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“"Note : In definition, an Implication can be read as a
biconditional, and, only in definition.

Ex 2.51 : (1/2)
a) Universe : all quadrilaterals in the plane.
A : “If a quadrilaterals is a rectangle then it has four equals

angles.”
B : “If a quadrilaterals has four equal angles, then it is a

rectangle.”
Let p(x) : X Is arectangle. qg(x) : x has four equal angles

A VxX[p(x) = q(x)]
B : vx [q(x) = p(x)]
Actually, they are both intending: VX [p(X) < q(X)]
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&8 2.5 Quantifiers, Definitions, and the Proofs of Theorems

(251 : (2/2)

b) Universe =Z
A : “For every integer n, we call n even if it is divisible by 2.”
Let p(n) : nis an even integer
q(n) : nis divisible by 2 (or, n = 2k, for some integer k)
(or, 3k [n = 2K])
A:vn[q(n) — p(n)]
Actually, Vn [p(n) < g(n)]
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( 2.52 : Universe = {2, 4,6, ..., 26}
Foralln (n=2,4,...,26), we can write n as the sum of
at most three perfect squares.
Sol. method of exhaustion : (3 r- > eAprgEHRE? - a7 |)
2=1+1 10=9+1 18=16+1+1(=9+9)

4=4 12=4+4+4 20=16+4
6=4+1+1 14=9+4+1 22=9+9+4
8=4+4 16 =16 24=16+4 + 4

26=25+1(=16+9+1)

Def : Corollary : follow immediately from a theorem

The Rule of Universal Specification :
Vx for a given universe, p(x) is true, the p(a) is true for each

a in the universe.
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=X 2.53 : (1/4) Vx [m(X) = c(x)]
a) Universe = all people m(9)

m(x) : X Is a mathematics professor, - c(.9)

c(X) : x has studied calculus

All mathematics professors have studied calculus.
L_eona is a mathematics professor.

Therefore Leona has studied calculus.

Let 3= Leona (in our universe) then :
Steps Reason
1) VX [m(x) = c(x)] Premise
2) m(9) Premise
3) m(9) - c(9) (1) & the Rule of Universal Specification
4) .". c(9) (2), (3) and the Rule of Detachment
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8 2.5 Duantifiers, Definitions, and the Proofs of Theorems

'2.53: (2/4)

— r(c)

b) Universe = all triangles in the plane vtip(t) > q(v)]

p(t) : t has two sides of equal length __YL14(0) = r(v)]

g(t) : tis an isosceles triangle .= p(c)
r(t) : t has two angles of equal measure
c : triangle XYZ

See Textbook.
Step Reasons
1) Vt [p(t) = q(t)] Premise

2) p(c) = q(c) (1) and the Rule of Universal Specification

3) Vit

g(t) > r(t)] Premise

4) q(c) > r(c) (3) and the Rule of Universal Specification
5) p(c) - r(c) (2), (4) and the Law of the Syllogism

6) — r(c) Premise

7) .. =p(c) (5), (6) and Modus Tollens
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)Luantifiers, Definitions, and the Proofs of Theorems

o 2.}5:

2.53 : (3/4)
c) Universe = student at a particular college.
m : Mary Gusberti, a student of this college.

J(X) : x Is a junior.

s(X) : X IS a senior.

p(x) : x Is enrolled in a physical education class
" No junior or senior is enrolled in a physical education

class

Mary Gusberti is enrolled in a physical education class
. Therefore Mary Gusberti is not a senior

e, wx [((X) v 5(X)) > = p(X)]

p(m)
o S(m)
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S 2.  , uantifiers, Definitions, and t|  p(m)

VX [((X) v 8(x)) & = p(x)]

——————— . — (7

(2.53 : (4/4)

c) Sol.
Step Reason
1) VX [(J(X) v s(X)) = — p(X)] Premise
2) p(m) Premise

3) (j(m) vs(m)) > —=p(m) (1) and the Rule of Universal
Specification

4) p(m) > = (J(m)vs(m)) B)and (>t < (=t—>—p)
and Law of Double Negation

5) p(m) = (= j(m) A= s(M)) (4) and DeMorgan’s Law

6) = j(m) A = s(m) (2), (5) and the Rule of
Detachment
7) .. = s(m) (6) and the Rule of Conjunctive

