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| /A First Word on Probability

N oY

y

Def (0@ experiment Z ~ sample space S ~ event A (C )
elementary event a (€ A). Let |S = n. 1
@ Pr(a) = The probability that a occurs =, =7
4] _|4

Pr(A) = The probability that A occurs = ™~ =4

n N

|14} |

Ex3.28 ~ Ex3.360Isee book.
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}A First Word on Probability

Ex3.31 (15 cards from a standard deck of 52 cards. (°%) = 2598960
What is the probability:
(a) Three aces and two jacks; (b) three aces and a pair;
(¢) a full house?
Sol.
(a) () = 4 for aces, (3) = 6 for jacks.
Let 4 = the event where Tanya draws three aces and two jacks.
~Al=G) 3) =4 6 Pr(A) =24 /2598960 = 0.000009234.
(b) ( ) = 4 for aces, ('3) (3) = 12-6 = 72 for a pair.
Let B = the event where Tanya draws three aces and a pair.
“IBl=®) (Y3) &) =4-72; Pr(B) = 288/2598960 0.000110814.
(¢) (1 ) (4) = 13-4 for three something, (') (3) = 12-6 = 72 for a pair
Let C= the event where Tanya draws a full house.
~C=(13) &) (3 B) = 13-288 = 3744;
Pr(C) =3744 / 2598960 = 0.001440576.

(c) Fall 2023, Justie Su-Tzu Juan 3




\' )‘A First Word on Probability

| [1® Cartesian product, or cross product,of A and B=A4 x B
={(a,b)|ae A, b € B }.
@ ordered pairs : the element of A x B. (form : (a, b))
® (a, b) =(c, d) if and only if a = c and b = d.

Ex3.32014={1,2,3} and B = {x, y}, then
A x B ={(1,x), (1, ), (2, x), (2, ), 3, x), 3, )}
B xA={x,1), 1), (x,2), (¥, 2), (x,3), (¥, 3);
1I,x)eAxB,(1,x) ¢ BxA
A x B|=32=6=|A| |[B|=|B| |A| = |B x A|.
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N,

\
x3.37 (1120 passengers on airline:
48: wine; 78: mixed drink; 66: iced tea;
36: 2 beverages; 24: 3 beverages.
Choose two from 120 passengers: what is the probability that:
a) Event A4 : they both want only iced tea?

b) Event B : they both enjoy exactly two of the three
beverage offerings?

)A First Word on Probability

Wine I. T.

A
(R
d w ixed
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8 A First Word on probability [Wine T |
y

ol. (1/2) A
a+b+c=36 AvA
M_a-b=24+c-36=c—12 >0
42 —a—c=42+b-36=b+6 >0 .

; ixed

S54-b-c=54+a-36=a+18 >0

and 120=(c-12)+(b+6)+ (a+18)+a+b+c+24+d
=362+12+24+d=108 +d

Sd=12

(8 unknowns 6 equations .. infinite selected)

ex:

leta=b=12,thenc=12,42-a—-c=b+ 6 =18.

leta=b=10,thenc=16,42—-a—-c=b+ 6 =16.
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_' ;.‘;A First Word on probability

e '-."/

[. T.

o
(/)

12 v ixed

ol. (2/2) Wine
In Book:
= () ="7140
] =( 5)=153
3¢
Bl=(")=630
s Pr(A)= 2380, Pr (B)= -
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X § 4. 1}'he Well-Ordering Principle: Mathematical
fInduction_______

Def UThe Well-Ordering Principle : Every nonempty subset
of Z* contains a smallest element. (Z* is well ordered)

Thm 4.1 OFinite Induction Principle ( or The Principle of
Mathematical Induction):

Let S(n) denote an open mathematical statement that
involves variable n € Z.*.

a) If S(1) is true; and

b) If whenever S(k) is true, then S(k + 1) is true; k € Z.".
then S(n) is true for all n € Z.*.
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Proof. Let F={t € Z* | S(?) is false}.
If F # ¢, then by the Well-Ordering Principle,

31 s € F such that s is the least element of F.
“SA)istrue, - 1 & F, s # 1,

=>s>1,s—-1€7Z".
* 5 is the least element of F, . s — 1 & F. i.e. S(s — 1) is true.
“ 8§(s—1) is true = S(s) is true (by (b))

=>SsEF. ¢«
s F=g.

