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¥ ‘Lecursive Definitions

Consider A, A,, ..., A, Where AcU V1<i<n+1,

we define their union recursively:

1) The unionof A, A, IsA; U A,.

2) The union of A, A,y ... A, A, forn>21is
AAUAU...UALUA L =AUAU ... UA,) UA.;

ex : “Generalized Associative Law for U”:
Ifn,reZ", withn>3and 1<r<n,then
SnN)=A,UAU...UA)U A, U...UA)
=ALU...UA UA,,;U..UA,
Where AicUforall 1<i<n.
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.18 4.2 Recursive Definitions

@® S(3) is true from the associative law of U.
@ Assuming the truth of S(k) for some k € Z*, where k > 3
and 1<r<Kk.
Now consider n =k + 1:
casel.r=Kk:
(A1UA2U UAYUA L =AUAULLLUAUAL,
.* The given recursive definition.
case 2. 1 <r<k:
(A,UAU...UA) U (A U UAUAL)
= (AJUAU...UA) U [(A U...UA) U A ]
= [(AlU UAr) U (Ar+1U UAk)] U Ak+1
(by I.H.)=(A;U...UAUA;U...UA) U A,
=AU...UAUA U...UAUA,,
". By the Principle of Mathematical Induction,

S(n) is true for all integer n > 3.
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ecursive Definitions

Note : [n] Consider A, A,, ..., A..;, Where
AcUVI1<i<n+l,
we define their intersection recursively:
1) The intersection of A, A, ISA; N A,.
2) For n > 2, the intersection of A, A,, ..., A, A1 1S
AANAN...NA, N A,
=(A;NAN...NA)NA..;.
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.2/Recursive Definitions

418 :Letn€ Z*Wheren=2,and letA, A, ..., A, cU
then A NA,N...NA,=A;UA U ... UA,

Proof.
LetS(N)=A NA,N...NA, —A1UK2U...UKn,nEZ+.
@On=2,A N A2 A U N , °." the second of DeMorgan’s Laws.
@ Assume for some n =Kk, where k>2:
ANAN..NA=AUAU..UA
Now consider n=k + 1 (= 3):
AINAN..NANA.,=(A/NAN..N Ak) N A4
= (AN Az NAYUAL=AU Az - UAY) U AL
:A_lLJKZU... U A UA.; (byI.H.)
". By the Principle of Mathematical Induction,
The generalized DeMorgan Law for n > 2 obtained.
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‘?ecursive Definitions

g 71

"Remark : +, - can also be defined in this way. In fact, EX4.1,
EX4.3 already used.

ex : @ Define the sequence of harmonic numbers H;, H,, ..., by
1) H; =1; and

1
Avn>1H.,, =H, + (m)
@ Define n! by
1) 0!'=1; and

2)vVn20,(n+1)!'=(n+1)-n!

® The sequence b, =2n, n € N can be defined recursively by
1) by =0; and
2)Vnz20,b,,=b,+2

(c) Fall 2023, Justie Su-Tzu Juan 6



)?ecursive Definitions

-X4.19 : The Fibonacci numbers may be defined recursively by
1) F=0,F;=1; and
2)F.=F, _,+F _, forne Z*withn2>2.
F,=F +F,=1+0=1
F.=F,+F =1+1=2
F,=F;+F,=2+1=3
Fe=F,+F;=3+2=5
Observation:
F02 + F12 + F22 + F32 + F42
=0°+1°+12+22+3°=15=3-5
F02 + F12 + F22 + F32 + F42 + F52
=02+12+12+22+32+5°=40=5-8
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.2/Recursive Definitions

VneZz, z“i=0, n |:i2 =Fn- Fon
Proof.
@ Forn=1%_ F*=F?+F=02+1=1=1-1=F; - F,
The conjecture is true.
@ Assume n =K, % (Fi# = F - Fyq.
Now, consider n=k + 1 (= 2):
2:i:O, k+1|:i2 - 2:i:O, K |:i2 + |:k+12 = (Fk ) |:k+1) + |:k+12 (by . H-)
= Fra - (Fet Fod) = Fraa s B
.". The truth of the case for n = k +1 follows
from the case for n = k.
By the Principle of Mathematical Induction, the given
conjecture is true for alln € Z*.
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X4.20 : Lucas numbers: defined recursively by
1)L,=2,L,=1; and
2)L, =L, ,+L,,,forne Z*withn22.
2,1,3,4,7,11, 18, 29, ...

ex:vnezhL,=F , +Fy
Proof.(1/2)

@ whenn=1landn=2:
L,=1=0+1=F,+F,=F_, +F,,,;, and
L,=3=1+2=F+F;=F, +Fy,,

. Theresultistrueforn=1and n = 2.
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ecursive Definitions