Simplification
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Jote : the Rule of Universal Specification + Modus Ponens,
Modus Tollens

¢ : a member of the fixed universe
pP(x), g(X) : open statements defined for this universe

(1) Vx[px)—=>ax)] (@) Vx[p(x)—>aq(x)]
p(c) —q(C)
.. q(c) .. = p(c)
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. )&uantifiers, Definitions, and the Proofs of Theorems

EX (1/2) : Universe = all polygons in the plane
Cc : quadrilateral EFGH, where ZE =91°
p(X) : X Is a square
q(x) : x has four sides
(1°) All squares have four sides,
Quadrilateral EFGH has four sides
Therefore quadrilateral EFGH is a square

1) vx [p(x) - g(x)]
q(c)
.. p(c) «— false
. VX [p(X) = gq(x)] and c is a polygon in the plane

.". p(c) = q(c), but [p(c) — q(c)] A q(c) +» p(c)
. Invalid!!
(converse)

(c) Fall 2023, Justie Su-Tzu Juan 10



8§ 2,5 Duantifiers, Definitions, and the Proofs of Theorems

TEX (2/2) -
(2°) All squares have four sides
Quadrilateral EFGH is not a square
Therefore quadrilateral EFGH does not have four sides

%) wx [p(x) - q(x)]
— p(c)
. = q(c)
. VX [p(X) > q(x)] and c is a polygon in the plane

.". p(¢) = q(c), but [(p(c) — q(c)) A= p(c)] » —q(c)
. invalid!!
(inverse)
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] .2.;5“Luantifiers, Definitions, and the Proofs of Theorems

The Rule of Universal Generalization m—
~ (1) If p(c) Is true for any arbitrarily chosen element ¢ from
our universe, then ¥x p(x) Is true.
(2) Similar results hold for the cases of two or three or
more variables.

Ex 2.54 : Let p(x), r(x) be open statements that are

defined for a given universe. VX [p(X) = q(x)]
Steps Reasons VX [g(X) = r(X)
(1) Vx[p(x) > q(x)] Premise L VX [P(X) = r(X)]
(2) p(c) = q(c) (1) & the Rule of Universal Specitication
(3) VX [q(X) > r(x)] Premise
(4) g(c) > r(c) (3) and the Rule of Universal Specification
(5) p(c) > r(c) (2), (4) and the Law of the Syllogism

(6) .". VX [p(X) = r(x)](5) & the Rule of Universal Generalization
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(a) Universe : all real number
p(x) : 3x—-7=20, q(x):3x=27, r(x):x=9

1) If 3x — 7 = 20, then 3x = 27. Vx [p(x) = q(x)]
2) If 3x = 27, then x = 9. Vx [q(x) = r(x)]
3) Therefore, if 3x—7 =20, then x=9. .. VX [p(X) = r(x)]

(b) Universe : all quadrilaterals in plane geometry
“Since every square is a rectangle, and every rectangle is a

parallelogram, it follows that every square is a parallelogram”

p(x) : X Isasquare q(x):xisarectangle r(x):xisa

parallelogram
By Ex 2.54 :

VX [p(x) >aq(x)] O
VX [g(X) = r(x)] @

VX [p(X) > r(xX)] .. O
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55 @uantifiers, Definitions, and the Proofs of Theorems

; 2.56 (1/2) : VX [p(X) v q(x)]

VX [(=p(X) A (X)) = r(x)]
VX [= r(X) = p(X)]
Let c be an elemen’t In the universe assigned for the argument.

Assume — r(c) as an additional premise.