Def [(a) “S(1) is true”: basis step

(b) “S(k) is true = S(k + 1) is true” : inductive step
“S(k) is true”: induction hypothesis (I. H.)
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WS 4. 'ﬂ'he Well-Ordering Principle: Mathematical
Ll | /Induction

Remark 0O® 1 - n, € Z. sub.
@ [S(ng) A [VE=ny[S(k) = S(k+ 1)]]] = Vn=n,S(n)

Think: Pushing dominoes:

+

2 Ng 3

N

No ng + 1 n

(@)

l,

(b)

(o)
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iX41NneZ, 2" i=1+2+3+...+n=n(n+1)).2.
Proof. LetS(n)is2"_,i=n(n+1)/2.
@On=1:51):21_1=1=1-1+1)/2. ~SQA)is true.
@ Assume n = k, S(n) is true for some k € 7+,
i.e. S(k): 2k_i=k(k+1)/2,is true.
Then, whenn=k +1,
Sth+1): 2k ji=1+2+3+...+k+(k+1)
- (Zlf=1 i) T (k * 1)9
byLH)=(k(k+1)/2)+((k+1)
=k(k+1)+2(k+1)]/2
=k+1)(k+2)/2.
= S(k+ 1) is true.
By the Principle of Mathematical Induction,
S(n) is true for all n € Z.*.
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. § 4.1}he Well-Ordering Principle: Mathematical
= /Induction____________________________

'EX 4.2 [1A wheel painted by 1 to 36 in a random manner. Show
that 3 3 consecutive numbers total 55 or more.
Sol. (By contradiction) Assume Xx;, X,, ..., X3; be the numbers
labeled in the wheel clockwise.
For the result to be false:

rnEx <8 3w, =33,
Xty <53 —3.(36:37)/2
X;tx,+xs <55 =3-(36-37)

: S =3. 666
X3y T X35 T X3, <55 = 1998
X35 T X36 T X7 <35 36 - 55 = 1980

+) X356 T Xt x, <55 )

= 1998 <1980 o>«
3 Z?ilx,<36 ° 55
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X444 NneZ,2" (it=nn+1)2n+1)/6.
Proof.
LetS(n):2"_,i?=n(n+1)2n+1)/6.
@ Basis Step: S(1) : 2.}_,i2=1=11+1)(2+1)/ 6. ~ S(1) is true.
@ Inductive Step:
Assume S(k) is true for some k € Z.%,
ie. 2k 2=k(k+1)2k+1)/6.
Then S(k+1): 2kt 2=23Fk_ 2+ (k+ 1)?
BylL H)=k(k+1)2k+1)/6+ (k+1)*
=(k+D[EQRk+1)/6+ (k+1)]
=k+1) Q2K +T7k+6)/6
=(k+1)k+2)2k+3)/6,S(k+1)is true
= By Principle of Mathematical Induction, S(#) is true V n € Z".
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'EX 4.6 [’'Why need to establish the basis step:
(no matter how easy it may be to verify it!)
ex: LetS(n):2"_,i=m*+n+2)/2.
Assume S(k) is true for some k € 7.7,
e Xk _i=(KR+k+2)/2.
The S(k+ 1) : 2kt i=2%_ i+ (k+1)
ByLH)=(K*+k+2)/2+(k+1)
=[k*+k+2+2(k+1)]/2
=[(k+1)+(k+1)+2]/2,8(k+1)is true!
If we can find S(n,) is true for some n, € Z*,
Then S(n) is true for all n > n, € 7.
But, By Ex4.1,>"_,i=n(n+1)/2.
= nn+1)/2= Z”_ i=m*+n+1)/2.
= 0=1 —><!!
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Note [ISee Fig. 4.2, using n “+”, n “xX”, v.s.