Proof.(2/2)
®@ AssumelL,=F, _,+F_,,
vn=1,2,...,k=-1,k where k>2
and then consider L, :
L =L+ Ly = (R + R + (R + R (by 1 HL)
=(Fi t o) + (Frag + FY)
= Fe+ Frio = Frana T Faenya
.". By the Principle of Strong Mathematical Induction,
L. =F, ,+F,.,VneZ.
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.,Lecursive Definitions

X4.21 . @ Define the binomial coefficients recursively by :
(O =1;("=0, ifr<0orr>n;
(" =" ("), ifn2r20
@ For m € Z*, k € N, the Eulerian number a,, , are defined
recursively by
Qo=1;a,,=0,Ifk<0ork=m;
An=(M-Ka, 1 it (kK+1a,; ,, IFO<k<sm-1.

Row Sum
(m=1) | 1=1!
(m=2) 20 1G] 2 =2l
(m=23) %Wl 4 1 6 = 3!
(m=4) ]l 11 11 1 24 = 4]
(m=5) %l 26 66%26 1 120 = 5!
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2Recursive Definitions

onjecture : XP-ja, ,=m!'vme Z*
Proof.
@ For 1<m<35,it’s true.
@ Assume the result is true for some fixed m (> 1)
Now, consider m + 1:
z:k Oam+1k_ z“k 0 [(m K+ 1)amk 1 t (k+ 1)amk]
- (m+l)am 1+amo]+[ma +2am1]+
-(m 1)am,1 + 38‘m,2] +. [3am,m—3 + (m 1)am,m—2] +
:Zam,m—z + m am,m—l] + [am,m—l + (m + 1) am,m]
Van 1 =0=a,,
z:k O m+1k [amO +m amO] + [Zaml + (m 1)am1]
+[(m 1)am m-2 t 2am m-— 2] + [m am,m—l t am,m—l]
—(m+1)2'm-1amk m+1)m!=m+1)!(byl. H)
". the resultis true forallm>1 byr the Principle of Math. Ind
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W ,,’Qecursive Definitions

X4.22 : [implicit] Define the set X recursively by
1)1 e X; and
2) Foreachae X,a+2 e X
Claim that X consists (precisely) of all positive odd integers
Proof.(1/2)
LetY ={2n+1|n e N}.
Clam: X=Y (l.e. XcYand Y c X)
Proof.
@DYcX:YVaeY=a=2n+1forsomen(~ae X)
letS(n):2n+1e€ X,V n e N.
1)S(0):2-0+1=1e€e Xlistrue.
1) Assume S(k) is true for some k > 0,
l.e. 2k + 1 1s an element in X.
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§4.2/Recursive Definitions

Proof.(2/2)
By (2) of the recursive definition of X ;
2k+1)+2=2(k+1)+1eX
.. S(k+1) is also true.
.". S(n) 1s true by the Principle of Mathematical
Induction for all n € N.
@XcY:(1):1=2-0+1€Y.
(2):Ifbe Xandb e Y istrue,
then there exist some k>0, s.t. b = 2k + 1.
Consider b + 2 € X,
b+2=02k+1)+2=2(k+1)+1eY
.. b € Y by the Principle of Mathematical
Induction for all be X. So, X c Y.
SBy®,® XcYandYcX=X=Y.
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:a,beZandb=0:
@ b dividesa, writeb|a=3n e Zs.t.a=bhn.
@ b is a divisor of a.
® a is a multiple of b.

Note: @ " Va,beZ,ab=0=eithera=00rb=0.
.. say “Z has no proper divisor of 0.
@ cancel: ex: 2x =2y =>2(x-Yy) =0
=>2=0o0rx-y=0
= X =Y.
(notx %, "% & Z)
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The Division Algorithm: Prime Numbers

'hm4.3: Ya,b,ceZ

a)l|aanda]|O.

b)[(a|b)Aa(b|a)]=>a=%xbh.
c)[@|b)a(b]|c)]=alc
dalb=a|bxforallx eZ
e)VX, Vy,zeZst.Xx=y+z

@ [(@|x)A(a
@[(@a|x)A(a

f) [(a|b) A (a]c)]

i=>alz @[@]y)a(@al]=alx
)]=aly
= a|(bx+cy)forallx,y e Z

Def : bx + cy is called a linear combination of b and c.

g Forl<i<n,letc,e Z
[V1<i<n,(a|c)]=a]|(cX;+ X+ ... +C X)),

where x,e Zforall1<i1<n.
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S ?The Division Algorithm: Prime Numbers
| f)[(a|b)A(a]c)]=a]|(bx+cy)forallx,y e Z

"Proof. (f)
[(@|b)A(alc)]= (b=am) A (c=an)forsomem,n e Z
C.obx+cy=(am)x + (an)y =a(mx + ny) with mx + ny € Z
l.e. a| (bx + cy)

Ex423: 4dX,y,zZe€Z s.t.6x+ 9y + 152 = 107?
Sol.

by Thm 4.3(g), *." [(3]6) A (3]9) A (3] 15)] = 3| 107
—

.". there do not exist such integer x, y, z.
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§

)The Division Algorithm: Prime Numbers

x 4.24 - Let a, b eZ so that 2a + 3b is a multiple of 17.
Prove that 17 divides 9a + 5b.

