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l)gets and Subsets

( 3.7 : @ Determine the number of subsets of the set C = {1,
2,3, 4}.
2x2x2x2=2%=16 (include gand C)
@ Determine the number of subsets of two elements
from C.
C4,2)=6
® . 28=Ct+CA+CA+CA+Ct =2 04C(4, K)

Def : The subset of one element = the singleton subset.

Def 3.4 : The power set of A, denoted by #(A) (or 24)
= The collection of all subsets of A .
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= {4,
{1, {23, {3}, {4}
{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}
{1, 2, 3}, {1, 2,4}, {1, 3, 4}, {2, 3, 4},

C}

Remark : For any finite set A with [A|=n, n >0

@ |7(A) =2
@ Vv 0<k<n,thereare C(n, k) subsets of size k.
@ 2" = 2" -, C(n, k)
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1 }“lets and Subsets
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000 ¢ ||000« |[000| 000
0 ¢ |[10|0 {x} || 100 010/ 001
1 {xX}[[11]0 {xy}| 110 011|101

01|0 {y} ||010 001|100

00 ¢ 01(1 {y,z} || 011 101}/ 110
110 {x} || 11|1{xyz} 111 1111010
101 {X,yH| 101 {x,z}| 101 110|011
Ol1 {y} ||00/1 {z 001~ 10011111
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8 3.1 Sets and Subsets

y

3.10 :

. ° 3% Y
4 » 4 4
= 3
2 — 2
1 1

X 1, X
1 2 3 4 53 6 7 1 2 = 4 S 6 7
(@) R,U,R,R,U,R,R,U (b) U,R,R,R,U,U,R,R
Figure 3.1

AR, URRUR R U={25 8}from{l, 2, 3,4,5,6, 7, 8}
(b)U,R,R,R,U U R R={1,5 6} from{l, 2, 3,4,5,6, 7, 8}
U R URR R UR&{1,3,7}from{l, 2, 3,4,5,6, 7, 8}
The number of paths equals the number of subsets A o
{1, 2, 3,4,5, 6, 7, 8}, where |A| = 3.
=C(8,3)= =56

(“U” ¢ “lggw IB| =5= C(8, 5)= 5%: 56 )
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§ 3,1 lets and Subsets

X 3.11 : There are 2 ways to write 7 as a sum of one or more

positive integers = There are 2° subsets for {1, 2, 3, 4, 5, 6}

1 +1+1+ 1+ 1+ 1+ 1
| | | !

Istplussign  2nd plus sign Sthplussign  6th plus sign

@ {1, 4,6}: (1+1)+1+(1+1)+(1+1) 2+1+2+2
@ {1, 2,5, 6}: (1+1+1)+1+(1+1+1) 3+1+3
®@1+1+5= 1+1+(1+1+1+1+1) {3, 4,5, 6}

5

Table 3.1
Composition of 7 Determining Subset of {1, 2, 3,4, 5, 6}
(i) 14+ 1+1+14+1+1+1 6)) 7]
(i1) 1520 ] ] (i1) {2}
(ii1) R [ e e el e e | (i11) {3,4}
Gv) 252 (iv) {1, 3, 4, 6}
(v) s = (v) {1,2,3,5, 6]}
(vi) 7 (vi) {1.2,3,4,5.6}
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&8 3.1 Sets and Subsets

3.12 : For integers n, rwithn>r>1,C(n+1,r)=C(n, r) +
C(n,r-1).
Sol.

Let A={X, a;, 8y ..., 8.}
@ All subsets of A that contains r elements = C(n+1, r).
@ CcA wherexeCand|C|=r:C(n,r-1).
® Cc A wherex g Cand |C|=r:C(n,r).
TO=0+0
SCn+l, r)=C(n,r) + C(n, r-1).
Another Sol.
¢ * EX3.102. * & :
AE0,0FN+1-r,nN2 32 :£Cn+l,r)
Bis-HE2OR:(n-r,n;{HU:(n+1-r,r-1)
C(n,r)+C(n,r-1).
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¢ 8 3.1 Bets and Subsets

3.13 : Find the number of nonnegative integer solutions of
X+ X, + ..o+ X < 10.

Sol.
V k, 0 <k £9, the number of solutions to x; + X, + ... + X; =K
)
. the answer = (,°) + (%) + (,)) + (B + ... + (1Y)

@)+ O+ + )+ + (M)
D)+ + G+ .+ (M)
)+ O+ ..+ (M)

e = (M) + (") = (o) =5005.
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(=5

Figure 3.2 Figure 3.3
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b) N = the set of nonnegative integers or natural numbers

the set of nonzero rational numbers

the set of nonzero real numbers

the set of nonzero complex numbers
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~3. '}!et Operations and the Laws of Set Theory

all : ® binary operation : use two operands.
@ closed : + under Z*, [ under Q*.