Fig. 4.3, using 2 “+”, 3 “x”,

procedure SumOfSquares1 (n: positive integer)

begin
sum ‘= 0
fori :=1tondo
sum = sum + 1?2
end
Figure 4.2

procedure SumOfSquares2 (n: positive integer)
begin

sum 2= n*(n< 1)y*(2%n 4 1)/6
end

Figure 4.3
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N,

)\"he Well-Ordering Principle: Mathematical
/Induction

x 4.7 O[FEE#1723(] Consider the sum of consecutive odd
positive integers:

1)1 = 1=12 2)1+3 = 4 =122
3)1+3+5 = 9=32 H1+3+5+7=16=42
~. We conjecture : S(n): 2, (2i — 1) = n? is true.

Proof it :

@ S51), S2), S(3), S(4) are true.

@ Assume S(k) is true,

ie. 2k Qi—-1)=K.
Then, S(k+1): 25tV 2i—-1) =25, 2i—-1)+2k+1)
(By LH.) =k+2k+1=(k+ 1)

s S(k+1)1is true.
By Principle of Mathematical Induction,
S(n) is true for all n € 7.
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. he Well-Ordering Principle: Mathematical

g Anduction

v gF Table 4.1
ﬂ D[ Z] 7 Arz 2z — 7 rz Arz nz — 7
1 4 — 6 5 20 18
2 8 = 6 24 29
3 122 2 7 28 42
4 16 o S 52 D

Conjecture S(n): V n=>6,4n <(n*-"17).
Proof.
@ S(6) is true by above table.
@ Assume S(k) is true for some integer k > 6, i.e. 4k < k> 7.
Considern=k+1:4k+1)=4k+4<(k*-T7)+4 (by LH.)
“Vk=26,2k+12>213>4
CAk+D)<R-T)+4<K-T)+2k+1
=>4k+1)<K+2k+1)-T=(k+1)*-1.
= S(k + 1) is true.
By Principle of Mathematical Induction, $(n) is true V n > 6.
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4.9 OHarmonic number : H,=1+1/2+1/3+...+1/n.¥ n € 7.
Property: Vne 2%, 2, ,"H;=(n + l)H —n.

9 J_

Proof.
LetS(n) : 2 ,"H;=(n+ 1)H, — n.
@On=1:Z_'H=H,=1=21-1=(1+1) - H, -
= S(1) is true.
@ Assume S(k) is true for some k € Z*,
i.e. X \*H;= (k+1)H, -

Then, consider n =k + 1:

24 ""H;=%;*H; + H,,= [(k+ 1)H, — k] + H},, (by L.H.)
=(k+ 1)[Hk+1 1/(k+1)]—-k+ Hy
=(k+2)H;,,—1-k
=[(k+1)+1|H,,—(k+1)  S(k+1)is true.

By the Principle of Mathematical Induction, S(n) is true Vn € Z°.
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8 4, 1)"he Well-Ordering Principle: Mathematical
e | Induction

'4.10 O[Binary Search] V n > 0, let A, c R, where |4,| = 2". And
the elements of 4, are listed in ascending order. r € R, prove that:
“determine r €A4,, or not must compare < n + 1 elements in 4,”.

Proof. (1/2)

Let S(n)=*determine r €4, or not, compare < n+1 elements in 4,”.

® n=0: Ay= {a}, and only 1 comparison is needed. 1 =0 + 1,

= §(0) is true.
@ Assume S(k) is true. For some k£ > 0, consider n =k + 1:
Ak+1 c R where |Ak+1| = 2k+1.
Let A,., = B, U C,, where |B,| = |C,| = 2% and
the element of B,, C;, are in ascending order with
VbeB,Vce(C,b<c
Now: a) First we compare r and x = the largest element x in B,.
b) If r<x,thenr ¢ C,.
¢) It r>x,thenr ¢ B,.
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. he Well-Ordering Principle: Mathematical

& | /Induction

roof. (2/2)
Both (b), (¢) imply, = |B,| = |C,| = 2%, by I. H.
we can determine where r € B, (C;) by making < k + 1
additional comparisons.

