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§ 2.1 Basic Connectives and Truth tables

Def : statement (proposition) : either true or false, not both.

ex: v p: Combinatorics is a required course for sophomores.
v’ (: Margaret Mitchell wrote Gone with the Wind.
v r:2+3=5>.
% “What a beautiful evening!”
x “Get up and do your exercises.”
“The number X is an integer.”

Def : 1. primitive statement: No way to break them down int
anything simpler.
2. & 2_: compound statement
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§ 2.1 Basic Connectives and Truth tables

Def : 1. negation; denoted by — p; read as “not p”.

ex: _tex? p:
— p = “Combinatorics is not a required course for sophomores.”

Def : 2. compound statement, using the following logical
connectives.
a) Conjunction; denoted by p A g; read as “p and g”.

b) Disjunction; o
{denoted by p v q; read as “p (q L' Sive),or O
denoted by p v Q; read as “p -" clusive or.g?.
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§ 2.1 Basic Connectives and Truth tables

Def : 2. compound statement.

¢) Implication; denoted by p — (; read as “p implies g”.
= (1) If p, then g
(i1) p is sufficient for g
(ii1) p is a sufficient condition for g
(iv) ponly if q
(V) g Is necessary for p
(vi) g Is a necessary condition for p
(vii) p is called the hypothesis of the implication.
(viii) q is called the conclusion of the |mpI|catlQ;

d) Biconditional; denoted by p <> 0; read a\ , ‘
only if g”. MR
(i) “p is necessary and sufficient for q. O TS

66 b —~
(ii) “p 1ij g. (c) Fall 2023, Justie Su-Tzu Juan 4




§ 2.1 Basic Connectives and Truth tables

Def : truth table: “0” for false and “1” for true.
Table2.1:

S5 | P_|=P| [P | Q|PAG|pvd | pvd | PG | peq
ol1|lolololo] o] 1 | 1

1 lofllol1lo|l 1] 1] 1| o
1lolo| 2]l 1]| o | o

1|2l 1|12 ]lo | 1| 1

ex “If2+3=6,then2 +4="7"1Is true.
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§ 2.1 Basic Connectives and Truth tables

EX 2.1 :s: Phyllis goes out for a walk.
t: The moon is out.
u: It is snowing.
a)(tA=U)>sS:
b)t >(—u—5s): “=uU—>Ss” means “(= U) = s,
c)m(se(Uvl): not “— (U — s)”
d) “Phyllis will go out walking if and only if the moon is
out” :s ot
e) “If it is snowing and the moon is not out, then Phyllis
will not go out for a walk” : (UA—=T) > =S
f) “It is snowing but Phyllis will still go out for a v
(where “but” = “and”) e
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§ 2.1 Basic Connectives and Truth tables

EX 2.2 :“If I weigh more than 120 pounds, then I shall enroll
in an exercise class”.
p: I weigh more than 120 pounds.
q: | shall enroll in an exercise class.
Penny’s statement: p — (

Casel:p=1andq=1: >120 pounds and enrolls

Case 2: p=1and q=0: >120 pounds but not enroll :

Case 3: p=0and q=0: <£120 pounds and not e‘nrrpll_ )
Case 4: p=0and g=1: <120 pounds but still enrol

(c) Fall 2023, Justie Su-Tzu Juan 7



§ 2.1 Basic Connectives and Truth tables

EX 2.3 : In computer science: if-then, if-then-else.

ex: If x>2 (RFEFF > LI “XE » B “x>2”5 - “logical statement™)
~ then y=2 (“executable statement”, not “logical statement”)
else Yy =3 (“executable statement”, not “logical statement”)
ex: A B 57 B YY)
s — t: If you do your homework, then you will get to watch
the baseball game. |
t — s : You will get to watch the baseball game only,,l |
do your homework. g
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§ 2.1 Basic Connectives and Truth tables

EX 2.4 . “Margaret Mitchell wrote Gone with the Wind, and if
2 + 3 #5, then combinatorics is a required course for

sophomores”.
=qA(=r-p
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R P P PO OO O
R P O O Fr Bk O O|lQ
R Ok, O Fkr O F O

) ﬁ'ﬂ?ﬂﬁJnW ] =TzoIua

P O FP, O F O B
e e i = N

(@)

\9)

R P, O O -, O O O




§ 2.1 Basic Connectives and Truth tables

EX25:Thetruthtablesfor@ pv (QAT); @ (pv ) AT,

Pl q | r |garipv(@Aanipvgi(pvgAar
0|0|0]| O 0 0 0
00| 1|0 0

0|1]0]| o 0

0|1]1] 1 1

1 10|00 1

110 1] 0 1

1110 O 1

1111 1

AT MUEBpVOAr o ZHEPF A pVv(Q
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§ 2.1 Basic Connectives and Truth tables