Def:ForA,BSU.
a) A U B, theunionof Aand B={x|x €A v x € B}.
b) A N B, the intersectionof Aand B ={x| X € AA X € B}.
c) A A B, the symmetric difference of A and B
={X|(xeAvxeB)AX&ANB)}
={X|x€eA UBAX&AnNB}

Note : @ U, N, A are closed binary operations on 2(U ).
e TAABEUAUBANBAABCU
@ Z2(U) is closed under these operations.
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X3.15:U={1,2,3,...,9},
A={1,2,3,45},B={3,4,56,7},C={7,8, 9}

a)ANB={ } e)AAB={
b)A U B={ } HDAUC={
c)BNC={ } ggAAC={
dANC-=

Note:ANBEACSCAUB
OXEANB=>(XEAAXEB)=>XEA.
@xeA=>(xeAvxeEB)=>xeA U B.
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3.2 8et Operations and the Laws of Set Theory

Def 3.6: LetS, TS U, S, T are called disjoint (or mutually
disjoin)=SNT=¢

Thm3.3:IfS, T €U, then
Sand Taredisjoint<&S U T=SAT
Proof. (1/2)
(=2)VXEU: DXeES UT.
SNT=¢g, . Xx&SNT.
S.XESAT.
.,e.SUTCESAT.
@YESAT=>YyESUTAYESNT.
S.YES UT.
Le.SATESUT.(VS, TCUF = =)
by ®, @, SAT=SUT.
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Sand Taredisjoint<S U T=SAT

'Set Operations and the Laws of Set Theory

roof. (2/2)
‘ (<) Proof by contradiction.
Assume S and T are not disjoint, SN T # 4.
LetxeSNT,thenXxe€SAXET.
SoXeESUTandxeSAT(=SUT).
But, " XESNTAXESUT
> XESAT ¢
.". Assumption was incorrect.
l.e. Sand T disjoint.

Recall : 2-5=-3 & N. But -3 € Z. (superset)
minus or negative : the unary (or monary) operation .
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: For aset A € U, the complement of A, W — A (or 4 )
={X|XeEUAXEA}

EX3.16:U={1,23,4,5,6,7,8,9, 10}
A={1,2,3, 45} B={3,4,5,6, 7} C={7,8, 9}
A ={6,7,8,9, 10}
B ={1,2,8,9, 10}
C ={1,2 34,56, 10}

Note:VACU, ACSU. .. (W) is closed under the unary
operation.
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gt Operations and the Laws of Set Theory

ef 3.8 : For A, B € U, the (relative) complement of A in B,
B-A={Xx|x€BAX&A}

EX3.17:U=1{1,2,3,...,9},
A={1,2 3,45}, B={3, 45,6, 7} C={7,8, 9}
a)B-A={6,77 b)A-B={1,2} Cc)A—C=A
dC-A=C e)A—A=4g HNU-A=A
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A=1[12],B=11,3)
a) A={x|1<x<L2}c{x|1<x<3}=B
D)AUB={x|1<x<3}=B
COANB={x|1<x<2}=A
dB=(-w,1)U[3,+o0)c(-o,1)U(2,+0)=A4

Thm 3.4 : For any sets A, B € U. TFSAE:
a)AcB b)AUB=B
c0ANB=A dBcA
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‘;_‘t Operations and the Laws of Set Theory

roof. (1/2) (prove that (a) = (b)) = (¢) = (d) = (@) )
1) (a) = (b) AcB=AUB=B
D B<S A U B: trivial.
@AUBCEB: VX, XEAUB=XxEAVXEB
""ACEB, ..XEA=X€EB
Le. XEAVXEB=X€EB
SV, xeA U B=xeB.
by ® @, A U B=B.

1) (b) = (c) AUB=B= A(B=A
D ANBCA: trivial
@ACANB:VYyEA,

""AUB=B,'.yEA=>yeEAUB=yeB.
S.YEADYVEAAYEB=YEANB.
by ® @, A=ANB.
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i) (¢) = (d) : ANB=A=BcCA
""ANBcEB,Vx[xeANB=xeB].
Vi[zEBoz¢B]
'CI1€B=>7¢ANBozé A EA,
S.Vz[zEB=7z€ A], thatis, B € A.