~ at most (k + 1) + 1 comparisons are made, i.e. S(k+1) is true.

By the P. of Math. Induction, the general result follows.

EX 4.11 OProgram verification. (E)
S(n) =V x,y € R, if the program reaches the top

while n # 0 do of the while loop with n € N, after the loop
beng‘:‘ e is bypassed (for n = 0) or the two loop
ni=n-—1 instructions are executed n (> 0) times,
end then the value of the real variable answer is
answer .= x n
x(y").
Figure 4.4
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.1 The Well-Ordering Principle: Mathematical

o | Induction

Sol.

S(n) =V x,y € R, if the program reaches the top of the while loop
with n € N, after the loop is bypassed (for n = 0) or the two loop
instructions are executed » (> () times, then the value of the real
variable answer is x(").

S(0) is true. Since when n = 0, answer = x = x(1) = x ()").

S(k) is true = S(k + 1) is true. A “x,”!

while n # 0 do EAl:
begin 1. The value of y is unchanged
LA 2. The value of x is x; = x(y!) = xy.
end 3. Thevalueonnis(k+1)—-1=k.

Figure 4.4
By 1. H., after the while loop for x;, y and n = k is bypassed (for k = 0)
or two loop instructions are executed k (> 0) times, then answer =
x1(07) = ) (¥ = x(pF ).
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WS 4, 1\%he Well-Ordering Principle: Mathematical
Ao /Induction

( 4.13 0S(n) : n can be written as a sum of 3’s and/or §’s.
Prove S(n) is true for all n > 14.

Proof.
@O n=14:14=3+3 + 8,5 (14) is true.
@ Assume S(k) is true. For some &k > 14,
i.e.da,b e ZU{0} suchthatk=a-3+b-8.

Consider n =k + 1:
Byl.H:k+1=a-3+b-8+1forsomea, b e Z U{0}.
Casel:ifb#0:thenk+1=a-3+b-1)8+9

=(@+3)-3+(bH-1)-8.
Case2:ifb=0:ie.k+1=a-3+1forsomea e Z".
vk>214 . a>5, 1ie.(a-5)e Z7U{0}.
~k+1=@@-5-3+2-8.
By Case 1 & 2, S(k + 1) is true.
By the Principle of Mathematical Induction, S(n) is true for all
> 14.
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‘f§
B

4.1 f’he Well-Ordering Principle: Mathematical
Anduction

hm 4.2 OPrinciple of Strong Mathematical Induction :
(Finite Induction Principle — Alternative Form):
Let S(n) denote an open mathematical statement that involves
the variable n € Z". Let ny, ny € Z" with ny < n,,
basis step a) If S(ny), S(ny+1),...,5m—1),5(n,) are true;
and
inductive step b) If whenever S(ny), S(ny+ 1), ..., S(k—1), S(k)
are true for some k € Z*, where k > ny, then
S(k + 1) is also true.
then S(n) is true V n 2 n,,.

Remark [JAs Thm 4.1, n, need not actually be a positive integer.
It may be 0 or negative integer.
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WS 4, 1\%he Well-Ordering Principle: Mathematical
Ao /Induction

{4.14 DAs EX 4.13,V n € Z* where n > 14,
S(n) : n can be written as a sum of 3’s and/or 8’s.

Proof.
D~v14=3+3+8;15=3+3+3+3+3;16=8+8.
= 5(14), S(15), S(16) are true. (ny=14, n; =16)
@ Assume S(14), S(15), ... , S(k-1), S(k) are true for some
k € 77" with k > 16.
Nowifn=k+1,thenn=>17and k+1=(k-2)+ 3.
=14<k-2<k, . S(k—-2)is true. (by I.H.)

i.e. (k — 2) can be written as a sum of 3’s and/or 8’s;
so k+1=(k—-2)+ 3 can also be written in this form.
~ S(k+1) is true.