EX26:p=>(pVvq,pA(=pPAQ)

Pl g9 [Pvagp=>(PVA|—-P|-PAG|PA(=PAQ)
0| O 0 1 1 0 0
0| 1 1 1 1 1 0
1|0 1 1 0 0 0
1|1 1 1 0 0 0

P — (p v q)is true for all truth value;
P A (= pAaQ)is false for all truth value.
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§ 2.1 Basic Connectives and Truth tables

Def 2.1 : Acompound statement is called a contradiction
(tautology) if it is false (true) for all truth value
assignments for its component statements, denoted by
Fo (To)-

EX (DL APy A e APy =
only need to prove:

“whenp,=p,=...=p,=1and q must =17,
then (p; AP, A ... AP, = (IS a tautology
and we have a valid argument.

Def : Where such p; is called given statements c Sironed
q Is called conclusion. Ly |
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§ 2.2 Logical Equivalence: The Laws of Logic

In arithmetic and algebra: x =y iff |x]=] y| and xy > 0.
In geometry: AABC = ADEF iff AB = DE and BC = EF and
CA = FD. In logical? algebra of propositions

Ex 2.7 £ N
Pl g | —p|=pvg| p—>g
0] 0] 1 1 1
0|1 1 1 1 |7PVisbe=d
1ol o 0 0
1] 1] 0 1 1

Def 2.2 : Two statements s,, S, are said to be logicall fy ' "
equivalent, write s, < s,, when TR
{s1 is true iff s, is true; "_3":'-!.',.;':;;.-7’,':’ 'el
s, Is false iff s, Is false. —
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§ 2.2 Logical Equivalence: The Laws of Logic

N\
Xl p 1 9 p>q|g=>pl(p=>9)A(@—>DP)| Peq
0| 0 1 1 1 1
0 | 1 1 0 0 0
1|0 0 1 0 0
1|1 1 1 1 1
PegeopP->9A@—>p) .Ppeg)EpVvaA(=gyvp)
X — —
P 1 g | pPpvq|pvag |pAgI=(PAQI(PVAYOA=(PAQ)
0|0 0 0 0 1 0
0| 1 1 1 0 1 1
1 | 0 1 1 0 1 1
1 | 1 0 1 1 0 0__

(Pvag)e(pvag A=(pAQ)
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§ 2.2 Logical Equivalence: The Laws of Logic

Note : In fact, we may even eliminate either A or v.

In real number, Va,b e, —(a+b)=(-a) + (- Db).

DeMorgan’s Laws: (i)~ (pPAQ)<S—=pVv—a(g
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In logical?

Ex2.8: _— — N
PIAIPAG|=(PAQ)=P|=q[=pPVv=q|PVgd[=(PVa)|—pPA—(
0/0| O 1 1|1 1 0
0|1| O 1 1|0 1 1
1/0| 0 1 0| 1 1 1
11| 1 0 0] 0 0 1




§ 2.2 Logical Equivalence: The Laws of Logic

In real number, Va,b,ce R, ax(b+c)=(axb)+ (axc)
(Distributive Law of Multiplication over Addition)

Ex2.9:

'

N

PA(QVT) [(PAQ)V(PAT)

Pv(gAr) [(pva)A(pvr)

0 0

P PP O OOOM
P OO PF PFk OOl
OPrRLPOPFrrOPF O
PR PP OOOO
R PP OOOO

—
—

0 0

PP R, R, PFP OO
;il—‘l—‘l—‘l—‘l—‘OO

The Distributive Laws of A overV : pA(Qvr) < (p/\q(ﬂ

The Distributive Laws of vV over A : pv(QAr) < (pvq)/\(pvr)
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§ 2.2 Logical Equivalence: The Laws of Logic

Note:a+(bxc)#(a+b)x(a+c)

ex:a=2,b=3,c=5a+(bxc)=17,(a+b)x(a+c)=35.
Remark A :
1) When “(5; <> S,) is a tautology”, then “S;, & S,”.
When “s, & S,”, then “ (S; <> S,) is a tautology”.
2) If s;, s,, S5 are statements, and s, < s, and s, < s;, then
S; <> Ss.
3) s, <> S, means s, and s, are not logically equwalent
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§ 2.2 Logical Equivalence: The Laws of Logic