Iv) (d) = (a) : BcA=ACB
VWWEASWEA. ——--- ®
If weé B, thenw € B,
C.By(d),weB=>wEeEA. ---—---- @)
By O@Q. WgAAWEA ¢
S WEB. (If)

l.e. A € B.
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| aws of Set Theory
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get Operations and the Laws of Set Theory

.9 : Let s be a statement dealing with the equality of two set
expressing. Each may involve >1 sets, >1 ¢, U, N, U.

The dual of s, s is obtained from s by replacing
(1) ge—>>U; (2) N> U.

Thm 3.5 : The Principle of Duality : Let s denote a theorem

dealing with the equality of two set expressions
(involving only the set operations N and U as described

in Def 3.9). Then s?is also a theorem .
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ex:U={1,2,3,4,5},A={1,2,3,4},B={1, 2, 3, 5},
C={1,2},D={1, 3}
s:ANB={12,3=C UD.
but , sdcannothold: A U B=CnD.
AUB={1,23,4,5;CnD={1}

EX 3.19 : The dual for the statement A€ B =7?

AcB<AUB=B, (by Thm 3.4)
the dual for A U B=BisA N B =B.
ANB=B&BCA,

. thedualforASBisB c A.
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i34 .,'i et Operations and the Laws of Set Theory

f - English logician John Venn (1834 — 1923) : Venn diagram :

a a

AU B

U U

ANB| A—-B
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4 @AUB)NC=ANnB)UC

(s
1

B

Figure 3.7

(AUB)NC:6,7,8

(AUB)NC:1,23,45-—-®

(A N B)

1,4

ANBYUC:1,23,4,5—-—-@

D=0
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8f : membership table

eX:OABCSCUVXEU:

AXEAXEB b)XEgA XEB ¢c)xeA X¢gB dxeA XxeB:

0

0

0

(-)

1

(+)

A B |[ANB|AUB
0 0 0 0
0 1 0 1
1 0 0 1
1 1 1 1
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@AUBNC)=(AUB)N(AUC)

et Operations and the Laws of Set Theory

Table 3.3
A | B|c|Bnc|Aau@no | 4uB | 4uc | uBNUUO)
000 o 0 0o | o0 0
sl | 1 0 0 0 1 0
010 o 0 1 0 0
0|1 |1 1 | | | I
1lolo] o 1 ! 1 O
1lo|1] o 1 I 1 1
110 o L I 1 1
L1 1] 1 1 1 - 1
{ 1

 Since these columns are identical, we con-
cludethat AU (BN O =(AUBN(AU Q).

(c) Fall 2023, Justie Su-Tzu Juan
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'Qet Operations and the Laws of Set Theory

mark : @ Venn & membership #§ ¥ .

@A %% 55l iiE?, XK REEP o 4
e -‘ﬁ TRF PR 3;5;-12&1 md

® 7§ set 2 #mﬁ« (>3), PIfx#d.

@ element argument £ & H # —g;&;‘ﬁ_‘m

Ex 3.20 : Simplify A U B) N C U B.

Sol. (AUB)NCUB | compare: (EX 2.17)
- (AU B)NC) N B)
- (A U B) N C) N B)
- (A UB)N(CNB)
~(AUB)N(BNC)

[(AUB)NB)NC

BNC

—[=lPvaArlv -glegAar

(c) Fall 2023, Justie Su-Tzu Juan 30



‘;t Operations and the Laws of Set Theory

X 3.21 : Express A— B \—-Bintermso
Sol. A-B=ANB=4UB

n S,

U and ™.
A U B.
Ex3.22:AAB=AAB=A4 AB
Proof.
AAB=(AUB)-(ANB)=(A U B) U (AN B)(byEx3.21)
=(ANB)UAUB)=(ANB) U (4nB)
(ANB) UA]ln[(AnB) U B)]
AUANBUADIN[A UB)N (B U B)]
UNBUAIN[AUBNW]
BUANAUB)=(A4UB)N (4 NB)
=AUB)-(4ANB)=4 AB.
=(AUB)N(AUB)=(AUB)YNn(ANB)=A AB.
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'#et Operations and the Laws of Set Theory

ef 3.10 : Let | be a nonempty set and U a universe.
Viel, let A, € U. Then I is called an index set (or set
of indices), and Vie |, 1is called an index :
U A; = {x|x €A, for at leastone 1€ 1 }, and

NA; ={x|xeA;forevery 1€l }
Note: D X EUA, < ITEI (XEA).
@xENASVIEI(XEA).
OXEUA SVIEI(XEA)
@XENASITIEI(XEA).
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Ex 3.23:

Ex3.24 :

Jet Operations and the Laws of Set Theory

:@ Ifl:z+:U+Ai=A1UA2U---

-Un
N A=ANAN=A

Letl={3,4,5,6, 7}.
Viel, letA=1{1,2,3,..,1}SU=2Z"
OQUA=ULA={1,2,3,...,7} = A,

®nA={123}=A,

LetU =R and | =R*, Vr € R, A, = [T, r], then
Cl)kjrel Ar: R'
®mrel Ar:{o}-
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get Operations and the Laws of Set Theory

Jote : Venn diagram and membership table are useless when
dealing with generalized union and intersection.