= 8§(n) is true for all » = 14 by the Principle of
Strong Mathematical Induction .

(c) Fall 2023, Justie Su-Tzu Juan 25



. _'. 4. 1\‘)he Well-Ordering Principle: Mathematical
| ;>nducuon

Ex 4.15 (JUsing more than one prior result] Leta,=1,a,=2, a, =
3anda,=a, ta,,+ta, 3V ne Z+Wheren23
e ay=a,ta;+tay=3+2+1=6 A
ay,=ay;ta,+a;=6+3+2=11
as=astay;+a,=11+6+3=20
Prove: a,<3"V n e N.
Proof. (1/2)
LetS’(n):a,<3"V neN.
Di)ay=1=3"<3Y ii)a;=2<3=3! ijii)a,=3<9=32%
~.5°(0),8°(1), S’(2) are true.
@ Assume S’(0), $°(1), S’(2), ... , 8’(k—1), S’(k) are true
for some k € Z" where k > 2.

~/
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he Well-Ordering Principle: Mathematical
| nduction

y

roof. (2/2)
Forn=k+123,a;,.=a,+a,,+ a,,
< 3k + 3k—1 + 3k—2
< 3K+ 3k + 3k = 3(3%) = 34+,
S |SPB-2)AS(k—1)AS°(K)] = S°(k +1).
By the Principle of Strong Mathematical Induction ,
a,<3"V neN.
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ecursive Definitions

Def 0D explicit formula. ex : b,=2nV n € N.
® recursive definition.
ex: (a,=a, ta,,+ta,;,VNnel,n=>3.
ay=1,a,=2,a,=3.
ex: EEBR : b =2-6=12
a¢= a5+ a,+ a;
= [(a4 + a3 + ay))H(a3 + a, + a))+H(ay + a; + ay)]

® a basis for the recursion. ex : ag=1,a,=2,a,=13
the recursive process.
ex:a,=a, va,,ta,;Vnel,n>3.
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N
}ecursive Definitions

S 4

EX4.16 OGiven any statements p, Py «oey Pys Pri1s W€ define
1) the conjunction of p,, p, by p; A p,, and

2) the conjunction of py, pyy «cey Py Ppiq fOr n 2 2 by
PIADIN e APy APuit & (DIADIA coe APy) APt

ex: Letn € Z"wheren >3,letr € Z" with 1 <r <n. Then
S(n) : For any statements py, Pry «ceo Dps Pri1s +oos Puo

(PINPIN AP A (DN oo NDy) &

P1A\DIN ¢« ANDND i1 /N\ e e e AP 0
Proof. (1/2)

@ S(3) is hold by the associative law of A.
@ Assume S(k) is true for k>3 and all 1 <r <k,

Now, Consider S(k + 1):
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.2 Recursive Definitions

roof. (2/2)

case 1. If r = k, then
(PIADIN coe AP APit1t S PIADPIA oo ADpA Piint
is true from our recursive definition.

case 2. For 1 <r <k, we have

PIAPLA e AP A Prg A oo AP A Piiy)
S @PLAP2A e AP)APra A oos AP A Pl
S P1APIA e API APt A oo AP A Prnt
(by I. H) & (D1 APIA cce AP AP A eoe AP A Pt

S P1ADP2N coo A Pitre
. by the Principle of Mathematical Induction,

S(n) is true for all n € Z" where n > 3.