Steps Reasons
(1) VX [p(X) v q(X)] Premise
(2) p(c) v g(c) (1) & the Rule of Universal

Specification

(3) VX [(—=p(X) A q(X)) = r(x)] Premise

(4) [=p(c) A q(c)] = r(c) (3) & the Rule of Universal
Specification

(5) =r(c) > = [—p(c) Aq(c)] Q) ands >t —t—> =S

(6) —r(c) > [p(c) v—=q(c)] (5), DeMorgan’s Law & the Law of
Double Negation
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55, @uantifiers, Definitions, and the Proofs of Theorems

X 2.56 (2/2) :

Steps Reasons
(7) =r(c) Premise (assumed)
(8) p(c) v —q(c) (7), (6) and Modus Ponens

(9) [p(c) v q(c)] A [p(c) v =q(c)] (2), (8) and the Rule of
Conjunction

(10) p(c) v [a(c) A =g(c)] (9) & the Distributive Law of v
over A
(11) p(c) (10) & Inverse & ldentity Law

(12) .. VX [=r(X) = p(X)] (7), (11) & the Rule of Universal
Generalization

Remark :
1) For convenience : using the letter x instead of ¢

2 RARH RN L EERR G aE
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55 Duantifiers, Definitions, and the Proofs of Theorems

“Def 2.8 : 1) Let n be an integer. We call n even if n is divisible
by2.i.e.3reZst.n=2r.
2)Wecallnoddifdse Zs.t.n=2s+ 1.

Theorem 2.2 : V Kk, | € Z, if k, | are both odd, then k + | is even.
Proof.
1) *." k, | are odd,
S.da,beZst k=2a+1,1=2b+1(byDef2.8)
2) Thenk+1=(R2a+1)+((2b+1)=2(a+b+1)
3)'."a,beZ ..a+b+1=cisaninteger
l.e.k+1=2c,
by Def 2.8, k + | Is even.
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2.i5.)Luantifiers, Definitions, and the Proofs of Theorems

>

emark :
1) In Step (1), k, | : chosen in an arbitrary manner.
.". by the Rule of Universe Generalization,
the result obtained is true for all odd integers.
2) Use the Rule of Universe Specification twice Iin
step (1) : (I ¥)
1) nis an odd integer —» n = 2r + 1 for some integer r.
I1) k Is a specific, arbitrarily chosen odd integer.
111) Therefore k = 2a + 1 for some integer a.

k=l o a=U_D

but °." k may not equal to |,

.". use the different variable a, b.
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55, ®uantifiers, Definitions, and the Proofs of Theorems

2.57 : Universe : Z
If n is an integer, then n? =n. (Vn [n?=n])

Sol.

n=0,n=0°=0=n.

n=1n°=12=1=n.

But, we can not conclude n>=n, ¥ n

We can not consider the choice of 0 (or 1) as an
arbitrarily chosen integer!!

If n=2,n?=4%2=n, is one counterexample!

.". the given statement is false!!

(n=0orn=1isenoughtosay:3n[n?=n].)
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5 Duantifiers, Definitions, and the Proofs of Theorems

reorem 2.3 : V Integer k, |, if k, | are both odd, then k-l is

Proof.

also odd.

"." k, | are both odd,
S.da,beZ st.k=2a+1,1=2b+1 (by Def 2.8)
k-1=(2a+1)(2b+1)=4ab+2a+2b+1
=2(2ab+a+hb)+1
where2ab+a+b e ”Z
Therefore, by Def 2.8, k - | is odd.
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&8 2.5 ©uantifiers, Definitions, and the Proofs of Theorems

heorem 2.4 (1/2) : If m is an even integer, then m + 7 is odd.

Proof. (by three methods)
1) By a direct argument:

"miseven ..daeZs.t. m=2a.
Thenm+7=2a+7=2(@+3)+1.
a+3eZ ..m+7I1sodd.

2) Prove by the contrapositive method:
Suppose m + 7 iIs not odd, hence even.
S.dbeZst.m+7=2Db,
thenm=2b-7=2b-8+1=2(b-4)+ 1.
b-4eZ ..m=2(0b-4)+1isodd.
Therefore, If m is an even integer, then m + 7 is odd.
("." vm [p(m) — q(m)] & Vm [ q(m) = = p(m)])
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55 RQuantifiers, Definitions, and the Proofs of Theorems

eorem 2.4 (2/2) : If mis an even integer, then m + 7 is odd.

