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D. #ALR 7
1. Fundamental Principles of Counting
2. Fundamentals of Logic
3. Set Theory
4. Properties of the Integers: Mathematical Induction

5. Relations and Functions
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§ 1.1 The Rules of Sum and Product

Outline:

1. The Rule of Sum

2. The Rule of Product

3. Combine the Rules of Both Sum and Product
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§ 1.1 The Rules of Sum and Product

The Rule of Sum - If a first task can performed in m ways, while
a second task can be performed in n ways, and the two tasks
cannot be performed simultaneously, then performed either
task can be accomplished in any one of m + n ways.

EX 1.1: A college library has 40 textbooks on sociology and
50 textbooks dealing with anthropology. By the rule
of sum, the college can select among 40 + 50 = 90
textbooks in order to learn more about one or the
other of these two subjects.
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§ 1.1 The Rules of Sum and Product

The rule can be extended beyond two tasks as long as
no pair of the tasks can occur simultaneously.

EX 1.2 : A computer science instructor who has, say, five
Introductory books each on C++, FORTRAN, Java
and Pascal can recommend any one of there 20 books
to a student who is interested in learning a first
programming language.

5+5+5+5=20)
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§ 1.1 The Rules of Sum and Product

The Rule of Product - 1f a procedure can be broken down into

first and second stages, and if there are m possible outcomes
for the first stage and if, for each of these outcomes, there are n
possible outcomes for the second stage, then the total procedure
can be carried out, in the designated order, in mn ways.

EX 1.3 : The drama club of Central University is holding
tryouts for a spring play. With six men and eight
women auditioning for the leading male and female
roles, by the rule of product the director can cas HI&«
leading couple in 6 x 8 = 48 ways. )

w”‘“‘
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§ 1.1 The Rules of Sum and Product

Ex 1.6 : Here various extensions of the rule illustrated by

a)
b)
C)

Sol.

considering the manufacture of license plates
consisting of two letters followed by four digits.

If no letter or digit can be repeated.
With repetitions of letters and digits allowed.

If repetitions are allowed, as in part (b), how many of
the plates have only vowels (A, E, I, O, U) and even
digits? (0 I1s an even integer.)

(@) 26 x 25 x 10 x 9 x 8 x 7 = 3276000.
(b) 262 x 10* = 6760000.
() 5% x 5%=56=15625.
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§ 1.1 The Rules of Sum and Product

EX 1.7 : bit, byte, two-byte, 32-bit.
Sol.

Bit . 0/1 — 2;

Byte : 8 bits — 28 = 256;

Two-byte : 2 x 8 bits — 28 x 28 = 216 = 65536;

32-bit 14 x8Dbits > 28x 28 x 28 x 28 =2%2=
4294967296.
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§ 1.1 The Rules of Sum and Product

EX 1.8 : At the AWL corporation Mrs. Forster operates the
Quick Snack Coffee Shop. The menu at her shop is
limited: six kinds of muffins, eight kinds of sandwiches,
and five beverages (hot coffee, hot tea, iced tea, cola,
and orange juice). Ms. Dodd, an editor at AWL, sends
her assistant Carl to the shop to get her lunch — either
a muffin and a hot beverage or a sandwich and a cold
beverage. How many way in which Carl can purchase

Ms. Dodd’s lunch?

Sol.
By the rule of product :
muffin and hot beverage : 6 x 2 = 12 ways,
sandwich and cold beverage : 8 x 3 = 24,)1\& -
By the rule of sum : b arig RN
12 + 24 = 36 ways : Carl can purchase Ms"’,ﬂf; dd’s
lunch. X
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§ 1.2 Permutations

Outline:

1. Definition: n factorial

2. Permutation:
O Distinct Objects
O Not All Distinct Objects
O No longer linear
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§ 1.2 Permutations

Def 1.1 : For an integer n, n factorial (denoted n!) is defined
by 0! =1,
n'=(n)(n-1)(n -2)...(3)(2)(1), for n>1.

Q : How fast the values of n! increase :
10! seconds in six weeks;
11! >seconds in one year;
12! >seconds in 12 years;
13! >seconds in a century.

Def 1.2 : Given a collection of n distinct objects, any Cline
arrangement of there objects is called a per
the collection. o
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§ 1.2 Permutations

Distinct objects

nNx(N-1Dxn-2)x..x(n—-r+1)=

If there are n distinct objects, denoted a,, a,, ..., &,, and
r is an integer, with 1 <r < n, then by the rule of product,
the number of permutations of size r for the n objects is

il ZAC e rth
position position  position position

_ —r—1)... I

(M -1)(N=2)--(n—r +1) (n—r)(n—-r-21)---(3)(2)(1) _n
(n-nin-r-1)--E)E) ©-n! |
‘W‘ b
Denote this number by P(n, r): *“# s M
Def : 1. For r =0, P(n, 0) = 1 = n!/(n = 0)! W v

2.Forall1<r<n,P(n, r)=n!/(n-r)!. | '
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§ 1.2 Permutations

EX1.10:
a) The number of permutations of the letters in the word
COMPUTER is ?
Sol. 8l

b) If only five of the letters are used, the number of
permutations (of size 5) Is ?
Sol. P(8,5)=8!/31=6720.

c) If repetitions of letters are allowed, the number o |
possible 12-letter sequences Is ? rES® .
Sol. 8= 6.87 x 1017, 2 N
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§ 1.2 Permutations

Not all distinct objects

EX 1.11 : The number of (linear) arrangements of the
four letters in BALL is ?