The Laws of Logic (1/2) -

1)=—=pep Law of Double Negation
(EESER)
2)=(pvg)eapAaAaq DeMorgan’s Laws
—~(pPAQ)=apVva( (PERR ER)
3) pvgegvp Commutative Laws
PAQ=(0AP (HRfE)
4) pv(qvrne(pvgvr Associative Laws
PA@AN S (PAQ AT (e
5 pv(ar)< (pvg) A(pvr) |Distributive Laws
pr@vnNePagVv(pPAar GrEce) |
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§ 2.2 Logical Equivalence: The Laws of Logic

The Laws of Logic (2/2) :

6) pvpsp
PAPp<=P

) pvF,<p
PAT, &P

8) pvapeT,
pA-peFy

9) pvT, T,
PAF, & F

10) pv(pArQ) <P
PARPVO P

Ildempotent Laws
(FEER)

Identity Laws
(BE—&F - F—8)
Inverse Laws
(RER - BER)
Domination Laws
()

Absorption Laws
()
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§ 2.2 Logical Equivalence: The Laws of Logic

Def 2.3 . s: statement contains only “—”, “v”, “A”, then the
dual of s, denoted by s? = replacing each A and v by
v and A, respectively, and T, and F, by F, and T,
respectively.

ex: s=(PA=QV(IFATY,sq=(pv=0q)A(rv ).

Thm 2.1 : (The Principle of Duality ) Let s and t be statements

that contains no logical connectives other than A
and v. If s & t, then st < td. ol

Corollary : Law 2 through 10 can be established b ‘ roving.
one of the laws in each pair. Wiid . i
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§ 2.2 Logical Equivalence: The Laws of Logic

Substitution rules
ex:(rns)>gqe = (ras)vg (seeTable 2.11)
INEX2.7:=pvgep—o(
replace each “p” by “r As”, get (r AS) > g< = (r AS) v, too.

Remark B : (Substitution rules)

1) The compound statement P is a tautology and p is a
primitive statement in P: Replace each p by the same g, get
P,, then P, is also a tautology. (S1) |

2) Let P be a compound statement and p Is an arbltrary*_”j
statement in P and let g < p: Replace one or mo epbyqge
P,, then P, < P. (S2) 5710 PR

S o
. " .
5, 4N o
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§ 2.2 Logical Equivalence: The Laws of Logic

Ex2.10:a)P:=(pv(g) < —=pA-=qlisa tautology.

replace eachp by r As:

P :=[(rAas)vg]l e [ (rAas)A—=q]isalso atautology.
replace each g by t - u:

P,y [(rAas)v(t—>u)] e [ (rAas)A—(t— u)]isatautology.
b)

Pl g |p—>q|pAa(P—>0a) [[pPA(P—=0)]—1]
0|0 1 0 1

0|1 1 0 1

1] 0 0 0 1 e
1] 1 1 1 1

[p A (p = q)] = qis a tautology. o
replace eaCh p by r 9 S, q by — t \V/ u : | !’\:'-,‘.-:15‘, j “I,ﬁ" .,.)r: o 'JT\‘r ;:‘
[(r>s)Al(r—>s) > (=tvu)]] > (= tvu)is atauto ogﬁr o
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§ 2.2 Logical Equivalence: The Laws of Logic

Ex21l:a)lLetP:(p—>q)—>r, " (p>q<<=pvVvg
LetP,;:(—wpvQg)—>r,thenP, <P,
le.(p—>g)>reo(=pvg)-r.

b) LetP:p>(pvQ), . m—pp
LetP:p—>(—w=pv(),thenP, < P.
LetP,: == p—>(—-=pvVvQ),then P, < P, too.

Ex 2.12 : Negate and simplify the com. statement (p v q) > .
Sol. )(pvg)>re—=(pvqg)vr (by(S1) and (S—)t)@—.svt)i
2) Negating: = [(pv @) > r]<—[-(pPva) v r] (by (S2
3)—[-(pvavr]eoa-(Pvaaar  GEES
(by DeMorgan’s LaW and'(SH) .. o
A)y—=(pvdAaAarsS(pvagAaar Wit U s
by Law of Double Negatlori (Sl) and (82))

ustie Su-Tzu Juan

s a[pvag) =] Fa"zfzp’g V) AT




§ 2.2 Logical Equivalence: The Laws of Logic

Ex 2.13 : p: Joan goes to Lake George.
J: Mary pays Joan’s shopping spree
P — q: If Joan goes to Lake George, then Mary pays
for Joan’s shopping spree.

—(p—>0q):?
Sol.
L p>0e-pVv(
_'(p_)q)C>—|(—|pvq)
& -a-pA—=q (by DeMorgan’s Law) |
SpA—q (by Law of Doubl,afl;m. s
Negation) | lg
— (p — ): Joan goes to Lake Georga', -, iEMary

does not pay for Joan’s shopping sprée ik .
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§ 2.2 Logical Equivalence: The Laws of Logic

Note : The negation of an if-then statement does not begin
with the word If. °." It is not another implication.