(c) Fall 2023, Justie Su-Tzu Juan
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N

| .}ecursive Definitions

X4.17 O[U]
Consider A, A5, ..., A,,.;, Where A;,c U V1<i<n+1,
we define their union recursively:
1) The union of 4, A, is A; U A,.
2) The unionof A, 45, ... A,,, A, .1, for n =2 is
A UA,U...UA,UA,,,=(4,UA,U...UA,)UA,.,.

ex [“Generalized Associative Law for U”:
Ifn,re Z*,withn >3 and 1 <r <n, then
S(n)=(A;U A,U...UA)U(A,,U...UA)

=4,U...UA,UA.,U...UA,.
Where A;c Ufor alll1 <i<n.
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.2 Recursive Definitions

Proof.
@ S(3) is true from the associative law of U.
@ Assuming the truth of S(k) for some k € Z*, where k> 3
and 1 <r<k.
Now consider n =k + 1:
casel.r=k:
(AIUAzu...UAk)UAk_H =A1UA2U...UAkUAk+1
** The given recursive definition.
case2.1<r<k:
(A4,UA4,U...UA) U (4,,{U...UA,UA,.)
= (4,UA4,U...UA,) U [(A4,.1U...UA,) U A, .4]
= [(4;U...UA,) U (4,.,U...UA)| U A,
(by I. H.) = (4,U...UA,UA,,U...UA)) U 4,
= A4,U...U4,UA,.U...UA,UA,.,,
~. By the Principle of Mathematical Induction,

S(n) is true for all integer n > 3.
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8 4 }ecursive Definitions
Note JN] Consider A, A5, ..., A,.{, Where
A;cUV1IL<i<n+]1,

we define their intersection recursively:

1) The intersection of 4, A, is A; N A,.

2) For n = 2, the intersection of A, A5, ..., A,, A, {18

AinA,Nn...NnA, N A, 4
=A;NnA,Nn...NA)N A,
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Recursive Definitions

X4.18 (Let n € Z* Where n > 2, and let Ay Ay eeey Ay U
then4A,NnA,Nn...NA,=4A,UA,U...UA,

Proof.
LetS(n)=4A,NnA,Nn...NA,=AUA,U...UA,,n€EZL"
@O n=2,4,Nn A=A, U A,, " the second of DeMorgan’s Laws.
@ Assume for some n = k, where k > 2:
AiNA,N...NA,=4,UA,U...UA,
Now consider n =k +1 (= 3):
AinA,Nn...NA,NA,=ANAN...NA) N A,
=A,NA,N...NA)U A=A UA,U...UA)U A,
=A,UA,U...UA, UA, (by I. H.)
= By the Principle of Mathematical Induction,
The generalized DeMorgan Law for n > 2 obtained.

(c) Fall 2023, Justie Su-Tzu Juan 35



N

J)lecursive Definitions

emark : +, IR Y ER - 5
EX4.3) BZ ol FRER

BELESFE °

L

. ZaIEeHAiE 7 (EX4.1,

ex : D Define the sequence of harmonic numbers H,, H,, ..., by

1) H =1; and
2)‘v’n21,Hn+1=Hn+( ! )
n1
@ Define n! by

1)0!=1; and
D)Vn20,n+1)!=(n+1)-n!

1) b, =0; and

® The sequence b, =2n, n € N can be defined recursively by
2)Vnz20,b,,=b,+2
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D

RS 1 )}lecursive Definitions

'EX4.19 (OThe Fibonacci numbers may be defined recursively by

1)F0—0 Fl 1; and

D F, = + F, ,,forn € 2" with n > 2.
F, = F1+F0 1+0=1
F,=F+F,=1+1=2
F,=F;+F,=2+1=3
Fs=F,+F;=3+2=35

B
F?2+ F?+ F,2+ F?+ F}?
=02+12+12+22+32=15=3 -5
F:+F?2+F2+F2+ F2+ F¢?
=02+12+12+22+32+5°=40=5-8
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2 Recursive Definitions

Vne€Z 2, F'=F,  F,,
Proof.
@ Forn=1,2 4y F=Fy?+F*=0+1"=1=1-1=F, - F,
The conjecture is true.
@ Assumen =k, 2  F?=F; - F;,,.
Now, considern =k +1 (= 2):
Sico, k1t Fi? = Zico, k P+ F* = (Fy - Fiiy) + Frii® (by 1 H.)
=Fi1 - (Fy+ Fro) = Fioq s Frn
= The truth of the case for n = k +1 follows
from the case for n = k.
By the Principle of Mathematical Induction, the given
conjecture is true for alln € Z.".
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EX4.20 OLucas numbers: defined recursively by

