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§ 2.3 Logical Implication: Rules of Inference

Def : For n € N, in the implication (p; Ap, A ... AP,) = ¢,
we called p,, py, ..., p, : premises, q : conclusion

Ex 2.19 : p : Roger studies
q : Roger plays tennis
r : Roger passes discrete math.
Let p, : If Roger studies, then he will pass discrete math.
P> : If Roger doesn’t play tennis, then he’ll study.
P;3 - Roger failed discrete math.
Determine (p; A p, A p3) = ¢ is valid or not.
Sol. (1/2) g
pPiip—r, pyi—og—op, p3iok a%g;' ATy
PiAPIAP) PGS P> A(—Y —>P)"/\"‘—""":i?]1'- Sy
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§ 2.3 Logical Implication: Rules of Inference

Pir:p—>>r, pri—qg—>p, p3:—r

Sol. (2/2) (P >PDA(=qg>p) AT >q
D1 D> D3 (PLAP2AD3) > ¢q
p q r |por|—aqop|-r| [(porA(EgoOpIA-T]D¢q

e e = —
e N —
— O e O e O e @
— D e D bk e
e T e e T s O T — I —
= o — R — N S T
e T e T T s O T S

(c) Fall 2023, Justie Su-Tzu Juan



§ 2.3 Logical Implication: Rules of Inference

Ex220:[pA((@pAr)—>s)]—>r—s)

P1:D Pri(PAFr)—s q:r—s
P P> q P1ADP2) g
plr| s |par|laros| ros |IPAEA)D9)]>F—>y)
01010] O 1 1 1
01011 0 1 1 1
01110 0 1 0 1
O|1|11] 0 1 1 1
1 0]0] O 1 1 1
1 0|1 ] O 1 1 1
1 | 1]0] 1 0 0 1
1 |11 1 1 1 1




§ 2.3 Logical Implication: Rules of Inference

Def : If (p; A p3) = g, then q is deduced or inferred
from the truth of the premises p,, p,.

Def 2.4 : If p — q is a tautology, then say p logically implies
q and write p = ¢ to denote this situation.

Note : 1. p = g=p —> q is a tautology =p — ¢ is a logical
implication

2. p & g=p o ¢qis atautology;

= p — ¢ and g — p are tautologies;
p=gqand g = p.
3. p % g =p—> qis not a tautology
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§ 2.3 Logical Implication: Rules of Inference

Ex 2.21 :

—pAg)>—-pV g

—pAg)=>EpVvagand (—pV—q)=> (P Ag)
—(pAg) > (=pVv=ag)and (= p Vv = q) > —(p A g) are tautologies
[-pAg) > (=pVva@Plo Thand [(wpv—q) > P Al =T,

Remark :

1. & pHYBISUEN - “FR” IFEAREEX : 25,29, ...LIBA Zcheck.

2. check (p; APy A ... AP,) = q ZLBREIRERT - e,
H&Fcheck “'?E"S' p1=py;=..=p, =1 ' ¢ E&H —1” o
(Ex 2.199 58351, Ex 2. 20E 555, 6, 851) |

Def : rules of inference : p. 78
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22 : Modus Ponens(Rule of Detackmernd: [p A (p —> q)] = ¢q

P q | p>q |(prP—=>9q) |[[pAPo>9l—>4¢q
0 0 1 0 1 p
0 1 1 0 1 pP—q
1 0 0 0 1 “q
ex : 1 1 1 1 1

(a) 1) Lydia wins a ten-million-dollar lottery.

£ 2) If Lydia wins a ten-million-dollar lottery, then Kay will
pP—>q . .

quit her job.
“ 4 3) Therefore Kay will quit her job.

P4 (b) 1) If Allison vacations in Paris, then she will have to win a
p scholarship
- q 2) Allison is vacationing in Paris

3) Therefore Alg)sgﬁlz on a scholarship

uan 7
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. 4 ’L pP—>q
8 2 j ogical Implication: Rules of Inferenc 4--

2 Spor

ote : 1. By the first substitution rule : p or ¢ may be replaced
by compound statements.

ex: [(rvAIrVvS)>(—tAau)]]l = (—tAu)
2. We can apply the first substitution rule for each of
the rules of inference we shall study.