Proof.
".* 17 | (2a + 3b) = 17| (-4)(2a + 3b)
17| (17a+17b) = 17| [(17a+ 17b) + (-4)(2a + 3b)]
= 17| [(17-8)a + (17 - 12)b]
= 17| (9a + 5b).

Def : © Number theory: Using integer division in mathematics.
@ Anintegern e Z*,n>1, is called a prime.
= n has exactly two positive divisors, 1 and n itself.
@ All other positive integers (> 1 A not prime) are called
composite.
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he Division Algorithm: Prime Numbers

emma4.l: neZ*andniscomposite =3 primep s.t.p|n.

Proof.

Let S = {x | x Is composite and x have no prime divisor.}

If S # ¢, By the Well-Ordering Principle, S has a least
element m.

""meS

.. m s composite and m have no prime divisor.

. m Is composite,

dm,ym,eZ*withl<m;<m,1<m,<m

st.m=m;-m,

But'."m, ¢S .. mgisprimeor divisible by a prime
Consequently, 3 primep s.t. p|m 5>«
J.S=¢.
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he Division Algorithm: Prime Numbers

m 4.4 (Euclid 400 B.C.): There are infinitely many primes.
Proof.
If not, let p, pos ... » P, D€ the finite prime.
LetB=p;-py- ... P+l
“"B>p,V1<i<k .. Bcannotbeaprime

l.e. B Is composite.

By Lemma 4.1, 3 primep;, 1<j<k s.t.p;| B
" (9] PiP2ee- PO A (0] B) A (B = pyp,... Py +1)
. by Thm 4.3 (e), p; | 1
—>« ("." prime>1)
.". There are infinitely many primes.
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3 M he Division Algorithm: Prime Numbers

m45: Va,beZ withb>0,3'qg,reZ st.a=qgb+r,
where 0 <r<b.
Proof. (1/2)
A 3 (53 Aid)
@bla: Ame Z st.a=b-m, Letq=m, r=0,it’s hold.
@bta: LetS={a-th|teZ a-th>0}
(i)(S¢¢){Ifa>O: lett=0,a-tb=aes,..S=4.
Ifa<O0: lett=a-1,a-tb=a-(a-1)b
—a(l-b)+b=>b>0
("b>0,b>1,1-b<0,a(l-b)>0)
J.a—-th=a(l-b)+beS, . .S=4¢
(i) (find g, r): V a € Z, S is a nonempty subset of Z*
By the Well-Ordering Principle, S has a least
elementr, where0<r=a-qgb forsomeq e Z.
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'~,' he Division Algorithm: Prime Numbers

roof. (2/2)
(i) (0<r<b): (@)r=b=a=(q+1)b=>Db|a 5« (b}a)
(b)r>b=r=Db+cforsomec e Z",
a-gb=r=b+c=c=a-(q+1)beS
—><— (ris least)
". by (@), (b), r<h.
e L(re— 42)
Letqg,, O, I, e Zwitha=q,b+r,=q,b+r,,
where0<r,, r,<b.
W Oib = gob 1, = blgy— gyl = -1y
" 0Lr,rn<b =|r,-r|<b =blg,—-q,|<b
If q1¢ 0, then blg;—qg,| =2 b —>«
1= =Nn=r
l.e. the quotient and remainder are unique.
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AT 3}he Division Algorithm: Prime Numbers

Def : a: dividend  b: divisor q: quotient  r: remainder
Ex4.25: a)a=170,b=11
".©170=15.11+5,0<5<11
So when 170 is divided by 11, the quotient is 15 and
the remainder is 5.
b)a=98,b=7
"." 98 = 14.7, 7 (exactly) divides 98.
c)a=-45,b=8
" —45=(-6)-8+3,where0<3<38
d) Leta,beZ"”
@ a=qgbforsomeqeZ*:(-a)=(-q)b
@a=qgb+rforsomege NandO<r<bh:
(-a)=(b-r=(=qb-b+(b-r)
=(-g-1b+(b-r), O<b-r<h.
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=8 3‘/)',"he Division Algorithm: Prime Numbers

=X 4.26: CHE R @R o EF RN DR kPG
See Fig 4.10, i#t 3 ¥ * Ex 4.25 (d)

Ex4.27 : §]#* } it Algorithm 3+ % “scig 4"

