001), = (11110001),
33 00100001
——
15 + 11110001

g 100010010 /nonnegative
discarded  Answer = (00010010), = 18
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3 M he Division Algorithm: Prime Numbers

=X 4.30 : (2/2)
@ 15— 33=? 15+(— 33)
15 = (00001111),
33 = (00100001),
— — 33 = (11011110+00000001), = (11011111),

15 00001111
——33 + 11011111 @ Take the one’s complement
11101110 — (00010001),
negative — (00010010), = 18
..Answer = - 18 @ Add 1
® [overflow error] ex: 117+88
117 01110101

ivell
+8 7 101 Negative!! >«
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=8 4.3 ,"he Division Algorithm: Prime Numbers

"Remark : In general, let X,y € Z* with x >y, 2"2< x < 21
Then the binary rep. for x is made up of n — 1 bits — n bits
The one’s complement of y = (2"-1)—-y=11...1-Yy

The two’s complement of y = (2"- 1) -y + 1 nigl
JoX=y=x+[2"-1)-y+1]-2"

~ removal of the extra bit
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3 M he Division Algorithm: Prime Numbers

4.31: If n e Z*and n is composite, then 3 p: a prime
st.plnandp<n.

Proof.
@ °." nis composite
.. We can write n = n;n,, wherel<n,<n,1<n,<n.
If (n,;>+/n)and (n,>n),
thenn=n,n,>(/n) (Vn) =N 5«
S.n < Jnorn,< /yp, WL.O.G.sayn, < Jn .
(without loss of generality)
@ If n, is a prime: the result follows.

If n, iIs not a prime: by Lemma 4.1,
daprimep<n; s.t. p|nyg,
pln,Ang|n,
S.plnandp<n.
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'S 4‘.4~ihe Greatest Common Divisor : The
o =

Idean Algorithm

ef4.2 :Fora,be”Z, ceZ*is said to be a common divisor of a
andb=c|anac]|b.

EX4.32 : The common divisors of 42 and 70=1, 2, 7, 14,_

G.C.D.

Def4.3:Leta,beZ eithera=0orb=0.ceZ*iscalleda
greatest common divisor (G. C. D.)ofaand b=
a)c|laandc|b,

b) ¥V common divisor d ofaand b, d | c.

Question : @ A G. C. D. always exist? If so, how to find?
@ How many G. C. D. can a pair of integers have?
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AThe Greatest Common Divisor : The

1m4.6:Va,beZ, 3! ceZ*is the greatest common divisor
of a, b. (denoted by gcd(a, b).)
Proof.(1/2)
J:LetS={as+Dbt|s,teZ as + bt > 0}.
" S#£ 9,
.". by the Well-Ordering Principle, S has a least element c.
b)*."c€S,AX,ye Zs.t.c=ax + by.
vVdeZwithd|aandd|b, by Thm4.3(f),d | ax + by, i.e.d|c.
a)lfcta, thendg,reZfand0O<r<cst.a=gc+r.
.r=a-gc=a-g(ax + by)
=(1-gx)a+(-gy)b.
reS. -« (. 0<r<e). . c|a.
In the same way, c | b.
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8 4.4%he Greatest Common Divisor : The

Yguclidean Algorithm

Proof.(2/2)
I If ¢,, C, € Z* both satisfy Def 4.3 (a), (b),
then c,, ¢, both are common divisor of a, b.
by (b), *." ¢, as a greatest common divisor, .". C, | Cy;
and, °.” ¢, as a greatest common divisor, .". ¢, | C,.
— By Thm4.3(b),c,=c¢, "." ¢, C, € Z".

Note:V a,be Z*:
@ gcd(a, b) = gcd(b, a).
@ gcd(a, 0) =al, ifa#0.
®) gcd(-a, b) = gcd(a, —b) = gcd(-a, —b) = gcd(a, b).
@ gcd(0, 0) is not defined.
G gcd(a, b) is the smallest positive integer we can
write a linear combination of a and b.
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AThe Greatest Common Divisor : The

:V a,beZ a,bare called relatively prime when gcd(a, b) = 1.
l.e. 3 X,y € Zsuch that ax + by = 1.