Ex 2.23 : Law of the Syllogism: [((p > @) A(g—> 1] => @ > 1)
P9
q—>r

ex : 1) If 396 | 35244, then 66 | 35244.
2) If 66 | 35244, then 3 | 35244.
3) Therefore, If 396 | 35244, then 3 | 35244,

“poF
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8 2 )‘Logical Implication: Rules of Inference

.24 : 1) Rita is baking a cake.

2) If Rita is baking a cake, then she is not practicing
her flute.

3) If Rita is not practicing her flute, then her father
oyt will not buy her a car.

— g — —r 4) Therefore Rita’s father will not buy her a car

o‘o _|r

4

Sol.1 Steps Reasons
Dp—>-gq Premise
2) - qg—>—-r Premise
Hpo>-—r By (1), (2) and the Law of the

Syllogism

4)p Premise

S) A By (3), (4) and the Rule of
Detachment
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ogical Implication: Rules of Inference

P
pP—>—q
—g—>-r
oo —m I
Steps Reasons
1)p Premise
2)p—>—gq Premise
3)—g¢q By (1), (2) and the Rule of
Detachment
4) - q—>—-r Premise
5)&—ar By (3), (4) and the Rule of
Detachment
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8 2 }’Logical Implication: Rules of Inference

WX 2.25 : Modus Tollens (Method of denying) : Ii.: !
(P> PDA(=QPI=>—p Y

ex : 1) If Connie is elected president of Phi Delta sorority,
then Helen will pledge that sorority.

p—>¢q  2) Helen did not pledge Phi Delta sorority.

on 3) Therefore Connie was not elected president of Phi
f9E%P Delta sorority.

Recall:p>g&S—=pvyg
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ogical Implication: Rules of Inference

o —|p

Sol.

Steps Reasons

1)p > r,r—>s Premises

2)p—o>s (1) and Law of the Syllogism

3)tv s Premise

4) sV t (3) and the Commutative Law

S)s >t @Dand-sv s>t

6)p >t (2), (5) and the Law of the
Syllogism

7=tV u Premise

)t—>u MDand —-tv ust->u

Np—ou (6), (8) and the Law of the
Syllogism

10) = u Premise

11) = —(prFai 2023, Jug@pu(kd)yaand Modus Tollens 12



8 2 )‘Logical Implication: Rules of Inference

Note : (o> )VAFOD)A{EVaS) A(—IVUA—-Ul=>—Ap
but [p > rNVAFro>)A{EVaSH) A(—IVUA-Ul S —p
~ whenp=0,u=1,
then B=-p=landE=0(~=-u=0)

Note : Modus Ponens: Modus Tollens:

P9 P49 q q
4 —q
g wop YA “Z g\

ex : BHIERAB p. 7D [(po>ArqlPp
-7 P> Ar=plP—q
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PG pVy
—p
oo q

Ex 2.27 : Rule of Disjunctive Syllogism : [(pv q§) A—p] = ¢

* p Vv q < —p—> qand Modus Ponens : [(p > ¢) Ap] = ¢

ex : 1) Bart’s wallet is in his back pocket or it is on his desk.

2) Bart’s wallet is not in his back pocket. pVyq
3) Therefore Bart’s wallet is on his deck :._qu
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8§ 2 '}’Logical Implication: Rules of Inference

X 2.28 : Rule of Contradiction : (= p — Fo) = p —p > Fy
.'.p

p |op|Fy|p>Fy |(=p>F)—>p
0| 110 0 1
11010 1 1

Def : The method of Proof by Contradiction (or Reductio ad
Absurdum).

PIAPIA e AP DG (PIADPIA oo AP, AT Q) D F

(Letp=piApy A ... AD,) po>qgqe(pA—-qg)F,
P | 94 | Fo | proq| A= Fy [poq| P29 o [PAaq) > F
0 0 0 0 1 1 |
0 1 0 0 1 1 |
1 0 0 1 0 0 |
1 | 0 0 1 1 1
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ogical Implication: Rules of Inference