Thm 3.6 : Generalized De Morgan’s laws
Let | be an index set where Vi € I, A, € U. Then
a)UA =NA b) NA = UA,

iel iel iel iel

Proof.

(A VXEU:XEUc | ASDXEU A
S XEA, foralli el
< xeA, foralliel
SXEN, A

(b) exercise. 4c #% 204&
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3 @ounting and Venn Diagrams

“"Thm : (Chap 8)
® |A U B|=|Al+[B|-|ANBJ
If A and B are disjoint < |A U B| =|A| + |B|.

@|ANnB|=|AUB|=|U-|AUB|=|U -|Al-[B|+|ANB|.
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: (Chap 8)
IAUBUC|=|A+B|+|C|-|ANnB|-|ANC|-|BnC|
+|]ANBnNC|.

'_@

@ANBNC|=[AUBUC]|=|U-]JAUBUC|
= U - |Al-B|-|C| +|AnB|+|BNC|
+|CNA-JANBNC]|.
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14 PA First Word on Probability

. @ experiment € » sample space § * event A (c )
I}

elementary event a (e A). Let |§| =n.
@ Pr(a) = The probability that a occurs = =77
|A] —[A]

Pr(A) = The probability that A occurs = 1Al =4

n |S]

1
n

Ex3.28 ~ Ex3.36: see book.

(c) Fall 2023, Justie Su-Tzu Juan
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‘" )A First Word on Probability

EX3.31 : 5 cards from a standard deck of 52 cards. (%) = 2598960
What is the probability:
(a) Three aces and two jacks; (b) three aces and a pair;
(c) a full house?
Sol.
(a) (3) = 4 for aces, (%) = 6 for jacks.
Let A = the event where Tanya draws three aces and two jacks.
SJA = (3) (B) =4-6; Pr(A) =24 /2598960 = 0.000009234.
(b) ( 1) = 4 for aces, (*9) (4) = 12-6 = 72 for a pair.
Let B = the event where Tanya draws three aces and a pair.
|B| 1) (*9) () =4.72; Pr(B) = 288 / 2598960 = 0.000110814.
(c) (*3) (%) = 13-4 for three something, (}9) (3) = 12-6 = 72 for a pair
LetC = the event where Tanya draws a full house.
~SIC =) B) (F9) (3) =13-288 = 3744;
Pl(‘cchal =3044 [ 2598960 ~ 0.001440576. ,
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.,’A First Word on Probability

- : @ Cartesian product, or cross product, of Aand B=A xB
={(a,b)|laeA beB}.

@ ordered pairs : the element of A x B. (form : (a, b))

® (a,b)=(c,d)ifand onlyifa=cand b =d.

Ex3.32: A={1,2,3}and B ={x, y}, then

AxB={(1,x), (1Y) (2 x),(2) (3,X),(3,¥)}

BxA={(x1) (y, 1), (x2),(y, 2), (X 3),(y,3)}
(1,x) e AxB,(1,x) ¢ B xA

IAxB|=32=6=|A||B|=|B||Al = B x A
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Ex3.37 : 120 passengers on airline:

48: wine; 78: mixed drink; 66: iced tea;

36: 2 beverages; 24: 3 beverages.

p 120 ¢ =ig2 i>; what is the probability that:

a) Event A : they both want only iced tea?

b) Event B : they both enjoy exactly two of the three
beverage offerings?

\Wine . T.

A
(/o)

g Ixed
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314 YA First Word on probability e T

ol. (1/2) A
a+b+c=36 oS
24—a-b=24+c-36=c-12 >0 w
42-a-c=42+b-36=b+6>0 | ixed

54 -b-c=54+a-36=a+18 >0

and 120=(c-12)+(b+6)+(a+18)+a+b+c+24+d
=36-2+12+24+d=108 +d

C.d=12

(8 unknowns 6 equations .. infinite selected)

ex:

leta=b=12,thenc=12,42-a-c=b +6 =18.

leta=b=10,thenc=16,42-a-c=b + 6 =16.
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\Wine . T.
In Book: A
8= (7)) = 7140 v
“
2 )
12 IXxed

X
Bl=(7)=630

.Pr(A)= Pr(B) =

2380 ’
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