EX4.33: @ gcd(42, 70) =14 :

dx,y e Zsuchthat42x+ 70y = 14,
<dXx,yeZsuchthat3x+5y=1.
letx,=2,y,=-1:3(2)+5(-1)=1.
butvke Z2:3(2-5k)+5(-1+3k)=1,

SVkeZ:42(2-5K)+70(-1+3Kk) =14,
". the solution for x, y are not unique!
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wS 4, }he Greatest Common Divisor : The

Iclidean Algorithm

X4.33 : @ In general, if gcd(a, b) =d :
dx,yeZst ax+by=d,

< 3IAXy e Zs.t (a/d)x + (b/d)y =1,

<> ged(a/d, b/d) = 1.
let X,, Y, be a solution, 1.e. (a/d)x, + (b/d)y, = 1.
then V k € Z : (a/d)(x, — (b/d)k) + (b/d)(y, + (a/d)k) = 1,

< VkeZ:a(x,— (b/d)k) + b(y, + (a/d)k) = d.

.". 3 infinitely many solution for ax + by = d.

Remark : @ If a| b, then gcd(a, b) = a.
@ If b | a, then gcd(a, b) =b.
(3 Otherwise?
Solution: use Euclidean Algorithm.
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*he Greatest Common Divisor : The

aebclidean Algorithm

m 4.7 : Euclidean Algorithm :
If a, b € Z*, then apply the division algorithm :

a=(g,b+ry, O0<r,<bh.
b=q,r, +r,, o<r,<r,.
= Qg + 13 0<rz<r,.

2= O+l 0<re<n._,
1= Oks+1 e _
Then r,, the last nonzero remainder, = gcd (a, b).
Proof.(1/2)
®VceZ withc|aandc|b,
a=qgib+r,cocryg;
Cbh=qurptr,c.cfr;

S o= O+, .clr.
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)

.§ 4.4 %he Greatest Common Divisor : The

O SR P e N 8 I O
. T 2= CIk ST TR 1 B PP
° : q3 r2+ r3, o.o rk rl;
.o. b —- q2 rl + r2, ... rk b;
a=qub+ry, Jorea

e.(r.|a)Aa(r.|b).
By @, ®, hence r, = gcd(a, b).

Note : @ Algorithm : precise instruction, not just for one special
case, Input, output, same result, unambiguous manner, cannot
go on indefinitely (finite instruction).

@ Thm45: A @3 2 3 algorithm, "." £ 2 &5 “precise

instructions”. .". 14 EX 4.36 ¥ Fig 4.9 2 procedurez'a“ U‘*ﬂa"»%!‘»
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4 The Greatest Common Divisor : The
[dean Algoritbhm

X 4.34 : @ Find the greatest common divisor of 250 and 111.
(@ Express the result as a linear combination of 250 and 111.
Sol.

@® 250=2(111)+28, 0<28<111
111=3(28)+27, 0<27<28
28 =1 (27) + 1, 0< 1<27
27 =27 (1). (thelast nonzero remainderis1)
. 1=g9cd(250, 111). 1.e. 250, 111 are relatively prime.
@ 1=28-1(27) =28-1[111 -3 (28)]
=(-1)111+4(28) =(-1) 111+ 4 [250 - 2 (111)]
=4 (250) -9 (111) =250 (4) + 111 (- 9),
=1=250(4-111k) + 111 (-9 + 250 k), Vk € Z.
note: gcd(- 250, 111) = gcd(250, — 111) = ged(— 250, — 111)
= gcd(250, 111) =1.
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The Greatest Common Divisor : The

X 4.35:V n e Z* prove 8n + 3 and 5n + 2 are relatively prime.
Proof.
@ whenn =1, gcd(8n + 3,5n + 2) =gcd(11, 7) = 1.
whenn>2,."8n+3>5n+2:
8n+3=16n+2)+(3n+1), 0<3n+1<5n+2
5n+2=1@8n+1)+(2n+1), 0<2n+1<3n+1

3n+1=1(2n+1)+n, O<n<2n+1
2n+1=2(n)+ 1, 0<1<n
n=n(1). ( the last nonzero remainder is 1)

C.ged(8n+3,5n+2)=1,Vn>1.
@ ¥f%: " @Bn+3)(-5+Bn+2)8=-15+16=1,
". 1is expressed as a linear combination of 8n + 3, 5n + 2.
and no smaller positive integer can have this property,
.the G.C.D.of8n+3andb5n+2is1,VneZ.
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divided by y.