Bible 2.19 (1/2):
Table 2.19
Rule of Inference Related Logical Implication Name of Rule
1) p (p N (p—=qg))—>q Rule of Detachment
p—q (Modus Ponens)
o |
2) pP—4q (P> Ng—>n]—>(p—>r) Law of the Syllogism
q—>r
por
3) P —q [(p—q)/\—=gl > —p Modus Tollens
—q
-p
49 p Rule of Conjunction
B
PG
5) pVag [(p\V @) N=pl—=gq Rule of Disjunctive
—p Syllogism
g
6) —p = F, (=p—>Fy)>p Rule of
Sop : Contradiction
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ogical Implication: Rules of Inference

able 2.19 (2/2):
Table 2.19
Rule of Inference Related Logical Implication Name of Rule
7) p N\ q (p/Ng)—p Rule of Conjunctive
5D Simplification
8 p PPN g Rule of Disjunctive
pNa Amplification
9 pAg [(pAON[p—=>(@onN—>r Rule of Conditional
p—(q—>r Proof
It 3
10). ..p =7 (p=>N(@G->nN->(p\Vq —r] Rule for Proof
g—>r by Cases
AV g
11) P49 (R YA e ) AV AV B VAV Rule of the
r—s Constructive
PN r Dilemma
R VA
12)  p-g [(p—q)/\(r—s)\(=g\/—=8)] = (=p\/ =) Rule of the
r—s Destructive
—q \/ S Dilemma
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ogical Implication: Rules of Inference

x 2.29: Sol. 1

poFr Steps Reasons
P9 Dpor Premise
q—>s 2)—|l"—)—|p (1)andp—)r<:>—|r—)—|p

HAohAE 2 3)=p—¢q Premise
4)—-r—q (2), (3) and the Law of the Syllogism
S)q—>s Premise
6) .—r—>s (4), (5 and the Law of the Syllogism
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ogical Implication: Rules of Inference

£2.29: Sol.2

por Steps Reasons
P9 Dp—or Premise
q—>s 2)q—>s Premise
BEohE 2 S 3)mp—gq Premise
Hpvyg (3) and
P29 pveSpPVve
S)rvs (1), (2), (4) and

the Rule of the Constructive Dilemma
6) .—-r—>s (5 and
(FVS)C)(—l—ll’VS)(:}(—ll/’—)S)
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ogical Implication: Rules of Inference

P49
q—>[TAS)
Steps Reasons SV (50V )
Dp—oq Premise pnt
2)qg—> (rAS) Premise - U
p—o>(ras) (1), (2) and the Law of the Syllogism
Hhpnt Premise
S)p (4) and the Rule of Conjunctive Simplification
6)ras (3), (5) and the Rule of Detachment
Dr (6) and the Rule of Conjunctive Simplification

8 —rv (—tvu) Premise
N—-(rant)v u (8),the Associative Law of v and DeMorgan’s Laws

10) ¢ (4) and the Rule of Conjunctive Simplification
1) rat (7), (10) and the Rule of Conjunction
12) ~ u (9), (11) and the Rule of Disjunctive Syllogism
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8§ 2 '}’Logical Implication: Rules of Inference

% 2.31 : If the band could not play rock music or the
refreshments were not delivered on time, then the New
Year’s party would have been canceled and Alicia would
have been angry. If the party were canceled, the refunds
would have had to be made. No refunds were made.
Therefore the band could play rock music.

Sol. (1/2)
p : The band could play rock music
q : The refreshments were delivered on time
r : The New Year’s party was canceled
s : Alicia was angry

(ApVv—aqg)o>rAas

r—>t
t : Refunds had to be made _ ¢
The argument above now become: “p
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ogical Implication: Rules of Inference

(=pv—=aqg)>(ras)
801. (2/2) r—t

Steps Reasons !

)r—o>t Premise 4 -

2)t Premise

3)=r (1), (2) and Modus Tollens

4)—-rv-as (3) and the Rule of Disjunctive Amplification

S) =(r As) (4) and DeMorgan’s Laws

6)(—pv-—-9g)— Premise

(rns)

7)) —(=pvVv-agq) (5), (6) and Modus Tollens

)ypnrg (7), DeMorgan’s Laws,
and the Law of Double Negation

9 -~ p (8), and the Rule of Conjunctive
Simplification
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ogical Implication: Rules of Inference
————————=peq

. 2.32 : Prove by Contradiction: —7 <4 q—>r
q—>r -r
_>
—r = p
Steps Reasons S p - F0