Write 6137 In the octal system (base 8)

lLe. find ry, ry, ryy oooy e With r, >0 s.t. (1,...r ry)g=6137
Sol. *." 6137 = ry+r;-8+r,-8%+...+r, -8 = r +8(r +8(r,+...+8(r,)...))

and 6137=1+8-767 = r,=1 8|6137 Remainders
=1+8[7+8(95)] =r,=7 8767  1(ry)

=1+8[7+8(7+8:11)] =r,=7 | 819 1)
=1+8{7+8[7+8(3+8-1)]} = r,=3 8111  7(ry)
r,=1 81 3(r3)

i.e. 6137=1-84+3-83+7-82+7-81+1=(13771)4 0 1(ry)
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3 M he Division Algorithm: Prime Numbers

4.28 : (1/3)
@© 238 see book, Table 4.3
four bits: 0~15=0~24-1
leading 1: 8~15=23~24-1
six bits: 0~63=0~260-1
n bits: 0~2"-1
{ leading 0: 0~2™1-1
leading 1: 2n-1~2n—1

@ eight bits = one bytes
one bytes: 0~28—1 =0~ 255
two bytes: 0~215-1 =0~ 65535
four bytes: 0~2%—-1=0~4294967295
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3 M he Division Algorithm: Prime Numbers

(4.28 : (2/3) (base - 16)

® Table 4.4: Base 10 Base? Base 16
10 1010 A
11 1011 B
12 1100 C
13 1101 D
14 1110 E
15 1111 F

Represent the integer 13874945 in the hexadecimal system:
1613874945 Remainders

16 (867184 1 (r)
16 54199 0 (r,)
16 |3387 7 (ry)
16 [211 11=B (r)
16113 3 (r,)

4
0 13=D (rg) .". 13874945=(D3B701),,
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3 M he Division Algorithm: Prime Numbers

(4.28 : (3/3)
@ Converting between base 2 and base 16.
(i) Convert the binary integer 01001101 to its base-16
counterpart
01001101
4 D .".(01001101),=(4D),,

(if) Convert the two-byte number (A13F),, In base 2
A 1 3 F

1010 0001 0011 1111
.(A13F),,=(1010000100111111),
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')}he Division Algorithm: Prime Numbers

X 4.29 :

f Bcdri® £ 57 ¢ n<O0: two’s complement method.

@ First consider the binary representation of |n|,

@ Replace each 0 by 1, 1 by 0; the result is called the one’s
complement of |n|.

® Add 1 to @; the result is called the two’s complement of |n|.

ex: -6:®6—>0110

@ 0110 & 1001

® 1001 + 0001 = 1010

Note: © See Table 4.5 (p. 225): 7 ~— 8 need four-bit patterns
@ Other obtained: —-8<n<-1 & 7>2n‘>0
@ nonnegative integer start with 0, negative integer start
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3 M he Division Algorithm: Prime Numbers

(4.30 : (1/2)

® Perform 33 — 15 in base 2, using the two’s complement of 8
bits.

Sol.

" 3315 = 33 + (15);
33 = (00100001),
15 = (00001111),
— 15 = (11110000+00000001), = (11110001),
33 00100001
——
15 + 11110001

g 100010010 /nonnegative
discarded  Answer = (00010010), = 18
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3 M he Division Algorithm: Prime Numbers

=X 4.30 : (2/2)
@ 15— 33=? 15+(- 33)

15 = (00001111),

33 = (00100001),

—» — 33 =(11011110+00000001), = (11011111),
15 00001111

——33 + 11011111 @ Take the one’s complement

11101110 — (00010001),

neéative — (00010010), = 18
CJAnswer =—18 @ Add 1
® [overflow error] ex: 117+88
117 01110101

ivell
+8 7 101 Negativell >«
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=8 4.3 ,"he Division Algorithm: Prime Numbers

"Remark : In general, let X,y € Z* with x >y, 2"2< x < 21
Then the binary rep. for x is made up of n —1 bits — n bits
The one’s complement of y = (2"- 1) -y=11...1 -y

The two’s complement of y = (2"- 1) -y +1 nigl
JSoX=y=x+[2"-1)-y+1]-2"

~ removal of the extra bit
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3 M he Division Algorithm: Prime Numbers

4.31: If n e Z*and n is composite, then 3 p: a prime
st.plnandp<n.

Proof.
@ °." nis composite
.. We can write n = n;n,, wherel<n,<n,1<n,<n.
If (n,;>+n)and (n,>n),
thenn=n;n,>(J/n) (Vn) =N 5«
S.n < Jnhorn,< /p, WL.O.G.sayn, < Jn .
(without loss of generality)
@ If n, is a prime: the result follows.

If n, iIs not a prime: by Lemma 4.1,
daprimep<n; s.t. p|nyg,
pln,Ang|n,
S.plnandp<n.
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