Proof. (by three methods)

3) Proof by “the method of proof by contradiction”:
Assume m Is even and that m + 7 is also even.
S.dceZst.m+ 7 =2c,
thenm=2c-7=2(c-4)+ 1.
c—-4eZ .misodd o«

(*." no integer can be both even and odd!!)
l.e. m+ 7 Is even is a false assumption,
S.m+71sodd.
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- If we want to prove : VYm [p(m) = q(m)]
1) Prove this result by the contrapositive method:
prove : Vm [—q(m) = —p(m)]
2) Prove by the method of proof by contradiction:
prove : assume Vm [p(m) — q(m)] is false will implies F,
l.e. Am [p(m) A =q(m)] = F,

Compared Assumption Result Derived
Contrapositive —q(m) —p(m)
Contradiction | p(m) A =q(m) F,
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55 ®uantifiers, Definitions, and the Proofs of Theorems

lote : * Q)T AR, EE AP LR I - BF o[, © 8
3R = (2) or (3).

Thm 2.5 : V positive integer X, vy, if xy > 25, then x>5o0ry>5.
Proof.

By the method of contrapositive.

Suppose 0 <x<5and0<y<5,

then 0 < xy<5x 5=25.

.". Xy does not exceed 25.

V[ (X>5) A= (y>5)] > (xy£25)
< (Xy>25) > [(X>5) v (y>59)].

Hence if xy > 25, then x >5o0ry > 5.
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%
:

‘ ))Sets and Subsets

: @D Set : a well-defined collection of objects.
@ element (or member) : these objects.
® Well-define : for any element, can be determined
whether it is in the set or not.

ex : The set of outstanding major league pitchers for the
1990s.

Def : @ Capital letters : Sets.
@ Lowercase letters : elements.
@ x € A: xis an element of A.
@ x ¢ A :if not.

(c) Fall 2023, Justie Su-Tzu Juan

25



ets and Subsets

X3.1:
®@{1,2,3,4,5}
={x|xisaninteger and 1 < x <5}
(“[” is read “such that”.)

(“{x]|...}” are read “the set of all x such that ..

={x|1<x<5}where U =all integer
(“U > is “universe of discourse”)

@ {x|1<x<5}where U = all real number.

® {x|1<x<5}where U =even integer.
={2,4}
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W

| ')Sets and Subsets

(3.2:U={1,2,...}, positive integers.
a) A=1{1,4,9,...,64,81} = {x?| x € U, x2< 100}
={x?|x € U A x*><100}.
b)B={1,4,9,16}={y?|y €U, y*>< 20}
={y’|ly e U, y°< 23} ={y?|y € U AYy*°< 17}
c)C=1{2,4,6,8,..} ={2k | ke U}.

Def: @ A, B : finite set

C : infinite set
@ |A| : cardinality (or size ) : the number of elements in A.

ex:|A|=9,|B| =4
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83 ;’Sets and Subsets

1
e
N/

"Def 3.1: C, D are sets from U

@M Cisasubsetof D,CED,orD2C=
VX [Xx € C=Xx e D]

@ Cisapropersubsetof D,CcD,orDo>C=
CcD A3Ix[xeDAXx g C]

Note:®CcD=CgcD
@CcD=|C|L|D|
® CcD=|C|<|D|
@CcDbACcD
ex: U ={1,2,3,4,5},C={1, 2},and D = {1, 2}.
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)
e 1';ets and Subsets

X 3.3 : In ANSI FORTRAN:

@ Variable: $- B 232 , 5B ¥ 3 X032 &F ¢

9 = 26 + 26(36) + 26(36)2+ ... + 26(36)°
=1,617,038,306.