D=peyg Premise

2)(mp>9Ag () and (—p © q)S[(—p > qg) A(g > —p)l

)=p—ogq (2) and the Rule of Conjunctive Simplification
Hqg-or Premise

S)—p—or (3), (4) and the Law of the Syllogism

6)-p Premise (the one assumed)

r (5), (6) and the Rule of Detachment

8)—r Premise

NraA-r(e Fy (7),(8), and the Rule Conjunction
10) «~ p (6), (9)comickogh evsizstitoduat Proof by Contradiction



e: D) [(—peogpgr(@o>r)VA—-rA=p]l= F,
SfEpegPgA(@o>r)AarA—plisfalse (=0)
But (= p < q), g = r,— r are the given premises (=1)
s~ = plisfalse (=0),i.e. pis true (=1).
D)lpo>@-onNl<lprg—>r]

| '
Pl g | r | prq |lprg—or|gqo>r | p>@—>T)
0| 01 0 0 I 1 I
0| 0| 1 0 1 1 1
0| 1] 0 0 1 0 1
0| 1 1 0 1 1 1
1] 0] 0 0 1 1 1
1] 0| 1 0 1 1 1
1 1 |0 1 0 0 0
1 1 1 1 1 1 1

Letp=p,Ap, A ... AP,
= [P1APIA cce AP) D> (@D S [PIAPLA oo AP q) D 1]




“ )Loglcal Implication: Rules of Inference

/..’ w— () U —> ¥ XK u—r —_
r rAs)> @V (ras)—>@vy
2.33 g —> (uAs) q—> (uAns)

Steps Reasons — 1 -t

1) g Premise <~ gq—p q

2)g—> (uAS) Premise P

u~ns (1), (2) and the Rule of the Detachment

4) u (3) and the Rule of Conjunctive Simplification

Su—->r Premise

6)r (4), (5) and the Rule of Detachment

7) s (3) and the Rule of Conjunctive Simplification

) ras (6), (7) and the Rule of Conjunction

N(ras)—>(@Pvie) Premise

10)pvt (8), (9) and the Rule of Detachment

11) ¢ Premise

12) = p (10), (11) and the Rule of Disjunctive Syllogism

CJUuo>P)AAS)D>PVIOIAIgD> UASA=tAgl=p
S >IN A)>PVIIAIg— @A) A=t = (g p)
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To show this is an invalid argument:
need one assignment of truth values for p, ¢, r, s, ¢
s.t.p,pVv qg,q—> (r—>s),t— rare all true (=1),
but — s > — tis false (= 0)

Mk s> orisfalse=>—s:1A—=7:0
ie.s:0An7:1

“t—>ristrue=>r:1
p istrue=>p:1=pvgqistrue
q—>Fr—>s)istrue=>4q:0

~ when p, r , t are true; g, s are false :
PPV q,q —> (r > s),t > r are all have the truth value 1.
while the conclusion — s & — 7 has the truth value 0

= the given argument invalid.
(c) Fall 2023, Justie Su-Tzu Juan 26



“ )Logical Implication: Rules of Inference

il

Note : Prove : consider all cases.

Disprove : provide one case called counterexample.

P49
Ex 2.35 : validity or invalidity? 135
—pVr
e —|p
Sol. 1If — p be false while the 4 premises are all true, then p : 1
“p—>qistrue ~q:1
g —> s IS true MR |
“r—>-sistrue ~r:0
Butp:l,and~ —=pvristrue ~r:1 —¢
ie.p=>(—rar)( Fy)

-~ the given argument is valid. (Prove by contradiction)
(c) Fall 2023, Justie Su-Tzu Juan 27
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g%ﬁﬁgg 2.4 The Use of Quantifiers (1)
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8§ 2 )’The Use of Quantifiers

_ef . open Statement
1) contains = 1 variables;
2) not statement;

3) becomes a statement when the variables are replaced by
certain allowable choices.

Def : universe (of discourse) for the open statement :
The set of all allowable choices.
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N,

}’The Use of Quantifiers

ex : 1) “The number x + 2 is an even integer” not statement
2) “The number x + 2 is an even integer” is an open statement
3) “The number x + 2 is an even integer” is denoted by p(x)
then — p(x): “The number x + 2 is not an even integer”
4) Let g(x, y): The numbers y +2, x — y, and x + 2y are even

integers.
Hence, p(5) is F: The number 7 is an even integer.