procedure ged (a, b: positive integers)
begin
ri=amodb
d:=bh
whiler > 0do
begin
c:=d
d:=71
r:=cmodd
end
end {gcd(a, b) isd, the last nonzero remainder}

Figure 4.9
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The Greatest Common Divisor : The

X 4.36 : Def : V X,y € Z*, x mod y = the remainder after x is

ex:7mod3=1; 18 mod5=3.
ex :a=168, b =456:

r, = 168 and
d, = 456.
" r>0

c, =456, d, = 168,
r, =456 mod 168 = 120 > 0;
¢, =168, d, = 120,
r, =168 mod 120 = 48 > 0;

c; =120, dy = 48,
r,=120 mod 48 = 24 > 0;
c,= 48,d,=24,

r,= 48mod24 =0.
STOP.
.gcd(a,b)=24(=d,;). =



X 4.37 : 2 containers : 17 ounces and 55 ounces. How to
use this two containers to measure exactly one
ounce?

(-2 7=0283494kg 17—>48kg 55— 15.6kg)

Sol.
55=3(17)+4, 0<4<17
17=4(4)+1, 0<1<4
=>1=17-4(4)=17-4[55-3 (17)]
=13 (17) — 4 (55).
o] 313, X F) I & i
FH< a4, & f8 € X 4 1ounce.
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(4.38 Debug a Pascal program in 6 minutes. Debug a C++
program in 10 minutes. Work 104 minutes and doesn’t waste
any time. How many programs can he debug in each language?
Sol.

Letx,ye N,6x+10y=104 &3 x+5y =52

. ged(3,5)=1, and 3(2)+5(-1)=1

. 3(104) +5(-52) =52

=3(104-5k)+5(-52+3k)=52,VkeZ
X=104-5k>0andy=-52+3k=>0

= 17 +1/3=52/3<k<104/5 =20 + 4/5

.". 3 3 possible solution:

a)(k=18):x=14,y=2.

b)(k=19):x= 9,y=5.

c)(k=20):x= 4,y=8.
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T}he Greatest Common Divisor : The

$544)
‘ fdean Algorithm

hm 4.8 : If a, b, c e Z*, the Diophantine equation ax + by = ¢
has an integer solution x = X,, y =y, < gcd(a, b) | c.

Def44:Va,b,ce’Z
@ c is called a common multiple of a, b=a|cand b | c.
@ c is the least common multiple of a, b Icm(a, b) = the
smallest of all common multiple of a, b.

EX439:a)12=3-4,..1lcm(3,4) =12 =1Icm (4, 3).
90 =6 - 15, but Ilcm(6, 15) # 90, Icm (6, 15) = 30.
b) VneZ,lcm(1, n)=lcm(n, 1) =n.
c)Va neZ,lcm(a, na) = na.
dVamneZ, withm<n, lcm(@m, a") =a",
gcd(am, am) = am.
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4 The Greatest Common Divisor : The

m4.9: Leta, b, c e Z*, with c =lcm(a, b).
If d is a common multiple of a and b, then c | d.

Proof.
If not, then by division algorithm,d=qc + r, where0<r <c.
"c=lcm(a, b),.”. IAm e Z* s.t. c =ma,
"." disacommon multipleofaandb, .”. 3 n e Z*s.t. d = na.
= na=d=qc+r=gma-+r
= (n-gm)a=r>0
Lajr.
In a similar way, b | .
“.(alrandb|r)=risacommon multiple of aand b.
but0<r<c —« ("." cisthe least common multiple of a, b)
Hence c | d.
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1M 4.10: ¥ a, b e Z*, ab = lem(a, b) - ged(a, b)
Proof. (reader)

EX4.40:a)V a, b e Z*, of a, b are relatively prime, then
Icm(a, b) = ab.
b) °." gcd(168, 456) = 24 (by EX 4.36)
". lcm(168, 456) = (168) (456) / 24 = 3192.
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“ he Fundamental Theorem of Arithmetic

emma4.2:1fa,beZrandpisaprime,p|lab=p|aorp|b.
Proof.
Ifp|a, then we are finished.
Ifpta: .” pisprime,
gcd(p a)=1l.1le.dx,yeZst px+ay=1.
Then for p(bx) + (ab)y =D :
SplpAap|ab,
. p|px)Ap]|(ab)y. (by Thm 4.3(d))
[ p(bx) + (ab)y =b ] A p|p(bx) A p | (ab)y,
.p|b. (by Thm 4.3(g))