Sol. (1/2)

ABLL ABL,L, ABL,L,
ALBL AL,BL, AL,BL,
ALLB AL, L,B AL,L,B
BALL BAL,L, BAL,L,
BLAL BL,AL, BL,AL,
BLLA BL,L,LA BL,L,A
LABL L,ABL, L,ABL,
LALB L,AL,B L,AL,B
LBAL L,BAL, L,BAL,
LBLA L,BL,A L,BL,A
LLAB L,L,AB L,L,AB
LLBA L,L,BA L,L,BA
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§ 1.2 Permutations

Sol. (2/2)

Let number(#) of arrangements of the letters B, A, L, L = X

and number of permutations of the symbols B, A, L, L, =Y =4l
2xX=Y = X=41/2=12.

EX 1.12 : What is the number of arrangements of all six letters
in PEPPER?
Sol.
PEPPER = P,EP,P;ER, P,EP,P.,ER, P,EP,P;ER,
PEPPER PEPPER PEP2PER
PEPPER:>PEPPER PEPPER
Let number of arrangements of the Ietters PEPP
and number of permutations of the symb Homeppr™:
P,E,P,P.E,R =Y = 6! St e
(2')(3') X X Y = X =06!/(2!3!) =60.
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§ 1.2 Permutations

If there are n objects with n, of a first type, n, of a second
types...., and n_ of an rth types, wheren;, + n, + ... +n,=n,
then there are

n!
n;!n,!...n/!
(linear) arrangements of the n objects. (Objects of the same
type are indistinguishable.)

EX 1.13 : (a) Arranging all of the letters in MASSASAUGA.
How many is the possible arrangements?
(b) If all four A’s are together?
Sol. "?“

4'
| | o
@ -=2s200 © LT = sA0 RN waa
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§ 1.2 Permutations

EX 1.14 : Determine the number of (staircase) paths in the xy-
plane from (2,1) to (7,4), where each such path is made
up of individual steps going one unit to the right (R) or
one unit upward (U).

Sol. (a) (b)

A

> >

R,URR,URRU URRRUURR
From (2,1) to (7,4) requires 7 — 2 =5 horizontal move ’i
rightand 4 — 1 = 3 vertical moves upward. | FESEIs
the # of paths = the # of arrangements of five R’s' | three:
= 8!/(5!3!) = 56. & Fcl |
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§ 1.2 Permutations

EX 1.5 : Prove that if n and k are positive integers with n =
2k, then n!/2¥ is an integer.

Proof.
Consider the n symbols Xy, X;, X5, Xoy «ey Xy X

The number of ways in which we can arrange all

of there
n =2k symbols is an integer that equals
n! n!

2121...2! Dok
K

No longer linear
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§ 1.2 Permutations

EX 1.16 : If six peoples, designated as A, B,...,F, are seated about
a round table, how many different circular arrangements
are possible, if arrangements are considered the same
when one can be obtained from the other by rotation?

Sol. | A c A D

(@) (b) c) (d)

'

ABEFCD = BEFCDA, EFCDAB, FCDABE, CDABEF"
DABEFC. | T

Let number of circular arrangements of A, B,...; 5= ' ,
and number of linear arrangement of A, B,..., F L -4
6xX=Y = X=6I!/6=120. |
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§ 1.2 Permutations

EX 1.17 : Suppose now that the six people of EX1.16 are three
married couples and that A, B, and C are females. We
want to arrange the six people around the table so that
sexes alternate. (Once again, arrangements are considered
iIdentical if one can be obtained from the other by rotation.)

Sol. R
A (afemale) >M1 > F2 5> M2... | s ~ | i
=>3x2x2x1x1=12. Q O
Or : A, B, C 5M1, M2, M3 N TN
— (3' /3) X 3l =2 %x6=12. (a) (b)

Another method to solve EX 1.16: |

First place A, then filling there remain locationSiSihe =

problem of permuting B, C, D, E, F in a linear mn
= 5! = 120. —
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§ 1.2 Permutations

Checkilist:

1. Definition
O n factorial (denoted n!)
O permutation

2. Distinct Objects

O P(n,r)
3. Not All Distinct Objects
n!
- n!n,t...n!
4. No longer linear
O (n-1)!
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