- p(7) is T: The number 9 is not an even integer.
q(4,2)is T: The numbers 4, 2 and 8 are even integers.
q(5,2),q(4,7) are F:
- q(5,2),—q(4,7) are T:
= {For some X, p(x). or {For some x, — p(x).

For some x, y, q(x, y). For some x, y, — g(x, y).

(c) Fall 2023, JUSW 31
il A Enegation



)’The Use of Quantifiers

1
o

ef : 1) existential quantifier : dx:

“for some x”°, “For at least one x”, “there exists an x such that”.
2) universal quantifier : Vx:
“for all x”, “for every x”, “for each x”, “for any x”.
3) quantified statement : open statement with quantifier.

Note : 1) Ix dy ¢g(x, y) =dx, y q(x, y)
2) Vx Vy q(x,y) =Vx,y q(x,y)

ex : r(x) : “2x is an even integer”, universe = all integers
1) Vx r(x) 2) dx r(x)
3) Vx = r(x) 3) dx — r(x)
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Q2.4 }’The Use of Quantifiers

_éf : 1) free variable: the variable x in each of open statement p(x)

2) bound variable: the variable x in the statement Jdx p(x) or
Vx p(x)

Ex 2.36 : The universe = R
px):x20 g(x): x>20 r(x):x2-3x—-4=0 s(x):x*-3>0
1) dx [p(x) A r(x)]
Let x =4, then p(4) is true and r(4) is true
o [p(4) A r(4)] is true = dx [p(x) A r(x)] is true.
2) Vx [p(x) = q(x)]
x| px) qx) px)—>qx)

<0| F .
>0 T T T = Vx [p(x) > ¢g(x)] is true.
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px):x=20 g(x):x*20 r(x): x*-3x-4=0 s(x): x*-3>0

282.4"The Use of Quantifiers

} Note : “Vx [p(x) = q(x)]” O BE #RE RLMA, :

a) For every real number x, if x > 0, then x> >0.

b) Every nonnegative real number has a nonnegative square.
¢) The square of any nonnegative real number is a nonnegative
real number.

d) All nonnegative real numbers have nonnegative squares.

3) dx [p(x) & g(x)] is true

1”) Vx [q(x) = s(o)] (1) Jx [p(x) A r(x)])
Letx =1, g(1) is true, but s(1): 1 —3 > 0 is false
s q(1) > s(1) is false, i.e. x =1 is a counterexample

= Vx [g(x) = s(x)] is false.

FRR—BRH » ¥ 3<x < BEE
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px):x=20 g(x):x*20 r(x): x*-3x-4=0 s(x): x*-3>0

| The Use of Quantifiers

) Vx [r(x) v s(x)] (2)Vx [p(x) = q(x)])
Letx=1 (or'2,-3/2,0,...), then r(1) is false and s(1) is
false, too. . r(1) v s(1) is false
= V x [r(x) v s(x)] is false.
2”%) dx [r(x) Vv s(x)] is true.
3’) Vx [r(x) = p(x)] (3)Ix [p(x) — q(x)])
Let x=-1, r(-1) = (-1)? = 3(-1) — 4 = 0 is true, but p(-1) is
false.
& r(—=1) = p(-1) is false. (the unique counterexample)
= Vx [r(x) = p(x)] is false.
Note : “Vx [r(x) = p(x)]” o] # R B -
a) For every real number x, if x> — 3x — 4 =0, then x > 0.

b) For every real number x, if x is a solution of the equation
x2-3x—-4=0, then x > 0.

(c) Fall 2023, Justie Su-Tzu Juan 35
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)’The Use of Quantifiers

S 2
S

1
<

|

Remark : 1) Vx p(x) = 3x p(x), for the universe = 4.
2) Ax p(x) & Vx p(x)

Ex 2.37 :
a) The universe = R
1) If a number is rational, then it is a real number.
2) If x is rational, then x is real.
(The use of the universal quantifier is implicit as
opposed to explicit)
Let p(x) : x is a rational number
q(x) : x is a real number

= (1) = (2) = Vx [p(x) = g(x)].