Lemma43:Leta, €Z*, VI€E{L,?2,...,n}
[(pisprime)A(pla;a,...a)]=>3F1€{1,2,...,n},p|a;.
Proof. (reader)
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he Fundamental Theorem of Arithmetic

'EX'4.38 : Show that./2 Is irrational. (Arlstotle (384 - 322 B. C)))
Proof.
Suppose +/2 is not irrational. sayJ_— T
= 2 Wherea, b € Z*, gcd (a, b) = 1.
SERlD = 2= =2b’=a’=2|a?= 2| a(by Lemma4.2)
Let a= Ec for somec € Z*.
S2b%2=a? c.2b2=4c2=2c¢2=h2=>2|b?= 2| b (by Lemma4.2)
. 2lan2|b=2]|gcd(a, b),i.e.gcd(a, b) >2 >«
/2 isirrational.

Note :ﬁis irrational for every prime p (exercise)

Thm 4.11 : The Fundamental Theorem of Arithmetic
VY n>1 ne€Z*ncan be written as a product of primes uniquely,

up to the order of the primes.
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vn>1,ne€Z* ncan be written as a product of primes uniquely,
up to the order of the primes.

oof. (1/3)
3: If not exist such product :
Let m > 1 be the smallest integer
not expressible as a product of primes.

" m Is not a prime, (o.w. prime is a product of one factor <)
. Letm=m;m,, wherel<m;<m,<m.
"m,<m, m,<m,
". m;, m, can be written as product of primes.
"m=m,; m,
". we can obtain a prime factorization of m. >«
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vn > 1,n € Z+, ncan be written as a product of primes uniquely,
up to the order of the primes.

00f. (2/3)
| . Prove by inductiononn :

Let S(n) : n have a unique prime factorization

n=2:5(2)Iis true.

Supposen=2,3,4,...,h—1,S(n) is true.

Now, consider n=h:

Suppose h = ps® p,@ ... p, sk = g1 g,"@ ... g, 1.

Where p;, g;are primes, V1<i<k, 1<j<r.
and p;<p,<..<pandq;<q,<...<(,
ands(i) e Z*,t(j)) e 2, V1<i<k 1<j<r.
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VpalhCop |6 g L gl
By Lemma4.3,31<j<r, Py | q-

"." Py, g; are primes. . P1 =G
In the same way, °." q1|h:>EI 1<e<k,g;= p,.
=P <P =0;<Qj=py, .. e=]=1lLe.p; =0q;.
Letn,=h/p, = pls(l)—l pzs(z) oo Dy s(k) = g, t(1)-1 q, () qrt(r)_
n,<h, .. byl H.:
K=rpi=q;V1<i<k,
s(1)-1=t(1)-1,ands(i)=t() V2<Li<k=r.
s()-1=t(1)-1=s(1) =t(1).
= The prime factorization of h is unique.
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N he Fu

Sol.
2

ndamental Theorem of Arithmetic

4.39 : Find the prime factorization of 980220.

980220 = 2! (490110)

,

490110 = 22 (245055)

3

245055 =22. 3! (81685)

5
17

81685 =22.3!.5!(16337)
16337 =22.31.51.171 (961)
31 961 =22.31.51.171.312
31
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X 4.40 : Suppose n € Z* and
10.9.8.7:-6-5-4.3-2-n=21-20-19-18-17-16-15- 14,
17 [ n or not?

Sol.

"0 17((21-20-19.18-17-16-15- 14),

. 171(10-9:-8-7-6-5-4-3-2-n).

But17410,1749,1748,174+7,17%6,17¢5,
17+4,17 43,17 t 2,

. ByLemmad4.3,17|n.
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X 4.41 : For n e Z*, Find the number of positive divisors of n.