@ Integer variable :
$5-BrF2* 5L KL MNHEP2Z-:A
|A| = 6 + 6(36) + 6(36)°+ ... + 6(36)°
= 373,162,686.
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5L A={1,2},B={x|x°€ U}

Def 3.2 : The sets C and D are said to be equal, C =D,
=CcDandDcC.

Note : Neither order nor repetition is relevant for a general set .

|
=
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-
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-
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| Bets and Subsets

emark : M A& B, Ais not asubset of B <

X [(X € A) A (X ¢ B)]
@AxzBo(AgB)v(BgA)
®@CcD<e (CcD)A(C#D)

Proof.

DAgB&S VX[xe A= x e B]
< IX—[Xx € A= X € B]
< IX —|[—|(X € A)V(X (S B)]
< IAX[(X € A) A—=(X € B)]
< IAX[(x e A) A (X g B)]

@A##xB<o «(AcBABCA)
< —-(AcB)v—=(BcA)
< (AgB)v(BZA)
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&8 3.1 Hets and Subsets

( 35:U={1,2,3,4,56,x,y,{1, 2}, {1, 2, 3}, {1, 2, 3, 4}}.
a) A={1,2,3, 4}

Al =4
VACU; iAcU; ii)AeU;
Iv) {A} S U ; V){AlcU; vi) {A} ¢ U ;

b) B={5,6,%,vy,A}={5,6,X%,y,{1, 2, 3, 4}}

Bl =5
i) A € B; ii) {A} C B: iii) {A} C B:
iv) {A} ¢ B; V) A £ B; vi) A ¢ B;
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o8 3.1 lets and Subsets

hm 3.1:LetA,B,CcU (thatisAcUandBcUand C S U)
a)AcBandBcC=AcC.
b) AcBandBcC=AcC.
ccAcBandBcC=AcC.
dAcBandBcC=AcC.
Proof. (1/2)
(element arguments)
a)VXEU XEA
""ACB,.'".XEA=XEB
"BeC, . ..xeEB=>xeC
By the law of the syllogism,x € A= x€C
.e.AcC
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1 Bets and Subsets b)AcBandBS C=>AcC

’roof. (2/2)
b)® " AcB,.".xeA=>x€B
"BEC, . . xEB=>Xx€EC
By the law of the syllogism,x € A= x € C
.e.,AcC
@ . "AcB,..3b[beBAbgA]
—=>Db€EB
"BcC,.".beB=>beC
"[pbEBAbgAl=>begA
—=>3Ab[beCADb g A]
.e.AcC

c), d) exercise.

(c) Fall 2023, Justie Su-Tzu Juan 34



’}
8 1 1_!.ets and Subsets

36:LetU={1,2, 34,5}, A={1, 2,3}, B={3, 4},
C={1,2, 3,4}
a)AcC b)AcC c)BcC
dACcA e)BZLA fAz A

Def 3.3 : The null set (or empty set), ¢ (or {})
= The set containing no elements.

Note: @ | ¢| =0,
@{0}=¢;{d=¢.
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¢ 8 3i1 Bets and Subsets

im 3.2 : For any universe, let Ac U. Then

@ g A
@ IfA#¢,then g A
Proof.
@ proof by contradiction :
Assume g A, . IXEU, [(X e @ A (X g A)]
But X € ¢@is impossible !
.9 A

@ IfA#¢,then3Ja e A
WVXeUXxegd,..ag
oo A

(c) Fall 2023, Justie Su-Tzu Juan
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l)!.ets and Subsets

( 3.7 : @ Determine the number of subsets of the set C = {1,
2, 3, 4}.
2x2x2x2=24=16 (include g and C)
@ Determine the number of subsets of two elements
from C.
C4,2)=6
@ L 2=C+CA+CA+CA+CA =2, - 04C(4, K)

Def : The subset of one element = the singleton subset.