(c) Fall 2023, Justie Su-Tzu Juan
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R |2

‘ '}The Use of Quantifiers

237 -
b) The universe = All triangles in the plane.
“An equilateral triangle has three angles of 60°, and
conversely.”
Let e(7) : Triangle 7 is equilateral
a(?) : Triangle ¢ has three angles of 60°

66 9

— =Vt |e(t) © a(?)]

¢) sin? x + cos? x =1 (for all real number x)
=> The universe of x = R, Vx [sin? x + cos? x = 1]

d) The universe = N
“The integer 41 is equal to the sum of two perfect squares.”
= dAm In [41 = m* + n?|
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N,

}’The Use of Quantifiers

2.38:p(x):x2>0
(1) The universe = R : Vx p(x) is true (3x p(x) is true)
(2) The universe = C : Vx p(x) is false (3x p(x) is true)
+ let x =i, then p(i) : i? (=-1) = 0 is false.

Ex 2.39 : See Textbook
: See Textbook

Def 2.6 : Let p(x), g(x) be open statements defined for a given
universe.
1) p(x) is (logically) equivalent to g(x) : Vx |p(x) < g(x)] :
p(x) < g(x) for each x in the universe.
2) p(x) logically implies g(x) : Vx [p(x) = q(x)] :
p(x) = g(x) for each x in the universe.

(c) Fall 2023, Justie Su-Tzu Juan 38



N,

‘)The Use of Quantifiers

“ex : The universe : all triangles in the plane.

Let p(x) : x is equiangular, ¢(x) : x is equilateral
> for all particular triangle a, p(a) <> g(a) is true.

- Vx [p(x) < q(0)]

Note : 1) Vx [p(x) © q(x)] iff Vx [p(x) = q(x)] A Vx [g(x) = p(x)]
2) Def 2.6 can be given for two open statements that
involve = 2 variable.

Def 2.7 :

1) The contrapositive of Vx
2) The converse of Vx
3) The inverse of Vx

p(x) = q(x)
p(x) = q(x)

p(x) = q(x))

(c) Fall 2023, Justie Su-Tzu Juan
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= g(x) = = p(x)]
q(x) = p(x)]
— p(x) = = q(x)]
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}The Use of Quantifiers

'x 2.40 : The universe = all quadrilaterals in the plane
Let s(x) : x is a square, e(x) : x is equilateral

a) Vx [s(x) & e(x)] is a true statement
< VX [ e(x) = = s(x)] (the contrapositive)

b) V x [e(x) — s(x)] is a false statement (the converse)
< Vx [ s(x) > — e(x)] (the inverse)

Ex 2.41 : The universe = R
Let p(x): |x[>3, g(x): x>3
a) Vx [p(x) = g(x)] is false. (let x =5, p(-5) : T, q¢(-5) : F)
b) The converse of (a) = Every real number greater than 3
has magnitude (or, absolute value) greater than 3.
Vx [q(x) = p(x)] is true.
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px):ix[>3, gx): x>3

)’The Use of Quantifiers

x2.41 :
¢) The inverse of (a) is also true : Vx [—= p(x) > — q(x)] :
“If the magnitude of a real number is less than or equal to
3, then the number itself is less than or equal to 3.”
(b) < (¢)
d) The contrapositive of (a) = Vx [ g(x) > — p(x)] (is false) :
“If a real number is less than or equal to 3, then so is its

magnitude.”
(d) < (a)
e) Let r(x) : x < -3, defined for the universe of all real number :
Statement : Vx [p(x) = (r(x) v g(x)) B

Contrapositive : Vx [= (r(x) Vv g(x)) = = p(x)]
Converse : Vx [(r(x) v g(x)) = p(x)]
Inverse : Vx [= p(x) = = (r(x) v g(x))] _
= Vx [p(x) & (r(x) v ¢(x))]
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)’The Use of Quantifiers

EXx 2.42 : The universe =7

Letr(x):2x+1=5,s(x): x*=9.
1) dx [r(x) A s(x)] is false

> no integer a such that2a+1=5and a*=9
2) dx r(x) A dx s(x) is true

db=2,r(b) : 2b+1=151s true

dc =3, s(c) : ¢2=9is true

3) dx [r(x) A s(x)] <& [Ix r(x) A dx s(x)]

[3x r(x) A dx s(x)] & dx [r(x) A s(x)]

Def : 1) <& is read “is not logically equivalent to”
2) = is read “does not logically imply”

(c) Fall 2023, Justie Su-Tzu Juan
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4'The Use of Quantifiers

Note : dx [p(x) A g(x)] = [dx p(x) A dx g(x)]

Proof.