Sol.

ex:2:1,22
3:1,32
4:1,2,4~3

V neZ*, by Thm4.11, let n = p,#® p,e@ .. p, M),
where p;isprimeV 1<i<k,e(i)>0V 1<i<Lk.
If m | n, then m = p,f p,f ., p, K
where 0 <f(i)<e(i). V1<Li<k.
.". the number of positive divisors of n is
e(D)+1) () +1)...(ek)+1).
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ex : (@ 29338848000 = 28 3°53 7311 :
3(8+1)(5B5+1)B+1)(B+1)(1+1)=9-6-4-4.2
= 1728 i# positive divisors.
@HEY+ 5B 5 360=28.32.5 i3 ¥k
it must satisfy : 2t@) 312 513) 714 11tG) where
3<t(1)<8,2<1(2)<5,1<t(3)<3,0<t(4)<3,0<t(5)<1
= [(8-3)+1][(5-2)+1][(3-1) +1][(3-0) + 1][(1 - 0) + 1]
=6-4-3-4-2=576.
@ 3 %> B35 perfectsquare :
it mast satisfy : 25(D) 35(2) 5sG) 7s(4) 1150) where
s(1)=0,2,4,6,8:5(2)=0,2,4:s(3)=0,2; s(4) =0, 2; s(5) = 0.
i.e. (22)'@) (32)"@) (52)"C) (72)"4 where
0<r(1)<4,0=5r(2)<£2,0<r(3)<1,0<r(4) <1,
=5:3:-2-2-1=060.
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 Def:([] ) =TI, X = X * Xma1 " o * Xp Wherem,n e Z
n—m:/lterms.

| - Index, m : lower limit, n : upper limit.

ex i @ ILis X = X3 - Xy - Xs - Xg - X7 = [[jZ5 X
@IS, i=3-4.5.6=61/2!
QI i=m(M+1)(Mm+2)...(n-1)n=
vYm,neZ*withm<n,
@ ITi'27 X; = X7+ Xg * Xg * Xq0* Xq
= T2 X745 = TLig Xy

n!
(m-1)!
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)'}he Fundamental Theorem of Arithmetic

X442 :m,ne Z% let m=pD p,A . pe® n=p, Dp,1@

p, '®, where p; is prime, e(i) 20, f(i) 20, V 1 <i <t.

Let a; = a(i) = min{e(i), f(i)} = the smaller of e(i) and f(i), V1<i<t
b, = b(i) = max{e(i), f(i)} = the larger of e(i) and f(i), V1<i<t

then @ ged(m, n) =11 %, pA®, @ lem(m, n) =11, p®

ex : m=491891400=23.33.52.72.11%. 13
n=1138845708 = 22-3%.7t.112- 133 17¢
—>P1=2,p,=3,Pp3=5,py=7,p5 =11, pg =13, p;, = 17.
—»>a;,=2,,=2,3=0,y=1,a,=1,a,=2,a,=0
J.ged(m,n)=22-32.50. 7. 111 . 132 - 179 = 468468.
—>Db,=3,b,=3,b;=2,b,=2,b: =2,b;,=3,b, =1
Sodlem(m, n)=23.3%.5%2.72.112.13%. 171
= 1195787993400.
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he Fundamental Theorem of Arithmetic

lote : Any two consecutive integers are relatively prime.
(HW 19.84.4)

EX 4.39 : Can we find three consecutive positive integers whose
product is a perfect square?
(ile.Am,neZt.st. m(m+1)(m+2)=n??)
Sol. (1/2)
Suppose dm,neZ* st.m(m+1)(m+2)=n2
1.°."gcd(m,m+1)=1=gcd(m+ 1, m+ 2),
SV primep;, pi | (m+1) = pitmand p;t (m+ 2).
mm+1)(mM+2)=n% copi | (Mm+1)=p; | n°
".* n?is a perfect square,
". the exponents t; of p; in the prime factorizations of n?
must be even.
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he Fundamental Theorem of Arithmetic

X 4.39 : Can we find three consecutive positive integers whose

product is a perfect square?
(le.Am,neZt.st.m(m+1)(m+2)=n?7?)

Sol. (2/2)

.. the exponents t; of p; in the prime factorizations of n?
must be even.

.. m+ 1is a perfect square.

2.°. n?=m(m + 1)(m + 2) and n?, m + 1 are perfect square,
= m(m + 2) iIs a perfect square.
butm?<m?+2m=mm+2)<m?+2m+1=(m+1)?
.. m(m + 2) cannot be a perfect square. >«
.". There are no three consecutive positive integer whose
product is a perfect square.
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