Def 3.4 : The power set of A, denoted by #(A) (or 24)
= The collection of all subsets of A .
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’}
8 1 1_!.ets and Subsets

X3.8:C={1,2 3,4}
Z(C) =19,
11}, 12}, 3% 14},
11, 2}, {1, 31, {1, 43,12, 3}, 12, 4}, 13, 4},
{1,2,3},{1,2,4},{1,3,4}, {2, 3,4},
C}

Remark : For any finite set A with |A|=n, n >0
@ |7(A) =2
@ v 0<k<n,there are C(n, k) subsets of size k.
® 2" =2" -, C(n, K)
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1 }‘!"ets and Subsets

"

3

00|0 ¢ | 000« |[000([00O
0 ¢ [[10/0 {x} ||100 010/ 001
1 X} [[11]0 {xy}| 110 011|101

01[0 {y} ||010 001|100

0]0 ¢ 011 {y,z}||011 101|110
110 {x} ||11]|1{xyz}111 111010
111 {X,y}/ 10| 1 {x,2z}| 101 110|011
O/1 {y} ||o0l1 {z} ||001~ 100] 111
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.8 3.1 Bets and Subsets

y

3.10 :

. . 3% Y
4 » 4 4
= 3
2 — 2
1 1

X 1, X
1 2 3 4 53 6 7 1 2 = 4 S 6 7
(@) R,U,R,R,U,R,R,U (b) U,R,R,R,U,U,R,R
Figure 3.1

@R URRURRU={25 8 from{l, 2,3,4,5,6,7, 8}
b)U R R R U URR={156}from{l, 2, 3,4,5,6,7, 8}
c)U R URR R UR&{1,3, 7}from{l, 2, 3,4,5,6, 7, 8}
The number of paths equals the number of subsets A of

{1, 2,3,4,5,6, 7, 8}, where |[A| = 3.

=C(8,3) = = 56

(“U" B “R¥=[B[=5=C(8,5)= =56)
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§ 1.lets and Subsets

X 3.11 : There are 25 ways to write 7 as a sum of one or more
positive integers = There are 2° subsets for {1, 2, 3, 4, 5, 6}

1 +1+1+1+1+ 1+ 1

v v v v
Istplus sign  2nd plus sign Sthplus sign  6th plus sign

@ {1, 4, 6}: (1+1)+1+(1+1)+(1+1) 2+1+2+2
@{1,2,5,6}: (1+1+1)+1+(1+1+1) 3+1+3
@1+1+5= 1+1+(1+1+1+1+1) {3,4,5, 6}

Table 3.1
Composition of 7 Determining Subset of {1, 2, 3,4, 5, 6}
(1) NI I ] 1) 7]
(i1) 152 = ] ] (i1) {2}
(ii1) 1+1+3+1+1 (ii1) {3,4}
Gv) 28D (v) {1, 3, 4, 6}
(v) 4 (v) {1,2,3,5,6]
(vi) 7 (vi) {1,2,3,4,5, 6}
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(3.12 : Forintegersn, rwithn>r>1,C(n+1,r)=C(n, r) +
C(n,r-1).
Sol.

Let A={X, a;, 8y ..., 8.}
@ All subsets of A that contains r elements = C(n+1, r).
@ CcA wherexeCand|C|=r:C(n,r-1).
® Cc A wherex g Cand |C|=r:C(n,r).
TO=0+0
S Cn+l, r)=C(n, )+ C(n, r-1).
Another Sol.
i * EX3.102_ 3 & :
AE0,03N+1-rnN2Ld7:%C(n+l,r)
= -HEOR:(n-r,r);({HU:(n+1-r,r-1)
=C(n,rn+C(n, r-1).

(c) Fall 2023, Justie Su-Tzu Juan 42



¢ 8 3i1 Bets and Subsets

3.13 : Find the number of nonnegative integer solutions of
Xy + X, + ..+ X5 < 10.

Sol.
V k, 0 £k £9, the number of solutions to x; + X, + ... +X; =K
iS (k5+k)_
.. the answer

P+ O+EN+E)+ .+ ()
@)+ O+ +E) +.+ (M)
D)+ + G+ .+ M)
)+ (O ...+

e = (g1 + (M) =(g"™) =5005.
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n=4

(=5

Figure 3.2 Figure 3.3
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