If dx [p(x) A g(x)] is true then

there is at least one element c in the universe

s.t. p(c) A g(c) is true.

* |p(c) A g(c)] = p(c) and [p(c) A q(c)] = ¢q(c)

(by Conjunctive Simplification)
i.e. dx p(x) is true and dx ¢g(x) is true
s [dx p(x) A dx g(x)] is true.

: See Textbook

(c) Fall 2023, Justie Su-Tzu Juan
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2. ,}The Use of Quantifiers

\."\3

Ex 2.43 : Let p(x), g(x) and r(x) denote open statements for a
given universe.

1) Vx [p(x) A (g(x) A r(x))] & Vx [(p(x) A g(x)) A H(x)]
* For each a in the universe,
p(a) A (q(a) A r(a)) < (p(a) A q(a)) A r(a)
~ VX [p(x) A (g(x) A r(X))] S VX [(p(x) A g(x)) A (X))
2) 3x [p(x) = q(x)] & Ix [ p(x) Vv q(x)]
* For each c in the universe,
lp(c) = q(c)] < [ ple) v q(c)]
s dx [p(x) = g(x)] is true iff dx [— p(x) Vv g(x)] is true
i.e. dx [p(x) = ¢(x)] © dx [ p(x) Vv q(x)]
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4§ 12.4 )’The Use of Quantifiers

X243 :
3)a) Vx = = p(x) & Vx p(x)
b) Vx = [p(x) A q(x)] & Vx [ p(x) vV = g(x)]
¢) Vx = [p(x) vV g(x)] & VX [ p(x) A = q(x)]

4) a) dx — = p(x) & dx p(x)
b) 3x = [p(x) A q(x)] < 3x [ p(x) vV = q(x)]
¢) dx = [p(x) V g(x)] & 3x [ p(x) A = q(xv)]
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% 82.4"The Use of Quantifiers

emark : — [Vx p(x)] © dx = p(x)
Proof.

— [VXx p(x)] : It is not the case that for all x, p(x) holds.
1) “= [Vx p(x)]” is true = “Vx p(x)” is false

= For some a of the universe, — p(a) is true

= “dx — p(x)” is true
2) “dx — p(x)” is true = For some b of the universe,

— p(b) is true

= For some b of the universe, p(b) is false

= “Vx p(x)” is false

=% [Vx p(x)]” is true
by (1), (2) “— [Vx p(x)]” is true iff “dx — p(x)” is true

Similar, “— [Vx p(x)]” is false iff “dx — p(x)” is false

(c) Fall 2023, Justie Su-Tzu Juan 46



N,

able 2.23:

= [Vxpx) < dx—px)
= [3x p(x)] & Vx - p)
- [Vx=px)] < dx--pkx) < dxpx)
—[Ax=px)] < Vx=a-pkx) & Vxpx)

Rules of Negating Statements with One Quantifier.
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)’The Use of Quantifiers

X. 2.44 : The universe =Z

1) Let p(x) : x is odd, g(x) : x> — 1 is even
“If x is odd, then x*> — 1 is even” = Vx [p(x) = g(x)] (T)
= [V x (p(x) = q(x))]
< dx [ () = gx)] < Ax [= (= p(x) v g(0)]
< 3x [= = p(x) A = g(x))] < 3x [p(x) A = q(x))]
= “There exists an integer x such that x is odd and x* — 1 is
odd” (F)
2)r(x):2x+1=5,s(x): x*=9 (In Ex 2.42)
dx [r(x) A s(x)] is false, — [dx (r(x) A s(x))] is true?
— [Ax (r(x) A s(x))] © Vx [= (r(x) A s(x))]
< Vx [ r(x) v = s(x))]
= “For every integer x ,2x + 1 #5 or x* # 9.”
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