1)L,=2,L,=1; and

2)L,=L, ,+L,,,forn e Z" withn=2.
2,1,3,4,7,11, 18, 29, ...

ex:VneZWwL,=F,,+F,,
Proof.(1/2)
@ whenn=1andn=2:
L,=1=0+1=Fy+ F,=F, {+ Fy,{, and
L,=3=1+2=F +F;=F, + Fy,,
~. The result is true for n =1 and n = 2.
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Proof.(2/2)
@ Assume L,=F, ,+ F,
Vn=1,2,...,k-1,k where k=2
and then consider L, :
Liw=Li+Liy=WF+ Fr) T (Fiy + Fy) (by L H.)
=(Fia t Fip) + (Fp + Fy)
=Fi+ Froy = Foopa t Faayn
= By the Principle of Strong Mathematical Induction,
L,=F, +F,,VnelZ.
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) Recursive Definitions

EX4.21 0® Define the binomial coefficients recursively by :
WH=1;(")=0, ifr<0orr>n;
(rn+1) = (rn) + (r—ln)9 iftn2rz=0
@ Form € 77, k € N, the Eulerian number a,, , are defined
recursively by
{aoo 154, ,=0,if k<0 or k> m;
=m-Ka, 1+ k+Da, 1, if0<k<m-1.

Row Sum
(m=1) | 1=1!
(m=2) 01 A1 2=2!
(m =23) “w]1 4 1 6 =3!
(m=4) “w] 11 11 1 24 = 4!
(m =5) 1 26 6626 1 120 = 5!
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onjecture : X7-a, ,=m!VmeZ'
Proof.
@ For 1 <m <5, it’s true.
@ Assume the result is true for some fixed m (= 1)
Now, consider m + 1:
20 Ay =22 [((m -k + 1ay,,  + (k+ 1)a, ]
=[(m + Da,,_, +a,pl +|ma,,y+2a,,]+
(m—1)a,,+3a,,+...+[3a,,3+m-1a,, ]+
:Zam,m—Z +m am,m—l] + [am,m—l +(m+1) am,m]
v ay, 1= 0=a,,
Zk 0 U1 = lWup + m a, ol +2a,, + (m-1)a,,,|
+. +[(m Da,mat2a,,,5 +Ima,,  +a,,l
—(m+1)2 Oamk m+1)m!=m+1)!(byl H)
~ the result is true for all m > 1 bsy the Principle of Math. Ind
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/s

EX4.22 OJimplicit] Define the set X recursively by
1)1 € X; and
2) Foreachae X,a+2 e X
Claim that X consists (precisely) of all positive odd integers
Proof.(1/2)
LetY={2n+1|n € N}.
Claim : X=Y (i.e. Xc Yand Y c X)
Prootf.
@OYcX:VaeY=a=2n+1forsomen (~»ae X)
let S(n) :2n+1e€ X,V neN.
i)S0):2-0+1=1 € Xis true.
i) Assume S(k) is true for some &k = (),
i.e. 2k + 1 is an element in X,
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L
B’ /3
o

Proof.(2/2)
By (2) of the recursive definition of X ;
RQk+1)+2=2(k+1)+1eX
s S(k+1)is also true.
. S(n) is true by the Principle of Mathematical
Induction for all » € N.
@XcY:(1):1=2-0+1¢€Y.
2):Ifbe Xand b € Y is true,
then there exist some k= 0, s.t. b =2k + 1.
Consider b +2 € X,
b+2=QRk+1)+2=2(k+1)+1 €Y
~ b € Y by the Principle of Mathematical
Induction for all be X. So, X c Y.
~By®, @ XcYandYcX=X=Y.
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