Ex214:s:p—>q,s9=7

Sol. Cpo>geapvg SLsiE(mpve)Piapag
£ e
=x215% p | g |[pod| =g =p|gop| p>—q
00| 1 L 1 1
0| 1] 1 1 0 0
1o o 0 1 1
1] 1] 1 1 1 1

PogS=g-o=p); op o= pﬁ’&?.")w o
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§ 2.2 Logical Equivalence: The Laws of Logic

Def : 1) = g —> —p s call the contrapositive of p — . (¥ 2 & %8)
2) g — p is call the converse of p — q. (if & 48)
3) = p—>—=qiscall the inverse of p— (. (3 & 42)

Note:(p=> <> (@—>p); Ep=>=<S(=g—>=p)

ex : p: Today is Mother’s day.
q: Tomorrow is Monday.
e The implicationp —» q : TRUE
e The contrapositive - q— = p : TRUE
e Theconverseq—>p:?
e Theinverse - p—>—-(q:7?
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§ 2.2 Logical Equivalence: The Laws of Logic

Ex 2.16 : Find a simpler statement that is logically equivalent to
PvaA=(=pAQ).

Sol. ( Not mention any application of (S1) (S2) )
(PVaA=(=pAQ)
SPvaA(E=—=pv=aQ) (

Spvagalpv=aQ) (*." Law of Double Negation)

Spv(Aa—Q) (*.” Distributive Law of v over A)

< pvk (*." Inverse Law)

(
P

"." DeMorgan’s Law)

=4 "." Identity Law)
CPvaA-(=paAg) S

.s"

o ‘1 -.‘.

Ex: “i&% it 2y - gt 'Ei.c:a»f;;,-?’; t &
9 BN ' 4
PR ER G L S S
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§ 2.2 Logical Equivalence: The Laws of Logic

Ex 2.17 : Find a simpler statement: = [ [(p v Q) Ar] v =(].
Sol.

= [=[(Pva)ar]v—q]

Sa-a(pvg ArjaA—==0 (*." DeMorgan’s Law)

Sl(pvg)Aar]ag (*." Law of Double Negation)

SpPpvagAa(raQ) (*.” Associative Law of A)

SpvagAa(@ar) (*.© Commutative Law of A)

Slpvg Ag]Aar (*.” Associative Law of /\)

SAAT (*.” Absorption Law) il
Ex: “4 %27 @I F FRIL 390 %ﬂ:ﬂﬁﬁ_ﬁ:f i

7 3@?'] ° 7 - I R et

Note : ByEx2.7:=[[(pva Ar]> =gl < = [= [(p YAty

NGO (I PN IS PPN
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§ 2.2 Logical Equivalence: The Laws of Logic

Ex 2.18 (1/3): Switching Network : wires, switches connecting
two terminals T, T,, each switch is either open (0)

or close (1).
(@) (b) }‘ ()
o —p—(Qq—=o
T T
1 1 P \/ q 2 1 PAQ 2
parallel series
Simplify the switching network (d):
P P 9 —P 7
o— ( t — 1 —\ e
T, tr 4 L=g-d L r &
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§ 2.2 Logical Equivalence

Ex 2.18 (2/3): Represented by the

1L
o L

qﬂ'—)’rpl ent:

L —(Q

(pvgviDA(PvivagA(pPVatvr)

Spv
Spv
Spv
Spv
Spv
Spv
Spv

Spv
Spv
spv]
epv]

Qv i) A(tv=q)A(=tvr)] (Distributive Law of v over A)
Qv A(=tvr) A(tv—=q)] (Commutative Law of A)

(A=) vI)A(tv —0)] (Distributive Law of v over A)
(A=) v A(=—=tv—aq) (Law of Double Negation)
(A=) vI)A=(-tAq)] (DeMorgan’s Law)

—(=tAQDA((=tAQ) vI)] (Commutative Law of /\)
[_I(_It N q) A\ (_It A\ q)] \4 [_I(_It N\ CI) N\ r] ]

(Distributive Law0
e

Fov[(=tAag) Ar]] (Inverse Law ofi s ¥
[—(=tA Q)] AT] (Identity Law ofiv) WA ,,
A [=(=tAg)]] (Commutative La O ARy

T A (tv—q)] (DgMosganissdam.& Law of Double Negaltlon)



§ 2.2 Logical Equivalence: The Laws of Logic

Ex 2.18 (3/3):
Hence (pvgqviNA(pvtitvag A(pv-atvr)
SpvIra(tv—g)]

network (e) : Tl_ A
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